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FOREWORD 

For many years past the need of a book on Alternating Current 
-Bridge Mcasu reinentH for the use of students has been keenly 
felt in the Electrical Engineering Department of the City and 
Guilds (Engineering) College, South Kensington. When Mr. 
Hague joined the stall of the Department in May of 1920, 
and took charge of the delicate testing laboratories, I suggested 
that, such a hook would lx? a material help to the more 
advanced students. As a result of this suggestion Mr. Hague 
undertook the production of the present volume, on which he 
. is, in my opinion, to lx< warmly congratulated. Students and 
others who have occasion to make bridge measurements by 
alternating currents, will find the book of great assistance in 
their more advanced work, especially as all the most important 
bridges are fully discussed by the use of symbolic methods, the 
vector diagrams drawn and explained, and the conditions for 
maximum sensitiveness worked out in the principal cases. 
Further, numerical results obtained in actual tests are incor- 
porated in the work ; these show the arrangements required 
in practice to get reliable results, and also indicate the 
accuracy attainable in given eases. 

Numerous references to original papers on the subject of 
n.c. bridge measurement form a valuable feature of Mr. Hague’s 
book, and t hew* will, I feel sure, Ixi of great service to all 
interested in research work on this important branch of 
electrical testing. 

T. MATHER. 

IsisiMis. 

■/ imr, ttm 



PREFACE 

Tub object of th<* author in preparing the present volume is to 
<leai with the subject of Alternating Current Bridge Measure- 
ments of Inductance, Capacitance, and Effective Resistance 
at low and telephonic frequencies in a manner suited to tins 
needs of the advanced student. The importance of such 
measurements in modern laboratory and test-room practice, 
in research work and in lilt* training of students, would seem 
to 1 m* sufficient reason for the publication of a handbook dealing 
fairly completely with all the matters involved. As the hook 
is intended primarily for practical use, every endeavour lias 
boon made to make dear the oxj>eri mental side of the subject. 
At the same time an attempt has been made to provide a 
logical treatment of the theory underlying the use of a.o. 
bridge networks, since this is a matter which falls outside the 
scope of text-books dealing with the theory of alternating 
currents. 

The book is based on a course of lectures given for the past 
three years to third-year students of the City and Builds 
(Engineering) College, amplified by the addition of material 
intended to make the volume useful to post -graduate workers 
and to others engaged on original research or accurate testing. 
The subject mat tor is divided into five chapters, each dealing 
with some asjx'et of the theme. The object of Chapter I is 
to define the various quantities which art? to lx? dealt with in 
tht» rest of the book ; considerable attention lias been paid to 
the discussion of electrostatic phenomena. In Chapter It the 
theory of alternating currents is developed from the stand- 
point of tiie symbolic method, and an attempt is made to show 
tile true relationship between the symbolic method and the 
more usual vector diagram and mathematical treatment, of 
n.e. problems. 

The apparatus required for bridge measurements is con- 
sidered at some length in Chapter lit, attention Mug chiefly 
directed to the explanation of the principles underlying the 
action of the various instruments rather than to a catalogue- 
like description of constructional details. The various bridge 
networks are classified in Chapter IV, the theory, uses, and full 
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details of laboratory procedure being given in each case. 
With few exceptions, typical measurements have been made 
by all the methods described in this chapter, the results being 
included in the text as a guide to the student in carrying out 
his own experiments. Finally, the choice of the method 
suitable for a given measurement and the general precautions 
to be observed in laboratory practice are dealt with in 
Chapter V. 

In preparing the book, full advantage has been taken of 
the information contained in original papers widely scattered 
throughout technical literature, complete references being 
given in the footnotes. In particular, the writings of Mr. A. 
Campbell and his associates at the National Physical Labora- 
tory, of the papers published by the Washington Bureau of 
Standards, and by the Physikalische Technische Reichsanstalt 
have been drawn upon to a considerable extent. The manu- 
script of the book was in the hands of the printer before 
Mr. Campbell s informative articles in the Dictionary of Applied 
Physics were published, but reference has been made to them 
m revising the proofs for press. 

la conclusion, thanks are due to many friends for help, 
advice and criticism during the preparation of the manuscript 
and proofs- In particular, the author wishes especially to 
thank Professor T. Mather, F.R.S., who not only suggested 
the preparation of the book, but who gave his unstinted help 
throughout. He has read the entire text in proof, and has 

pr ri ed the . foreword - Mr- Gk w. Sutton, B.Sc., has helped 
with the revision of the final proofs. Mr. S. Butterworth, M.Sc. 
of the Admiralty Research Laboratory, has kindly read the 
sections of the book on which he is an acknowledged authority. 

Ihe diagrams were all specially prepared for the book by 
tne author with the skilled assistance of Mr. M G Say M Sc 
to whom thanks are accorded. The author also wishes to 
record his indebtedness to the various firms, at home and 

° Mn rl y su PP Ued information during the 
preparation of Chapter III. 6 

London. 

July, 1923 . 
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A LTER N ATI N G CU R R ENT 
BRIDGE METHODS 


CHAf'TKR I 

KtMUAMKSTAI, I'KINt'lt’I.KH 

1. Introductory. Among t In- npjiiiratinim of phy*ir* («, modern 
electrical engineering practice, the men! dm-elopnienf h in 
land and Mihnmrine telegraphy, in the telephonic trim* 
iniHHion «*f H(Hwh. and in radiofeicgrapl.v and telephony n.md 
U> counted an of extreme importance. The enormwia adVam-ca 
w i I* ” JIW * IWI1 mmh* in tfiiw finuirhi^ <»f twfj* 

m TPl l | lffl !ll< * rmu ^ <>* < urt*ful <*x|N*rinif*ntiil nmm&whm, 

Ktnd.-d h y »i fairly complete mathematical and pliynie.,1 theory, 
in wliirh tfH" vnriiiiin «*Ii«rtrtc* mnl JimgisHir if ivn invnlvwl 
have ‘teen accurately mi-named, It in to In ex|n cfed, there 
foie, that further devclopnientN will la- largely d* tiendent upon 
the )KH«M’«<atoii «»f method* of rm-n*tin*ment which can («■ u«*d 
ft. preena* investigation* to test the prediction* or cm fusion* 
of fit m$r}\ 

In telegraphy, telephony , and radio technology more lew 
com plicated circuit* are mad. in which elect, i« current* of 
a transient or of a periodic nature are <au*ed to How ft 
iM-rome*. therefore, a matter of extreme imjN, rtai.ee to fie 
able to measure not merely the enrrent* and |Hitential differ- 
erieea In the circuit*, lint aU» the various ipnu.titie*, *urh m 
Wanda, ice, inductance, capacitance, etc . of which the circuit a 
an* composed. For thi* rea*oti a large amount of work ha* 
been done with the object of devising method* by mean* of 
win. I, the*.- tptan title* may la- accurately „.ca*mcd under 
jotual working condition*, and it i* the aim „f t}„, following 
chapter* to (liacum the theory and practical working of a 
mo*t important »•}«*•, -,f method* known * \u< , f „, rrnt 

hm/rjt< Mr Inna* which have a very wide practical application. 

In general, the principle underlying an alternating current 
tuidge nu t h.ai may he briefly numinarixid in the following 
way. fa t a piece of apparatus, of which the eoiudant# are 
to be measured, I*, inserted in a network of known conductor*. 
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e.g. a Wheatstone bridge. Two points in the network are 
connected to a source of alternating current ; while two other 
points are “ bridged 55 by some instrument capable of detecting 
alternating potential differences, such as a telephone. The 
constants of the known conductors are then adjusted until the 
two bridged points are at the same potential at every instant, 
this condition being indicated by a zero reading of the detecting 
instrument, e.g. silence in a telephone. From the known 
constants of the network the constants of the apparatus 
under test can then be calculated. 

While it is theoretically possible to make use of the bridge principle 
with alternating current of any frequency, certain important experi- 
mental difficulties are encountered at high frequencies which impose 
limitations to the range of frequency over which the principle is easily 
applicable. It is quite easy to devise alternating current bridge 
methods which, without any extraordinary precautions being taken, 
will give accurate results at frequencies up to 500 or 600 cycles per 
second. With higher frequencies the experimental difficulties — due 
principally to the importance assumed by electrostatic capacity effects 
between the bridge network and its surroundings, and to skin-effects, 
etc., in the conductors as the frequency is raised — increase until, at 
the upper telephonic range of 2,000 to 3,000 cycles per second, extreme 
care and very special precautions become necessary to secure precise 
results. At frequencies above this limit the experimental troubles 
become very great indeed until, at the values used in radio -telegraphic 
measurements, the application of the bridge principle is a matter of 
extreme difficulty, and special modifications in the technique becomes 
necessary. 

It is to be clearly understood, therefore, that the theories 
and methods to be developed in this book are intended 
primarily to apply to measurements carried out at frequencies 
not exceeding the higher acoustic values of 2,000 to 3,000 cycles 
per second, such as will be found in ordinary laboratory practice 
and in telephonic research. Measurements at radio-frequencies 
are not contemplated in this volume owing to their very 
special character, but indication will be given, where possible, 
to show how the methods applicable at low frequencies require 
to he modified in order that they may eventually be applied 
in radio-research. For the present, it may be stated that 
bridge measurements* at radio-frequencies present very great 
difficulties and that the subject is only in an early state of 
development. 

♦ See Dictionary of Applied Physics , Vol. 2, “ Radio -Frequency 

Measurements. 



Chap . J] FUNDAMENTAL PRINCIPLES 3 

2. History of the Bridge Principle- The bridge principle 
was first introduced by S. H. Christie* in 1833, but was 
negteoted until 1843, when Sir Charles Wheatstonef drew 
-attention to Christie’s idea and applied it to the comparison 
of resistances. In the well-known arrangement, shown in 


I ||i^J I ||Lc^J I 

/ \ 77ie Resistance balance Simple ballistic Simple ballistic 

\p) SC Wheatstone bridge. \0) bridge (C) induction balance 





I — IpJ "I ilWRle im pedance jaiaflig 

'■ M vlx , Kohlrausch electro lyte with alternator md 

(J\ Simple induction balance /gN bridge with induction f-P\ tele phone on vibration 

with secohmmtter ' ' Cot! Wd tele phone ' g alvanometer 

Fi G . i. — Illustrating the Evolution of the Simple 
Impedance Balance 

Fig. 1 (a), P is the resistance to be measured, Q and S are equal 
resistances, while R is an adjustable resistance or rheostat. A 
batteryis connected across the points A and B, a galvanometer 
joining the points C and D. Clearly, the points C , D will 
be at the same potential and no current will flow through 
0 if R be adjusted to be equal to P. The value of P is thus 
known in terms of the standard P. 

* S. H. Christie, “Experimental determination of the laws of magneto- 
electric induction,” Phil. Trans. Roy. Soc., Vol. 123, pp. 95-142, (1833). 

| C. Wheatstone, “ An account of several new instruments and processes 
for determining the constants of a voltaic circuit,” Phil • Trans . Roy. &oc, f 
voh 133, pp. 303-327 (1843). 

2— (5225) 
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The Wheatstone Bridge Network. Tho arrangement 
was called by Wheatstone a resistance balance, because the 
resistances P, R are balanced against one another ; the resis- 
tances Q, S are then referred to as the arms of the balance, 
by analogy with the process of weighing. With Q equal to S 
it wiE be seen that the greatest value of P which can be 
measured is limited by the maximum attainable value of R, 
and that the smallest measurable P is limited to the least 
value of R which is accurately readable. Werner von Siemens*, 
in 1848, increased the range of the balance for a given rheostat 
R by arranging Q and S to have values in any desired ratio. 
P and R are then compared on a balance which has unequal 

arms, so that P = ®R by simple application of Ohm’s law. 

The process of balancing is then analogous to the comparison 
of masses by means of a steelyard or by a chemical balance 
with unequal arms. In this case, Q and S are caEed the ratio 
arms, Q/S having any convenient value. 

There is another simple way of regarding the resistance 
balance. The points A, C, B, D, A are joined successively 
by the resistances P, Q, S, R. The diagonal AB consists of a 
conductor containing the battery E, while CD includes a gal- 
vanometer G. The whole arrangement constitutes a network 
of conductors joining the four points in aE possible ways. 
The points C, D, which are to be at the same potential when 
balance occurs, are bridged by the detecting instrument ; CD is 
therefore referred to as the bridge. The whole network is 
then caEed a bridge network, of which P, Q, R, S, G, E are the 
branches. By a process of abbreviation, the network is often 
simply referred to as the Wheatstone bridge 
The Wheatstone bridge is, then, a null method for the 
comparison of resistances, and, when suitably arranged, is 

* See C. W. Siemens, Collected Scientific Works, Vol. 2, pp. 126-127. 

W Practice this nomenclature is frequently confused with that given in 
paragTapl l- abbreviation the network is caUed a “ bridge » 

bn^ Th«TrT g ^ f n m i r - f t re ? C r e t0 P ’ Q ’ B ’ S as the “arms” ofthe 
»nS ni- Th ® lat ? Lord Rayleigh •( Journal I.E.E., Vol. 15, p. 29 (1886) ) 
and Oliver Heaviside {Electrical Papers, Vol. 2, pp. 33 and 102 (1892) ) have 

pointed out the absurdities arising from this mixing of notations The confiwton 

0f French electricians 8 who refer to “ le" oXde 

Brficke^Ior fhJ*L G T a ? “T ^^ent, using “ die Wheatstonesche 
nrucke for the entire network, “ die Briicke ” for CD and “ der Zweil ” 

ijt^olk i^wbk-h ° 0m P r 1 ising the “e^ork. ’ In this book any 

network in which the bridge principle is used will be called a bridge network. 
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capable of considerable sensitiveness and precision. Attempts 
were very soon made, therefore, to adapt the bridge principle 
to the measurement of other quantities, notably inductances 
and capacitances. 

Maxwell’s Induction* Balance. Maxwell,* in 1865, 
introduced the arrangement shown in Fig. 1 ( b ). Let the branch 
P of a Wheatstone bridge network be inductive, the bridge 
being balanced with steady current so that SP = QR. Then, 
on breaking or making the battery circuit, an electromotive 
di 

force L-r ± will be induced in the branch AC as the current i 

therein is diminishing or increasing. A quantity of electricity 
will thus be discharged through the galvanometer, since for 
transient currents the balance is not retained, producing a 
throw of the spot of light reflected from a mirror on the 
moving system. If the ballistic calibration of G be known, 
L is at once calculable ; or, alternatively, the deflection of 
the galvanometer may be noted when the resistance of one 
of the branches is slightly increased, this deflection serving 
..the purpose of a calibration when the period and damping 
of the instrument are known. 

It is a simple step to convert this network into a null 
inductance balance. Let an adjustable inductive coil L 2 be 
put in the branch AD. Then, since the transient discharge 
from L 2 on making or breaking the battery circuit passes 
through the galvanometer in the reverse direction to that 
from L, a null condition can be arrived at by adjustment of L 2 
until no ballistic kick is observed. The arrangement then 
forms a ballistic bridge or induction balance. Maxwell, f in his 
famous Treatise , describes several types of induction balance, 
many of them being in use with modern improvements at 
the present time. (see Fig. 1(c)). 

the various conductors of which the network is composed being its branches. 
Those branches which are adjusted to attain balance are called balancing 
branches ; balance being attained when no current flows in the conductor, 
called the bridge , containing the detecting instrument which is bridged 
across two points in the network. 

* J. C. Maxwell, 46 A dynamical theory of the electromagnetic field,” Phil. 
Trans. Roy. $oc., Vol. 155, pp. 459-512 (1865). For the practical application 
of the method, see Lord Rayleigh and A. Schuster, Proc. Roy. Soc. f Vol. 32, 
pp. 104-141 (1881), and Lord Rayleigh, Phil. Trans. Roy. Soc. t Vol. 173, 
pp. 661-697 (1882). 

f J. C. Maxwell, A Treatise on Electricity and Magnetism, see Sects. 756, 
757, 778 of Vol. 2, 1st. edn., (1873). 
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‘In a similar way, condensers can be balanced by the use of 
a bridge, or a condenser may be compared with an inductance, 
and so on. In all cases the principle is the same : the. network 
is first adjusted with steady current until the ordinary Wheat- 
stone balance of resistances is satisfied. Then, without dis- 
turbing this condition, adjustments are made until the transient 
ballistic throw on make or break of the battery circuit is 
rediiced to zero. Por absolute balance it is necessary, there- 
fore, to fulfil two balance conditions, one providing for the 
steady current null condition — called the resistance balance — 
while the other accounts for the vanishing of the transient 
effects — called the ballistic or induction balance. < 

s Attempts were then made to increase the sensitiveness of 
the ballistic balance so as to be comparable with that obtainable 
for the resistance balance. Consider a bridge network con- 
taining inductances or capacitances, supposing the bridge to 
|e balanced for steady currents and very nearly balanced 
balhstically. Then, on making or breaking the battery circuit, 
the galvanometer will receive impulses in opposite directions, 
the resulting deflections being small.' Suppose the battery to 
be reversed; then twice the swing will be obtained, but 
successive reversals of the battery will again give opposite 
impulses to the galvanometer. If, however, the connections 
of the galvanometer. to the bridge be reversed after each 
reversal of the battery, the impulses will all be in the same 
direction. If the rate of reversal be sufficiently high, a steady 
deflection will be produced by the summation of the impulses 
given to the galvanometer moving system. 

, The v Seoohmmeter. This principle is embodied in the 
Secohmmeter of Ayrton and Perry,* illustrated in Pig. 1 (d), a 
similar device having been, used by Brillouin in 1882. Two 
commutators are arranged on a shaft driven by hand gearing or 
by a small electric motor at a suitable speed. One com- 
mutator successively reverses and insulates the battery 
connections, while the other repeatedly changes the gal- 
vanometer leads. Resistance balance having been obtained 
with the commutators at rest, transient balance is secured by 
adjustment of : the inductances or capacitances of the network 
with the commutators running. The apparatus can be applied 


s running. 

* A Ayrton aiid J. Perry, •* Modes of measuring the coefficients of self 

J° urnal > S.T.E.t Vol. 16, pp. 292-343 (1888); W. E. 
SUmpner, The measurement \jof self-induction, mntnal induction and 
capacity, Jowmal, S.T.E., Vol. 16, pp. <344-379 (1888)' ■ ’ 
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to increase the sensitiveness of any type of induction, balance.?' 
The use of the secohmmeter with an induction balance 
really amounts to the employment of an alternating current 
in the network. The voltage wave applied to the terminals 
AB is rectangular, since the battery is reversed at each 
half -revolution, and produces a corresponding current; in 
order to detect the impulses due to successive half-waves, an 
ordinary ballistic galvanometer combined with a rectifying 
commutator is used. The secohmmeter bridge may, therefore, 
be looked upon as an early type of alternating current bridge.f 

Use oi? the Telephone in Induction Balances. Measure- 
ments with the induction balance, received a great impetus 
from the invention of the telephone by A, Graham Bell, 
in 1875, the high sensitivity of the instrument to small 
alternating currents leading experimenters to attempt ■ to 
increase the sensitiveness of bridge methods by its use. - The 
early work of Lord Rayleigh, Heaviside, Hughes, Kohkauscb, 
and others, established the use. of the telephone in bridge 
networks with alternating currents. The source of current in 
these early, methods was frequently a small induction coil, 
providing a secondary current of somewhat irregular . wave- 
form and indefinite frequency ; the detector was an ordinary 
Bell receiver. This arrangement is in use at the present day 
in a large amount of routine laboratory work where moderate 
accuracy is sufficient {see Fig. 1 (e) ). 

Wien’s A.C. Bridge Network. It is to Max Wien that 
the modern alternating current bridge is due. Following the 
lead of OberbeckJ he, in 1891, laid down the principles which 
are practically those used to-day. He supplied the network 
with alternating current of a definite steady frequency derived 
from an induction coil whose primary current was made and 
broken by a steadily vibrating wire. At a later date he used 
a small alternator and endeavoured to make the applied wave 
form approximately sinusoidal, so that tests could.be carried 
out under precisely-known' Conditions. To increase still more 
-the sensitiveness of the detector, he designed his cc optical 

* See, for example, S. R. Milner, “The use of the secohmmeter for the 
measurement. of combined resistances and capacities,’’ Phil . Mag., 6th series 
Vol. 12, pp. 297-317 (1906). 

, f For a modem application of this principle, see p. 145. 

t A. Oberbeck, Ann. der Phys., Bd. 17, pp. 816-841 (1882); Max Wien, 
Ann. der Phys., Bd. 42, pp. 593-621, Bd. 44, pp. 681-688, and pp. 689-712 
(1891). 
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telephone,” which was nothing more than i»: magnetic telephone 
of which the diaphragm could he tunes! <H» be in resonance 
with the alternating current flowing in tfe telephone windings. 
By making use of the principle of resomums the amplitude of 
motion was greatly magnified, and was •oTwwved by reflecting 
a beam of light from a mirror operated l;*j the mowing dia- 
phragm. This instrument is the forerunner* *of the “ vibration 
galvanometers ” used in modern practice. Using his apparatus 
Wien adapted a large number of old bahMiit methods to work 
with alternating current, and introduced i number of new 
methods which are now standard practice (.'sec Fig. 1 (/) ). 

Modebn Developments. From the tames of Wien to the 
present day steady progress has been made ih the development 
of the technique of alternating bridge measurements. In 
general, the modern methods make use o»i networks of impe- 
dances arranged in the manner of the Wheeatstone bridge or 
otherwise, as will be shown in Chapter IT ; the source of 
current is chosen to have a steady freequumcy and a pure 
wave-form ; the balance detector may Ik , t highly sensitive 
telephone or some type of vibration galvanometer. 

Since alternating current is used, the qiw.,nnidties measured in 
the bridge network are determined undtar Che conditions in 
which they occur in practice, i.e. at the SBnjLe frequency and 
■with a known wave form. The quantafcwM which occur in 
alternating current circuits, and which m oyf be measured by 
a bridge method are capacitance, inductance, and effective 
resistance under the conditions of the test. It will be well 
at this point briefly to lay down what is meant by each of 
these terms— the remainder of this chapter being devoted to 
this purpose, though there will be no atteraqst at a complete 
account of the electrical theory involved., The reader is 
assumed to be familiar with the principle® of alternating 
currents and to have clear ideas of the fa*cta i»i electricity and 
magnetism. J 

Again, in dealing with the subject of thias book it will be 
assumed that the sine-wave theory is adeqjutb . This assump- 
tion is justified on two grounds : (i ) that ewn if the currents 
- 6 + G W ° r k are sinusoidal the siei* e-wave theory is 
since, by the appheation of Tbarier’s theorem, 
+W^it W f Te shapes can be treated by (fife summation of 
the results for a number of sine waves birring frequencies in 
the proportions 1, 2, 3, etc. ; (ii) since, in nTodem methods! 
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the tuned detector is so widely used, the sine theory is sufficient, 
because the sensitiveness of such instruments is extremely 
small to currents of frequencies even slightly removed from 
that to which they are tuned. 

3. Capacitance. One of the principal uses of alternating 
current bridges is for the measurement of electrostatic 
capacity ; and one of the most important experimental j 
troubles encountered in making bridge measurements is 
due to the electrostatic effects between the bridge network 
and its surroundings. It becomes essential, therefore, to 
lay down exact definitions and clear ideas of electrostatic 
phenomena. The reader is assumed to be acquainted with 
the simpler qualitative and quantitative laws of the electro- 
static field. 

4. Elementary Ideas. Consider a single conductor placed 
so that it is at a very great distance from all other conductors, 
and let it receive a charge. Assuming the potential of the 
conductor to be initially zero, let the electrostatic charge 
necessary to raise the potential to unity be C ; the quantity C 
is then called the capacity of the conductor , i.e. the charge 
required to raise its potential to one electrostatic unit. To be 
consistent with the prevailing use of the terms “ resistance/’ 

inductance,” etc., it is becoming the custom to refer to C 
as the capacitance of the conductor. 

If the potential of the conductor be v electrostatic units, 
the charge upon it will be 

q = Cv, 

since tfie total charge is proportional to v. Now, in practice 
the electrostatic field is, in general, due to charges distributed 
over a system of several conductors and the earth. It is 
important, therefore, to define the meaning of the term capaci- 
tance when more than one conductor is involved. This can 
be readily done by the aid of the theory of Maxwell* in its 
modified form due to Orlich.f 

5. Theory of Charged Conductors. Consider a system of % 
conductors arranged in proximity to the earth as shown in 
Eig. 2. A clear idea of the meaning of capacitance as applied 
to such a system is best obtained by an examination of the 
distribution of the electrostatic tubes of force. A tube of 

* J. C. Maxwell, A Treatise on Electricity and Magnetism , , Vol. L 3rd 
edition, Sects. 87-906 (1892). 

f E. Orlich, Kapazitdt und Induhtivitat , § 10, pp. 20-24 (1909). 
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force is bounded by lines of force, a unit tube starting from 
a unit positive charge and terminating on an equal negative 
charge. The total number of unit, tubes emitted from a given 
charged area is called the electrostatic flux from the area. 





Fig. 2. — Illustrating th 
System of 



e Partial Capacities of 
Conductors 


a 


i 


Examining the third diagram in Eig. 2, the conductors 
1,2, 3 . . * are shown raised to potentials v, v, v ? 

mES" a: r f such tub '% of w ^ “d 

The total flux kS iS a conductor as 1, in the figure, 
represented by distinct grips cf 
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certain directions. Firstly, there is the flux passing directly 
from the conductor to earth, the amount of it being pro- 
portional to the potential of the conductor. There remain 
n -1 groups of tubes of force passing between 1 and each of 
the other conductors, the number of unit tubes in each group 
being proportional to the difference of potential between 1 
and- the conductor upon which the tubes terminate. A similar 
analysis can be made of the flux from the surface of each 
conductor in the field. It therefore remains to express the 
earth-fluxes and inter-fluxes mathematically. 

Referring to the second diagram in Fig. 2, let all the 
conductors be connected together and raised to unit potential. 
Each conductor will be positively charged so that tubes of 
force extend from each of them to earth. Let c v c 2 , c 3 . . , c n 
be the charges on each under these conditions. The quantities 
c l9 c 2 > c 3 • - • c n are called the earth-capacities of the n con- 
ductors, and represent the flux passing from each conductor 
to earth when all are raised to unit potential. The earth- 
capacities depend on the size and shape of the conductors, 
on their positions relative to earth and on the nature of the 
medium in which the conductors are situated. 

Now let all the conductors be earthed, except the rth, which 
is raised to unit potential, as in the first diagram of Fig. 2. 
This conductor is, therefore, positively charged, and tubes of 
force setting out from it will terminate on a negative charge 
distributed over the remaining earthed conductors and the 
earth. The flux will be made up of a part to earth starting 
from a charge c r , together with parts passing from r to 1, 
r to 2, ... r to s, ... r to n. Denoting these fluxes by 
Cjrl? ' - • ' • 9 C rs) ... C rn} the charges from which they spring, 

the total charge on r is c r -f c fl + c, a + . . . c„ . . . + c rn . 
•The quantity c rs is called, the intercapacity between r and a; 
it represents the flux passing between r and s, when r is raised 
to unit potential, s and all other conductors being earthed. 
The intercapacities are functions of the size, shapes, and 
relative positions of the conductors and the medium in which 
they are placed. 

Now let the conductors be raised to potentials v v v 2 , v 3 . . . 
v r , v„ . . . v n , as in the third diagram of Kg. 2. - Then the 
flux from r may be divided into reparts, viz., a part c r v r passing 
from the conductor to earth, and parts c rl (v T - v^, c r2 (v r ~ v t ) . , 
Crs( v r - v s) • • • c rn (v r - v„) passing between the conductor r and 
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1, 2 S, ... n respectively. These fluxes are called the 

Pa i^ al + f UXeS fr ° 7 m r ’ the coeffi cients e„ c rl , c ri , etc., being 
called the partial or component capacities of the conductor r 
{Te%llcapazitaten). Clearly the flux leaving r and received 
upon s is equal in amount and opposite in direction to the 
flux which passes between s and r ; i.e. c r Jv r - v.)= -c (v-v\ 
or c == c rs . The charges & . . . q . ", upon the « 

conductors are then 

<h = c i^i + Cia(% ~v 2 )+ d s (v x - »„) 

= c ^2 + c ia( w 2 ~ u i)+ c 23 (w 2 - 1> 8 ) + . . . c 2 n (w 2 - v „) 

In ~ C n v n + c ln (^’« ~ l-'i) + C 2 „ (v w — V z ) -j- . . . etc. 

For n conductors there are clearly n earth-capacities and 
2 n \ n T .i) mtercapacities, making a total of Inin - f 1) partial 
capacities, as the student can easily verify. 

• ^ i- n practice a most important example 

is that of two conductors arranged so that their intercapacity 
is very great compared with their earth-capacities or their 
capacities to other conductors. Such an arrangement is called 
a simple condenser, since all the electrostatic field is condensed 
within the space between the conductors and none exists 
outside. C — c 12 is then referred to as the capacitance of the 
condenser and is understood to mean the charge which appears 

on one of the two conductors per unit potential difference 
between them. 

Referring again to the general case of n conductors, if 
attention is directed merely to their potentials and charges, 
i will be obvious that the conductors may be replaced bv 
n points maintained at the potentials v v v 2 , ... v with 
simple condensers of capacitance equal to the respective partial 
capacities joining the points to one another and to earth, 
f. . 1 . n case °f fhe three conductors illustrated in the 

third diagram of Fig. 2, the system of charges thereon can be 
replaced by six simple condensers, three having capacitances 
?i 2 > c 23, c 13 joining the points 1 , 2, 3 cyclically to represent the 
intercapacities ; while three others, of capacitances c,, c,, c„, 
represent the earth-capacities. The points 1 , 2, 3 have 
potentials %, v 2 , v 3 ; the equivalent simple condensers being 
shown m the fourth diagram in Fig. 2. 

In practice, condensers in which the intercapacity is large 
and the earth-capacities are small can be treated as simple 
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condensers with C = c 12 ; for example, an ordinary mica or 
paper condenser above about 0-1 ^ farad is very nearly a 
simple condenser. However, there are important practical 
instances when the earth-capacities must be taken into account; 
for example, in the case of an air-condenser or other 
condenser where the inter-capacity is small and the bulk large, 
the earth-capacities may have a large effect on the capacitance 
measured across the condenser terminals. 


In an air-condenser there is usually a pair of electrodes insulated 
from, and surrounded by a metallic screen, which is usually earthed. 
Let c 12 be the intercapacity between the electrodes, c 1 and c 2 being the 
earth-capacities between the electrodes and the screen. The potentials 
and charges of the electrodes being v lf v 2i and q l9 q 2 , the above theory 
gives 

<h = c 1 v 1 + c 12 (v !-V 2 ), 
and q 2 = c 2 v 2 + c 12 (v 2 - v x ). 


Suppose now that the potentials and dimensions of the conductors are 
such that the charges upon them are equal in magnitude but opposite 
in sign, i.e. q x = - q 2 . Then from above c 1 v 1 = - c 2 v 2 , so that 

f \ 

<h = -Qi = (vi-v a )^c 12 + ; 

from which 


C — 


gi 

frl-Vl) 


C12 + 


C 1 C 2 

Cl + C 2 * 


The quantity C is the charge on one conductor per unit difference of 
potential between them when earth-capacities are not negligible, and 
is called the working capacitance ( Betriebskapazitcit) of the condenser. 
It differs from the intercapacity by the term c 1 c 2 /(c 1 -f~ c 2 ), which is 
the combination of the earth -capacities in series. The theory of 
working capacitance just outlined has many other applications in 
practice, e.g. in the case of a multicore cable with earthed sheath, and 
is developed in connection with air condensers on page 112. 


From these remarks it will be realized that the term 
“ capacity ” is one which must be very carefully used, since, 
if it is to have a precise meaning, the dimensions, positions, 
and symmetry of the conductors concerned must be exactly 
specified. 

Distributed Capacity. In all the above discussion the 
surface of each conductor has been assumed to be an equipo- 
tential; the earth and inter-capacities are then definitely 
localized quantities. There are important practical cases 
where this condition is not fulfilled and where the ideas of 
capacitance just developed require some amplification. For 
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example, consider the case of a resistance ■ composed of two 
parallel wires connected at one end. Then the capacitance 
between the wires and between each wire and earth is uniformly 
distributed along their length, and cannot be accurately repre- 
sented by localized simple condensers. Again, in a coil there 
is distributed capacity from turn to turn and from the turns 
to earth, the exact analytical treatment of which is a matter 
of very great difficulty. 

In alternating current bridge networks some of the branches 
are composed of coils in which the distributed inter-tum and 
earth-capacities are usually small quantities. Hence, except 
with alternating currents of very liigh frequency, it becomes 
allowable to use approximations to these distributed capacities. 
The distributed inter-turn capacity of a coil can be represented, 
to a first approximation, by a simple condenser connected 
across its terminals, this condenser being referred to as the 
self -capacity of the coil. When an alternating potential 
difference is applied to the parallel combination of condenser 
and capacity-free coil the current entering tho terminals 
and its phase relationship to the applied p.d., will be approxi- 
mately the same as in the original coil. In a similar way, 
distributed earth-capacity of a cod can be approximately 
represented by a suitable system of simple condensers joining 
portions of the coil to earth. 

6. Condensers with Alternating Current. The system of 

equations relating the charges, the potentials, and the partial 
capacitances are immediately applicable when the potentials 
are periodic functions of time. The principle involved can 
be illustrated by consideration of a simple case. 

Consider a simple condenser of capacitance C to tho elec- 
trodes of which a potential difference e — e x cos cot is applied. 
The charge is then 

q — Ce— Ce x cos cot 

at any instant t. The rate at which the charge is supplied 
to the condenser is the current in the leads connected thereto. 
That is 


i = dqjdt = Ce x co cos 



so that the current is a quarter-period in advance of the 
applied potential difference. Any condenser in which the 
current and p.d. are in exact quadrature is. called a perfect 
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condenser, represented very closely in practice by condensers 
with gaseous dielectrics. 

When a condenser has a charge q upon one of its plates 
and therefore a charge - q upon the other, and these 
charges change with time, the entry of an additional charge 
dq at the one ^terminal is accompanied by the entry of - dq 
at the other terminal. This is equivalent to the transference 
of a quantity dq from one terminal to the other ; the rate of 
passage of the quantity dqjdt is called the displacement current 
within the dielectric. Hence, when used in alternating current 
circuits a condenser is said to parry a displacement- current 
atiid behaves as a conductor, though the current is in quadrature 
with the p.d. and not in phase therewith, as it: would be .in a 
simple resistance. 

In all practical condensers with solid or liquid dielectrics 
the passage of the displacement current is accompanied by a 
dissipation of energy in the dielectric, the current and p.d. 
not being exactly in quadrature. Such condensers are referred 
to as imperfect condensers, and are considered at some length 
in Chapter III. 

7. Dimensions and Units. It has been pointed out above 
that the partial capacities of a system of conductors are a 
function of their sizes/ shapes, and relative positions, and of 
the medium, called the dielectric, in which they are placed. 
Consider a simple condenser having a vacuum maintained 
between its electrodes, and let C v be its capacitance. Now let 
some substance be introduced to occupy the space between 
the electrodes, C e being the new capacitance. [Faraday then 
defined tfie ratio s — C € [C V as the specific inductive capacity 
of the medium, the modern term being dielectric constant or 
dielectric ratio . Thus s is conventionally unity for a vacuum, 
? ,n( i C v can be calculated from the form and dimensions of 
the electrodes. 

Electrostatic charges exert forces of attraction or repulsion 
on one another proportionate to the magnitudes of the 
charges and inversely as the square of the distance between 
them. The force is also inversely proportional to e . Unit 
charge at a point repels, a similar charge 1 cm. distant with a 
force of 1 dyne. If the work done in moving unit positive 
charge between two points in an electric field is 1 erg, unit 
electrostatic potential-difference exists between the points. By 
definition, the capacitance of a conductor (or of a condenser) 
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is the charge per unit potential difference. It remains now 
to consider the units in which capacitance is measured (i) in 
the absolute electrostatic system of units just defined, (ii) in 
the absolute and the practical electromagnetic units defined 
below. 

Examining first the electrostatic system of units, let [If], 
[L], [T] be the dimensional symbols for mass, length, and 
time, the units being the gramme, the centimetre, and the 
second. Then, since Capacitance = charge/potential and 
potential = worJc/charge, [ Capacitance ] = [charge 2 /work]. Now 
from the law of inverse squares for electrostatic charges 
[charge 2 ] = [force X length 2 x e], so that [C] = [force X 
L 2 x enforce X L) ] = [Ls~\. The dimensions of capacitance in 
the absolute electrostatic system of units are those of length ; 
a capacitance is, therefore, specified, in centimetres. 

In most practical work the Practical electromagnetic system 
of units is used* for all measurements. In this system the 
unit of potential difference is the volt and that of electric 
charge the coulomb. The unit of capacitance is the farad , 
and is the capacitance of a condenser in which a p.d. of 1 volt 
produces a charge of 1 coulomb. In all practical work the 
farad is an inconveniently large unit, a working unit of a 
microfarad = p F. = 10~ 6 farad being generally adopted. In 
dealing with many quantities arising in bridge measurements 
a still smaller unit is used, the micro-microfarad = uu F. = 
10' 12 farad. 

The volt is 10 8 absolute electromagnetic units of p.d. and 
the coulomb 10 _1 absolute electromagnetic units of quantity 
Hence the farad is 10' 9 , the y F. 10- 15 and the ppF. 10~ 21 
absolute e.m. units of capacitance. 

The practical unit and the electrostatic unit of capacitance 
are simply related. One centimetre capacitance is equivalent 
to 1/v 2 absolute electromagnetic units, v being the velocity of 
li ght, 3 X 10 10 cm. per sec. Hence 1 cm. capacitance = 
1/(9 x 10 20 ) e.m. units = 1/(9 x 10 11 ) farad. A convenient rule 
is 0-9 cm. = 1 pp F., or, conversely, 1 cm. = 1-11 jxp F. 

8. Inductance. The most important quantities measured 


More correctly, the units used in technical work are those of the Inter- 
national system wherein the current and resistance units are defined in terms 
ol actual standards intended to represent the units of the Practical system 
0rd61 \ 0f i &ccura fy Except in work of the highest precision, 
the differences between the International and the Practical units may be 
neglected. J 
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in ax. bridges are self and mutual inductances. The properties 
of a.c. circuits in which inductances are present are dealt with 
in Chapter II ; it is proposed here to set down the simpler 
physical ideas underlying electromagnetic induction so that 
the later work may be adequately understood. At the same 
time, definitions and units applying to the various quantities 
involved will be given. The student is supposed to have a 
knowledge of the properties of the magnetic field of a 
current and of the general principles of electromagnetic 
induction. 

9. Elementary Ideas. The principles and laws of electro- 
magnetism are based upon Faraday’s famous experiments on 
electromagnetic induction. Consider two closed circuits, one 
containing a battery and switch while the other includes a 
galvanometer, and suppose the circuits are placed so that 
they can influence one another. So long as the current in 
the first circuit remains steady the galvanometer in the second 
circuit is unaffected ; if, however, the current be changed, an 
immediate indication is given by the galvanometer. For 
example, if the first circuit be broken the galvanometer gives 
a momentary deflection, indicating that a transient current 
has flowed in the second circuit in the same direction as the 
current just removed from the first. On the other hand, if 
the first circuit be closed again, so that a current is established 
in it, . the galvanometer gives a transient deflection in tho 
. opposite direction, showing that the second circuit has been 
traversed momentarily by a current in the reverse direction 
to that which has been established in the first. The transient 
current induced in the second circuit by the changes of the 
current flowing in the first was said by Faraday to be duo 
to mutual induction . He showed that, for the same strength 
of inducing current, the magnitude of the transient effect was 
the same no matter which of the circuits carried the current 
or which contained the galvanometer. Moreover, if one of 
the circuits be removed, Faraday showed that transient 
induction effects, formerly referred to as “ extra-current,” 
occur in the remaining circuit when a current is started 
stopped, or otherwise changed in it. The effect is then said 
to be due to self-induction . 

Induction phenomena are best approached from a con- 
sideration of the magnetic field produced by a current-carrying 
circuit. When a steady current flows in a circuit, a magnetic 
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field is produced in surrounding space ; this field can be 
mapped out by tubes of magnetic flux which are linked 
through the circuit producing them. A second circuit put 
into the field of the first will be linked by a certain number of 
tubes of flux, the total number of linkages being dependent 
on the size, shape, and position of the circuit. If now the 
strength of the current in the first circuit be changed, the 
strength of the magnetic field at every point will be altered, 
i.e. the linkages of flux with the circuits will be varied. Hence! 
when the flux linking the circuits is changed, Faraday’s 
experiments show that electromagnetic induction takes place, 
transient currents appearing during the time that the linkages 
are changing. Observation shows that the induced currents 
are in such a direction as will tend to maintain the magnetic 
field in the same state as before the changes began, i.e. the 
induced currents tend to set up a magnetic field in such a 
direction as to oppose the changes. This statement is referred 
to as Lenz’s law. 

Considering now the inducing circuit, any attempt to alter 
the current in it, and thereby to modify its magnetic field,, 
is immediately accompanied by transient , induction effects 
tending to maintain the field in its original state. Hence the 
magnetic field of a circuit acts as a kind of electro-magnetic 
inertia to the current-producing effects which tend to. delay 
the' establishment of the current in the circuit and generally 
to retard any change in its strength. The appearance of these 
induction effects can be thought of as due to an electromotive 
force introduced into the circuit when the linkages of flux with 
it are changed ; the direction of this induced e.m.f. is such as 
to oppose the growth of the current, and it ■ is proportional in 
magnitude to the rate at which the current, and therefore its 
linkages, is changed. When the linkages, N, with the circuit 
are increasing ( dNjdt positive), the induced e.m.f. opposes 
the increasing current ; when N diminishes ( dNjdt negative) 
the induced e.mi. tends to keep the current, flowing 
its original direction. The e.mi. of the battery is 
transiently increased by an e.m.f. of induction 
to -dN/dt. 

In a precisely similar way, if the current in a circuit be 
changing, the e.mi. of induction appearing in a 
circuit is proportional to the rate of diminution of the 
linkages threading it from the first circuit. This e.mi 
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in addition to the e.m.f. of any battery or other source of 
current in the circuit. 

By a suitable choice of units the induced e.m.f. can be 
expressed numerically. If a rate of change of one linkage 
per - second produces one electromagnetic unit of e.m.f . {see 
p. 22), then, in general, e = -dNjdt. 

10. Self and Mutual Inductance. If the circuits considered 
on* page 18 were placed in air or other magnetically indifferent 
medium, the flux, and consequently the linkages, will be 
proportional to the strength of the current ; this would not 
be the case were the circuits linked by magnetic material 
such as iron. 

Consider now the case of a number of circuits, 1 , 2, . . . 
m, ... n, in a magnetically indifferent medium such as air. 
Let all the circuits be opened except n , in which one electro- 
magnetic unit of current is caused to flow. The total number 
of linkages of flux with the circuit itself is then L n and, in 
addition, the remaining n - 1 circuits have linkages M ln , 
M 2n , . . . M mn , . . . etc., due to flux passing through them 
from circuit n. Now let n be opened and unit current flow 
in m. The linkages of flux in m are L m and in each of the 
others M lm , M 2m , . . . . . . M nm . Applying this 

process in turn to all the circuits, a number of linkage 
coefficients of these types are found, these having important 
properties. 

Coefficients such as L n are called coefficients of self-induction , 
or simply self -inductances. L n denotes the number of linkages 
of flux with the circuit n when it is carrying unit current. 

Coefficients such as M mn are called coefficients of mutual 
induction , or mutual inductances. It follows from Faraday’s 
experiments, or by deduction from energy considerations 
(Rayleigh’s reciprocal theorem) that it is immaterial which of 
two circuits is treated as the inducing circuit and which as the 
induced ; hence M mn = M nm numerically. M mn denotes the 
number of linkages of flux with the circuit m when unit current 
flows in n ; reciprocally, it is equal to the linkages with n 
due to the field of unit current in m. 

. se ^ an d mutual inductances are functions merely of the 
size,^ shape, and relative positions of the circuits when the 
medium in which they are placed has a constant permeability. 
When iron is present the inductances depend also on the 
strength of the current in the circuits, and are not constants 

3— (5225) 
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dependent only on their geometrical properties. There are 
clearly n self -inductances and \n(n — 1) mutual inductances, 
making a total of \n{n + 1) coefficients. 

Suppose now that the circuits are all closed and contain 
e.mi.’s e v e 2 , ... e m , .. . e n the resulting currents at any 
instant being i l3 i 2 , . . . i m , . . . i n . Then the total linkages 
with each circuit will be the sum of its own self linkages and 
those due to all the other circuits, that is, 

N x = L x ii ~|- M 12 i 2 4~ M 12 i 2 + * * * Mi n % n3 

N 2 ^ 31 4" T 2 i 2 4~ M 22 i 2 4 " • • * M 2n % n3 

N n = M ln ii + M 2n i 2 -J- M • - - Ij n i n • 

The corresponding induced e.m.f As will be 

-dN^dt, - dN 2 /dt , . . . ~dN n /dt. 

By Ohm’s law the total e.m.f. in each circuit must be equal 
to the resistance drop round it. If i? x , Ii 2 , . . . R m , - . . R n 
are the resistances of the circuits, the equations of equilibrium 
are 


1 

1 

R L 

1 dt 


1 

1 & 

1 to 

1 

7? i 

2 dt ~ 



t " n dt J " Vn ° n 

from which the currents can readily bo found when the applied 
electromotive forces are given. (For an example when there 
are six inducing circuits, see p. 51.) The equations apply no 
matter how the e.m.f.’s, and consequently the currents, may 
vary with time and hence apply directly to alternating 
quantities. 

11. Dimensions and Units. Consider a current flowing in 
a wire bent into the form of a circle of 1 cm. radius, and let 
a free unit magnetic pole be imagined brought up to the 
centre of the circle. If the pole experiences a force of 2n 
dynes the current in the circle is said to be one absolute electro- 
magnetic unit. When the current is of this strength, 1 absolute 
electromagnetic unit of quantity or electric charge passes any 
section of the circuit per second. If two points exist in the 
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circuit such that 1 erg of work is necessary to transfer 1 e.m. 
unit of charge between them, the points are said to have a 
difference of potential of 1 e.m. unit. 

If the free -unit pole is allowed to move from any point in the 
magnetic field of a current it will trace out a closed curve, called a 
line of force, the tangent to which is in the direction of the field strength 
at every point on it. The lines of force passing through the boundary 
of any small closed area are said to bound a tube of force ; the field 
can be thought of as mapped out by tubes of force. Although this 
conception is useful it leads to some trouble, chiefly due to the hypo- 
thetical nature of the exploring pole, when applied to the magnetic 
field within a magnetic material. As it is with the inductive effect of 
a magnetic field that one is concerned, a definition based on the 
inductive property is more appropriate. 

Accepting the definitions of current and p.d. in the absolute 
system, a circuit in which absolute unit of current is produced 
by unit p.d. is said to have 1 absolute unit of resistance. 
Let a single loop having an area of 1 sq. cm. be placed at any 
point in the field ; let the loop be connected to a ballistic 
galvanometer by twisted leads so that a circuit of 1 e.m. unit 
of resistance results. If the plane of the loop be turned about 
until, on making or breaking the current producing the mag- 
netic field, the ballistic galvanometer gives a maximum 
deflection, the normal to the plane of the loop lies in the 
direction of the magnetic induction at the point. If 
1 e.m. unit of quantity passes through the galvanometer when 
exciting circuit is broken, the loop is traversed by unit 
induction. A line drawn through the field to show the direc- 
tion of the induction by its tangent is called a line of 
induction. A tube bounded by lines of induction and con- 
taining unit induction, is called a unit tube of induction ; the 
number of unit tubes crossing normally unit area is called 
the normal induction or flux density. In air, the tubes of 
induction and tubes of force form identical systems ; in iron, 
they have distinct significance.* 

Each tube of induction may be regarded as enclosing a 
kind of circuital stream of magnetic flux linked with some 
part of the exciting circuit, and perhaps at some part of its 
path linking some portion of a neighbouring circuit. The 
number of linkages of flux with a circuit per unit current in 
it is the self-inductance of the circuit. Alternatively, when 

* See C. C. Hawkins, The Dynamo , 6th edition, Vol. 1, p. 4 et seq. 



22 


A.C. BRIDGE METHODS 





[Chap. I 

the linkages with a circuit change at the rate of 1 tubo per 
second and 1 e.m. unit of e.m.f. is induced, the circuit has 
unit inductance. Similar definitions clearly apply to mutual 
inductance. 

From these definitions the dimensions of the absolute unit 
of inductance can easily be obtained. Remembering that free 
unit poles follow the inverse square law of attraction [pole 2 ] — 
[ force X length, 2 ]. The field strength or force per unit pole at 
the centre of a circle carrying a current measured in absolute 
units is inversely proportional to the radius of the circle and 
directly proportional to the current, i.e. [current] ~~ [force x 
length/pole] = [Vforce], Now the quantity of electricity 
induced in a circuit is proportional to the linkages of the 
tubes of induction and inversely as the resistance of the circuit, 
i.e. [quantity] — [current x time] — [linkages /resistance] ; thus 
[Inductance] = [linlcages/current] — [resistance X time] 


= [e.m.f. x time/current] — ^ X ^' We 1 

L quantity current J 

[ force X distance 1 

J l^nce]. 


Hence in the absolute electromagnetic system of units induc- 
tance has the dimensions of length, and is measured in 
centimetres. 

Owing to the inconvenient size of the absolute units, decimal 
multiples and sub-multiples of them are chosen for use in 
practical work. Thus — 

1 volt = 10 8 absolute e.m. units of p.d. 

1 ampere = 10' 1 „ „ „ current 

1 coulomb = 10- 1 „ „ „ quantity 

1 ,°hm = 10 9 „ „ „ resistance 

1 henry _ 10 9 „ „ „ inductance 

. * h6nr y = lb 9 °m. Many inductances are expressed 

m milhhenrys, mH=10« cm. ; very small inductances are often 
measured in microhenrys, 10 3 cm. 

i nTr U i’ a C ' XCU3 ^ ^ as _ one henry inductance when there are 
10 linkages of induction with the circuit per ampdre. Alter- 
natively, if the current in a circuit changes at the rate of 
1 ampere per second, and an induced e.m.f. of 1 volt results, 
the circuit has an inductance of 1 henry. 

12. Effective Resistance. If a direct current I amperes is 
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passed through, a circuit, heat is generated at a rate I 2 R watts, 
where R is the resistance of the circuit in ohms as measured 
in a d.c. Wheatstone bridge. R is sometimes called the 
“ ohmic 55 resistance of the circuit. 

If now an alternating current of r.m.s. value I amperes 
flows in the circuit, heat is produced at a greater rate PR', 
where R f is the effective resistance of the circuit as measured in 
an a.c. bridge. The sources of additional loss in the circuit 
are numerous, and all arise from the pulsating nature of the 
magnetic and the electrostatic fields around the circuit. 
Briefly may be enumerated (i) the so-called “ skin-effect ” 
in the conductor ; (ii) losses due to eddy currents induced 
by transformer action in neighbouring masses of metal which 
lie in the magnetic field of the circuit ; (iii) conduction and 
dielectric losses in the insulation of the circuit, and the effects 
of self-capacity. - 

Skin - Effect. Of these sources of additional loss, one of 
the most important is the “ skin-effect/’ the nature of which 
can be understood from a simple example. Consider a long 
straight conductor of circular section in which a current can 
be made to flow by application of a p.d. between its extremities. 
If the conductor carry a direct current, the density of which 
is uniformly distributed over . the cross-section, then the 
strength of the magnetic field at a radius r from the centre 
of the wire is proportional to r within the conductor and to 
1/r outside it. 

Now let the conductor carry an alternating current and 
assume at first that the current density is uniform, so that the 
distribution of the magnetic field is the same as with a direct 
current. Examine two equal filaments, one at the centre and 
one at the circumference of the conductor. The former is 
linked by the entire alternating flux produced by the wire ; the 
latter, on the other hand, is linked only by the flux outside the 
wire. A similar filament at a radius r is linked’ solely by the 
flux outside that radius. Hence, under the supposition of a 
uniform current density, i.e. equal currents in each similar 
filament of which the conductor is composed, the inner fila- 
ments have a greater inductance than the outer. It follows, 
therefore, that, since all filaments are subjected to the same 
p.d., the current density over the inner portion of the conductor 
must be less than over the outer. Apparently then, the current 
cannot be uniformly distributed and is crowded towards the 
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periphery of the wire. At high frequencies it flows chieflj 
a thin circumferential layer or skin, thus increasing the appar 
resistance of the wire and the heating loss in it. The “ si 
effect 59 is clearly greater at high frequencies and also wl 
the conductor of which the circuit is composed is of apprecia 
cross-section. Hence standard coils are often wound wit! 
conductor made up of a large number of separately insula* 
strands connected in parallel ; the skin-effect in each will 
much reduced by making the strand sufficiently fine. 

The skin-effect will modify not only the effective resist ai 
of a circuit but will also change its effective inductance, sii 
the distribution of the magnetic field with a.c. is different fr< 
that obtained with d.c. owing to the current being no Ion] 
uniformly distributed over the cross-section of the conductc 
Again, the insulation conductance and the self-capacitance 
the circuit, acting as shunts across its terminals, will cause 1 
effective resistance and inductance to change with frequen 
(see pp. 90 and 91). Hence, due to these secondary effec 
the effective resistance and inductance of a circuit arc funetic 
of frequency, the change with frequency of the former bei 
usually greater than that of the latter. 

In general, whenever an alternating current flows in a eircu 
secondary effects come into play and modify the resistance 
the circuit from its d.c. value, at the same time producing i 
alteration of the inductance from the value which would 
found by a ballistic measurement. The effects depend on tl 
frequency of the current, and are of great importance at t 
higher values. The field of utility of a.c. bridge methoc 
therefore, lies in the measurement of effective resi stain 
inductance, and capacitance under exactly known conditio 
of frequency and wave-form similar to those obtaining 
actual practical a.c. working. 


CHAPTER II 




THE SYMBOLIC THEORY OF ALTERNATING CURRENTS 
AND THE APPLICATION OF IT TO ALTERNATING CURRENT 
BRIDGE NETWORKS 


1. Introduction. In Chapter I it has been shown that 
measurements by means of an alternating current bridge 
method are made by arranging a network of conductors, * 
one of which is the piece of apparatus which is to bo tested, 
while the others are suitable standards of resistance, inductance, 
capacitance, or combinations of these quantities ; these con- 
ductors are referred to as the branches of the network. Two 
points in the network are then connected to a source of 
alternating potential difference, while a second pair of points 
are “ bridged ” by a conductor in which is contained a suitable 
detecting instrument. The constants of the various branches 
are then adjusted until the detector indicates that no current 
flows in the bridge conductor. The network is then said to 
be balanced and certain relations, called the balance, conditions, 
will exist between the constants of the branches. From those 
balance conditions it is then possible to calculate the unknown 
constants of the apparatus under test. 

The purpose of this chapter is to show, in a general way, 
how these conditions may lie most easily determined. To 
this end, a brief account of the elements of the theory of 
alternating currents is first given, treated according to the 
symbolic vector method. Maxwell's theory of networks is 
then explained and combines! with the symbolic method to 
demonstrate those properties of alternating current circuits 
which are of service in the present problem. Typical bridge 
networks can then be consider**! arid the general conditions 
of balance found. 

2 . Elements of Vector Algebra, f A me/or quantity, that 


* The term “ conductor *’ i* horn ninjiloyrai in » giumml way u> mat min 
not only ordinary metallic conductoni (sit <dwi oiiiuteiuwrn when cord m 
alternating current circuit*, mm jingo IS, 

rl£!| JU iiB r wishes to acknowledge Mpful miggentiim* from Mr K M 
*>{'" j»«»l»»ration of tins Mid anlwrijiioiit 
The student requiring further dotuilw mitirormiig the genor*! i,«o «.f v« tut 
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is a quantity having magnitude, direction, and sense, can be 
represented graphically by a line, called a vector. The length 
of the line represents to scale the magnitude of the vector 
quantity ; the inclination of the vector to some datum line 
gives the direction of the quantity ; and an arrow-head drawn 
y on the vector indicates the sense along 

the _ specified direction. In mathe- 
matical notation, vector quantities can 
be represented by the use of special 
L. type; thus a Clarendon or heavy-type 

r/ ' b letter will denote a vector, the magni- 
tudo of which is represented by the 
i — X corresponding Italic letter. Thus, let 

Fig. 3. — Graphical ,f vector <>f magnitude r. 

Representation of a ^ coordinates and let 

Vector r in Terms of x an( l V be vectors of unit length 
Unit Vectors x and y measured along OX and OY rospec- 

i ■ r. i . lively. Let the vector r make an angle 

9 Wlfc h the axis OX ; then, resolving r in the directions of the 
two axes, let a and b be the component vectors. Then if a be 
the number of times x is contained in a and b the number of 
times b contains y, 


are the components ; and 


ax -f by . 


is the vector equation determining r. The sign “ -j- ” is under- 
stood to mean vector addition. This equation represents a 
vector of magnitude r = Va 2 + b* and direction <f, = tar v'bla 
relative to the axis OX, the sense being indicated by the 
arrow-head. 

It wifi be apparent that the joint effect or sum of any 
number of vectors in a plane can lie obtained by adding 
their component vectors parallel to OX and 0 Y. The resultant 

tditlonam 1 t atiH(,K ° n thfl 8ubjo<!t ' e * J - Coffin - 
enlne?r t ZTw > G jT’m* fr °, m I>oi . nt of vi,w ol th « electrical 

Chaps. VII and' vm n E %menjmy Treatise on Alternating Currents. 

H “ d ‘” muHcai papm ' 
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vector r obtained by adding » veetom of the type given by 

Equation (1) will be 

r = (£,"«„)* + (L\ n b n )y - ex 1 

an equation which has an obvious geometrical interpretation 
illustrated in Fig. 4. The extension of this proceed to the 
subtraction of vectors is obvi- y 

ous ; the sense of the vector _ 

to be subtracted is reversed and T f ly#, 

the rule for addition applied. b, / / 

When the product of two ' i yL J 

vectors is desired, it will be ^ * 

clear that, as the vectors have 

not only magnitude but also i ?' — J_ x 

direction the nature of the >*— &,—*«**" 

product becomes a matter for 

definition. It is found that p* *- 

there are two types of pro- Km, *, t hk Annmow «»* 
duct to which definite physical Varroiu* 

meaning can bo given, called 

the scalar product and the vector product reaped ively, tlieae 
being defined in the following way— 

(i) The scalar or dot product of two vrH . >r > r and r' la defined 
as the product of their magnitude* and the ermine of the 
angle a between their directions, i.e. 

r-r' = rr' cm a. 

The result is a scalar quantity. Mote that rr' r'r, 

(ii) The vector or cross product of two vector* r ami f is 
defined as the product of their magnitude* and the nine of the 
angle a between their direction*, i,e, 

rxr'« {rr , sin o)g. 

The result is a vector perpendicular both to r and r‘, s tiring 
unit vector in that direction. The sense of g relative to that 
of the other vectors is such that when r in turned to eon •<:< 
with r' the positive direction of g i* relate#! to the rotation 
in the same way as the translat!* ? m •; r .» >,f an ordinary 

right-handed screw. Note that r x r' - F .< r, 

In order to appreciate the tmvtttititf of In*** tlmflnll (l,n 
wopwduc H of a vector ttf force f, with » *wl««r ».f linger .li.el*. rm«tt 

a. The dot priKluef. clearly repowil* #up 

the action of the force A* thrmigh dWni^Maf j 

/>'*-- ~ \ 

(Si '°* 
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quantity. On the other hand, the cross product is the couple produced 
by the -force F acting at a lever arm d sin a ; this is clearly a vector 
quantity having the direction of the axis of the couple, i.e. perpendicular 
both to F and to d. 

The theory of alternating currents to be developed in a 
later section is directly deduced from the idea of scalar product 
of two vectors. In particular the scalar product of a vector r 
with the unit vector x in Fig. 3 is 

r-x = r cos <f>, (2) 

a theorem of considerable utility in later work. 

3. The Operator i-. it is now necessary to introduce the 
idea of an operation into the preceding vector algebra. As a 
preliminary, consider the simpler conception of a scalar 
operator embodied, for example, in the symbol 2. According 
to the method of interpretation the symbol 2 can denote 
either (i) a magnitude of two units; or (ii) if written in the 
form 2(1) may be read to signify the arithmetic operation of 
doubling unit magnitude. In the latter interpretation the 
symbol is used as a notation for scalar operation. 

When this idea is applied to a vector quantity an extension 
of the principle is necessary, since direction as well as magnitude 
must be taken into account. The result of applying a scalar 
operation to a vector is simply to multiply the magnitude 
of the vector without affecting the direction of it. Now let 
the symbol j ( ) denote the operation of rotating a vector 
through an angle tt/ 2 without alteration to its magnitude. 
Then, according to this definition,* 

ix = y, 

i(jx) —37 = - x, 

iD'(jx)]= j(-x)= -jx, 

and so on, as illustrated by Kg. 5. Hence denoting successive 
operations with j upon any vector operand by powers of j 

j( ) = i( ),. 
i 2 ( ) = -(), 
f( ) = -i( ), 

and so on. From this it follows that the arithmetic relation 
existing between the results of successive operations with j 

* The bracket following j, in which the vector operand is contained, may 
be omitted in. cases where there can be no ambiguity concerning the operand 
to which j is applied. \ 
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is, when expressed by powers of j, the same as that connecting 
the number a/— 1 with its powers.* Hence in the evaluation 
of expressions, the arithmetic effect of operation with j can 
be treated as equivalent to multiplication by V-l. 

It is now possible to re-write Equation (1) in the operational 
notation just described. Since jx = y, Equation (1) becomes 

X = (a + j6)x, . • • ( 3 ) 

illustrated by Eig. 6. The expression (a +jb) is called a 
complex operator , and has the following properties when it 
acts on a vector operand. Referring to the above equation, 
and to Fig. 6, the interpretation of the equation is seen to 


Y 



Fig. 5.— The Operator j 


Y 



Fig. 6. — Graphical Repre- 
sentation of a Vector r in 
Terms of Unit Vector x 
and the Operator j 


be this ; take a vector ax along OX and to the extremity of 
it attach a vector bx. Operate with j upon the latter, i.o. 
turn it through 7 r/2 ; then the joint effect of ax and jbx is 
a vector r. 

This operation may be looked at in another way; The 

* This is by no means the same as the statement, so often made in text- 
books, that j = V-l. The symbol j denotes the geometric operation of 
rotating a vector through 7i/2 radians ; the quantity V-l is an imaginary 
numeric . It is looseness of statement to describe these very different, 
conceptions as identical ; the real meaning of j and its relationship to ^/~ 
is that given in the text. See T. R. Lyle, “ Currents in branched and mutual ly 
influencing circuits produced by harmonically varying electromotive forces/’ 
Mem . , Vol. 41, pp. 816-818 (1898), and Vol. 42, pp. 72-74, 148-151 (1809). 
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vector r has a magnitude r = Va 2 + b 2 and a dire 
f — tan- 1 b/a relative to x. Hence the effect of ( a -f jb) 
is to multiply the magnitude of it by r and to rotate it thr 
an angle <j>. The operation consists, therefore, partly , c 
extending or tensor element and partly of a rotatory or X 
effect. The two equivalent ways of regarding a con 
operation may be symbolically represented by 


(« +jb) 


! _j_ 52 /ta,n- 1 b/a 


Moreover, it is clear that the arguments just applied to 
operations on unit vector apply with equal force to any c 
vector operand. 

4. Alternating Currents as Vectors * The current i 
circuit is a physical quantity which has at every insta: 

definite magnitude and flows ij 
' ' certain sense round the circuit ; 

\ possible in virtue of these property 
represent it by a vector, and a sin 
argument will apply to the elec 
l/' motive force to which the currei 

due. 

( t . y In particular, if the current is s 

x ^ that its strength at any instant : 

Fig. 7.— Representa- harmonic function of time, it is refe: 
tion of an Alterna- ho as an alternating current. 

ting Current by simplest type of alternating curr 
Means °^^ otating with which it is proposed exclusivel; 
J ° deal, can be represented as 

i — cos cot, 

where i is the instantaneous value of the current at tim 
ii is its maximum value, and co is 2 tt times the frequence 
alternation. 

Now consider a vector i, of magnitude rotating abor 

* See T. R. Lyle, loc. cit. ; W. G. Rhodes, loc. tit. ; W. E. Summer “ 

Iw° r i?r 0 ? ertle 4 , of alternatin g currents and other periodic quantit: 
Proc. Roy Soc.,V ol. 61, pp. 463-478 (1897); C. V. Drysdale, The Foundai 
of Alternate Current Theory, Chap. XIII (1910). The symbolic treatmei 
^Txamrie 1 ^? tS “ V «^°Pted in the writing Steinmetz ; 

4th edft^n (i908) 2/ Calculatlon °f Alternating Current Phenom 

Also E. Orlioh, Kapazitat und Induktivitat, Sec. 35, pp. 98-107 (190S 



ction 
on x 
ough 
>f an 
! ersor 
iplex 


Hence the harmonic vector «,th 1 

current i, since the remr aanmmmii i *’ t li«" imimtimw 
giTO s the -agmtude^ta a « 

transforming the well-known scaler equation* of the '*»*«> '• 
alternating 1 currents into vector notation, « *hj I 

results in considerable analytical mmplificat.or, and m grea n 

Cla £ ty mtny at X e mating current problems the 
coefficients of i with respect to t an. mvnh ' 1 ' ' , 

shown how these may bo expressed m «ymt«4» 


since x is not a function of time. Now operate on Equation (M 
with j, thus, 

x ji » t'i cos (^rd -f- - j ; 

multiply by co, 

x-jai— <d x cmfad f Zj . 


From this and the above result of direct differentiation 


In general, 


The 
ios,” 
lions 
it of 
see, 
ena, 


by an obvious extension of I In* nlwivo pttwm. If« ? * * *h* 
result of successive diflffwntmtMuiii of a Imrmmnr iwf«f §# 
the same as that obtained f*y surrrwtm* niflt ;r» 

As an example? of the tint* af them* r«ivi*i«trr if** 

case of a coil of mlnvtmm* L and ft t*> 


0 . 
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alternating potential difference is applied. If e be tire 
instantaneous value of the potential difference and i t>hat 
or the current, the scalar equation for the coil is 

e==L it + m - ■ j 

K*ow let e be the vector of potential difference and i th&'k of 
current, thene = ex and i = ix. Making use of Equation £ (&) 
the scalar equation becomes 


or simply 


&x=j(oLi-x 4 - Ri x 
e = ( R jcoL)i 



is the vector equation. 

Erom this example it is apparent that the rule to convert 

a given scalar equation, which in- 
volves harmonic functions of time, 
into vector notation is to replstco 
the scalar symbols by the vector 
symbols and to substitute succes- 
sive operations with jco for t>!ie 
differential coefficients. 

rp Tr o tv 5- The Vector Ohm’s Law. Tlie 

no. S. — brRAPHICAL REPRE- •. -T , ! 

sentation or Ohm’s Law P ar ticular problem worked out abo~vo 
for Harmonic Vectors * s capable of important generalise a»~ 

. ’ tion. Take the case of a circoit 

avmg resistance R and reactance JST, 6 being the vector" 
representing the potential difference applied to it and i that 
denoting the current flowing into it. Then, as illustrated in 
ing.^ 8, the vector e is composed of two components, one, 
Ri, m phase with i, and a second, jXi, perpendicular to i. 
J_ne Vector equation is 

e = (R = zi, 

the symbol z denoting the impedance operator of the circuit. 

Examining this equation, it will be seen that the form is 
the same as that representing Ohm’s law for pure resistances, 
e Mi. It may be said, therefore, to express Ohm’s law for 
harmonic vectors In virtue of this fact it appears that anv 
result proved for direct currents will hold for alternating 
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currents if vector symbols are used in place of wit tor symbols 
and impedance operators* are substitute,! for resistances. 

6 lie Operator z. The impedance operator z is a complex 
operator which can be expressed in another way by means of 

Equation (4), that is, 

z= *R+jX y/W ! % 4 

The quantity Z ~ V It 1 \ A' a is ealled the iwpitinncv of the 

circuit. , . . i ■ , 

Making use of this result in the preceding paragraph gives 

e = (It -\ jX)l d (Z 14)1, . . . (<() 

which shows that the vector of potential dilTerenee is obtained 
by multiplying the current vector by Z and advancing its 
phase by <j>. Hence the vector e is Z times the size of the 
vector i and, when <f> is positive, is ahead of the latter in 
phase; a result in agreement with the vector diagram of the 
circuit and concisely represented by Kipiation (II). 

In order to carry out calculations on electric circuit* in 
which alternating currents are flowing, it is necessary to 
determine z. A few simple examples will now to* considered 
and applied to circuits commonly met with in bridge networks. 

1. Pure Resistance* In I lil« raw t li«» rttmtit i»iwl pt*i«’t»Un>! riUTiirtfiit?* 
are obviously in pliami, ho that if M In* Iho tmMnmw 

% « It ■ #, Mtf! 4* f> * 

2 . Inductive Coil. L in* lit#* Itutitciiiiicw mid H Hit* rmi*! *t u*o of 
the coil, then the scalsr aquation in 

, Hi 

C - f*5i I tu, 

.which in vector form lit 

e - ill l jmL% 
by the principles on pupt 32 * 

Thus, * » ll 4 jml 

% t W 

tfl mm tlUl f #i# /,///, 

. * ? or tho iiimmmm of ^mmUm mmMm\ in $ lm $hm*ry nf #lncttrki 

circuits, see O. Hmvmklm t “Oil r miw&mmtm utiti rovKlurtmi*'** f*g***mf.**ff#* mu! 
their derivatives, imiuetmitw, iiip! jM*rynitt*fnm 4 twtwifiliy m wmnwihm with 
electric and magnoifcs raargy,” Pnptrs, Vt»l, :f,‘ to* ri;*;# nv $ 

ihe operator considered in fhi-: f L-- nm% pot agr »f *?«< «t **■*»! tm-nm of 

the resistance mid tmwhmimm* upmtm&mm of |fravi»»v!o %%lmn mtmmwUd 
operands are assumed. 
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is the scalar equation. 


Hi ff erentiating, 
In vector notation 


For this case, therefore, 


= JL ^2 - 

(7 co C 1 


and </> - taa-*(-oo) 

-a 

of a period. 0 p0t0n(ial difference la gs behind the current by a quart 

4 . Impedances in Series. Consider the case of a number of imp 

dances in series, e lifting the appli< 
Z 3 1 harmonic potential difference and 
Y the corresponding vector of curren 

f 1 Then 

^ m * er== ~ii + Zjji -f s 3 i + . . . etc. =s 4 
, r the impedance operator < 

’ the circuit. From this 

— — , V^\|i I z ~ z i “f" + %+**< . etc., 

2 . ?° tii^t the operators of impedance 

K t * n series are lidded in the same wa 

» » resistances are added in direc 

Fxa. 9. — Impedances in Series cu ' re ^ t cir cuits. (See Mg. 9.) 

AND IN PARALI/B! iw P* nr filial Win a 


e - Sjij 


so that i = ii + i 2 + i 3 + . 
Then, 

1 1 


5 . Impedances in Parallel. Who 
impedances are connected in pa: 
allel, as in Fig. 9, 

etc., 

6 (h + z + 7 + 


i i,i i 

z = + S t + *, + • • • 

^which° a S^ 8 ° f - i ™P° da ?* e, » in Parallel are combined by th 
rule wnicn applies to resistances m parallel. 
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By the use of the five examples worked out above, it is 
easy to calculate the impedance operator, and thence the 
impedance and phase angle, of any given circuit. In Kg. 10* 
a number of circuits of common occurrence in alternating 

IMPEDANCE OPERATORS . 

e - zi w i - e/z., 

wb ere z - R+ jX - Jr***? / tan 4 £ — Z[ty . 

~ -±t$- 


(f e - e, cos oft , L - (e,/Z) cos (cot — 



Fig. 10. — Table of Impedance and Admittance Operators 


current bridge networks are shown, together with the appro- 
priate values of z, Z, and </>. Frequent reference will be 
made in subsequent chapters to the results tabulated in this 
diagram. 

7. The Operator — In alternating current calculations it 
is usually required to find the current in terms of the 


* The student to whom the subject is new is advised to verify 
the results tabulated in this diagram. 

4— (5225) 


as an exercise 


























36 A. C. BRIDGE METHODS [Gha 1 

applied potential difference. Transposing the vector equa 
gives 



so that it is necessary to interpret .the operation — , called 
admittance operator. z 

Now, 

1 1 R-jX R-jX 

z~W+]X- ( R+jX ) (R~jX)~ R* + X*- 

Further, 

B-jX = + X = Z[~J_, 

so that 

Wit* 

and 

i= 4 e =(2 / ~'0 e - • •' 

The quantity 

is called the admittance of the circuit. 


Equation (6a) shows that the current vector Ib. obtai: 
from the potential difference vector by multiplying the la- 
by the admittance and retarding its phase by an angle 
Eor example, suppose e ~ e x cos cot = e-x as shown in Fig. 
then, from Equation (6a), 

which is i == cos cot = ~ cos(w< - <j>), 

in agreement with the geometry of the diagram. 

8. The Impedance of Parallel Wires. In the circi 
contemplated on page 35 the resistances, inductances, t 
capacitances involved are supposed to be localized betwi 
definite points in the networks. However, there are ms 
cases in practice where this supposition is not strictly applical 
a most important example being a circuit composed of t 
similar parallel wires joined together at one end. It will 
clear that the inductance and capacitance of such a pair 
wires is uniformly distributed along their length, and cam 
be correctly represented as -localized between any pair 
points chosen along the wires. Such an arrangement of is 
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wires is very often used in alternating bridge m a 

standard resistance (see p. 81), and the rm.lt* »»*« «’ 

obtained can also be taken as a first approx, mat ...» to fix’ 
impedance operator of an ordinary “ bifilar ” rm*Uu.n- noil 
(see p. 67). 

Two similar, parallel wires of equal length l # amnmfaA U*W*h**f m 
one end and supplied with a sinusoidal 
voltage e 0 at the other, can be treated 
analytically in the same way as a 
transmission line* short-circuited at 
the distant end. Let p, A, arid k lie 
the resistance, inductance, and capa- 
citance of the wires per unit length. 

Then, at a distance x from the termi- 
nals (Fig. 11), where the voltage 
between the wires is e and the current 
i, the equations of equilibrium are 

- (p + j(ol)dx . i as de and 
~ja)K dx . e = di ; 

d e di 

or —z=z~(p + iq)X)i and m JwkQ. 

Eliminating i, 
d 2 e 

« jo>K{p + jo/l)e ® a% 

whence 

e == A sinh ax + B cosh ax, 

where A and B are constant vectors to be if stem! hied $m f«lfiiw* 

Now when x « 7, e » 0, so that B - A tan ft nf anti 
e = A(sirih ax - tanh at cosh ax). 

Also when x » 0, e » e 0 and ao % »» - A tatih uL 
From the first equilibrium equation, 

4 _ 1 de ^ A a 

(mmh m ■ fault «| wlnlt ###f. 


Fin. II. (udumiATiNii tim 
Imnmhnvn or 
Witt KM 


(p -ficoA) 

At the terminals «=s0 arid i 
ance operator is then 


(p+jmX) 
» io, or Ig 


(p +/c>A) 


tanh «7 


> ; >"• 
jWK 


ip I jwA) 

t^nl* 'sfjmmp # Jtuli f 


Tim impMt 


Sec. 41,^.. W- 6 188 C90»). ^ ^ 0p ' teh > K»l***«*l /» '• 
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Lot It, L, C\ bo the total distributed resistance, inductance 
and capacitance of tho wires, then 


/It ! ;b>L 

V ju>c t 


tanh VjcoC^ll -f j 0 >L). 


and 6\ are 


In resistances constructed in this manner, L 
both small quantities, such that their powers and products 
can bo neglected when compared with unity. Expanding the 
hyperbolic tangent in series* gives 


(It + ja>L) I - 1 1 jmC x (R + jtoh) \ 


or 


z E | jm ( L 


0 


+ jjj \j(oC\(R I 
“3 )' 


-■} 


a result whose practical importance is discussed on pages 07 
and 82. 

9. Maxwell’s Theory of Networks. In the preceding 
sections attention has been confined to tho consideration of 
the current flowing in a single conductor. It is now necessary 
to develop some general principles which will enable the 
currents in a network of conductors to be calculated. For 
this purpose lot an examination be made of a network com- 
posed of resistances carrying direct currents ; the results 
obtained can then bo readily generalized, so that they are 
applicable to a network of impedances in which alternating 
currents are flowing. 

Let Fig. 12 represent a network of resistances supplied with 
current from a battery of electromotive force E In this 
particular example 0 conductors join 4 points in such a way 
that 3 closed meshes are formed, 3 conductors meeting at 
each point. In general, if there are c conductors arranged to 
form a network by joining p points, the number of meshes 
will be c - (p - 1 ), Each of the conductors will carry a definite 
current, as indicated by the arrows drawn on the resistances 
in the diagram, the magnitude of which can be found by the 
following procedure. Apply Ohm’s law to each mesh in turn, 

0,0 it? Q - Qreenhill, Differential and Integral Galcuht#, 2 nd edition, pp, 

238-39, p. 233, ex. (i), and p. 234, ex. (viii) (1891). 
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writing down c - p + 1 equations connecting the total resis- 
tance drop round each mesh with the electromotive force of 
any battery included in it. Then to p - 1 of the points of 
junction apply KirchhofFs first rule, making the current 
reaching a point equal in magnitude and opposition in sign to 



Fig. 12. — Maxwell's Theory op Cyclic Currents in Networks 

the sum of all currents leaving the point ; an additional p - 1 
equations will thus be obtained. From the total c equations 
the current in any conductor can be found by elimination of 
all currents except the one desired, making use of the ordinary 
algebraic processes. In the example illustrated in Fig. 12, 
application of Ohm’s law to the three meshes gives 

E = RqIq -f- R 3 I 3 -f- i2 4 / 4 , 

0 = R 2 I 2 -f R 5 I 5 - R s I 3 , 

0 ---BA - BJt - R 5 I 5 ; 

using KirchhofFs first rule at three branch-points gives 

0 = I Q — I z — / 2 , 

0 =/ 2 -/ 5 -/ 1? 

0 -/*+/,. 

Hence, sufficient equations to determine any one of the 
c currents can be found by taking the c —p + 1 mesh equations 
and only p — 1 equations from the points of junction. 

The reader will appreciate that, although the method just 
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described is direct and obvious, the algebra involved in solving 
the c equations for any given current will be long and tedious, 
especially if the network be composed of a large number of 
conductors. Much of the complexity may be avoided by 
making use of Maxwell’s* artifice of hypothetical cyclic currents. 
In this, each mesh is supposed to carry a current of different 
strength, these cyclic currents being independent and having 
the same direction of circulation. The current in any con- 
ductor will then be equal to the difference between the cyclic 
currents in the two meshes, of which the conductor forms the 
common side. For example, in Fig. 12 the circulating currents 
in the meshes are u, v, and w ; the current in a conductor 
such as i? 5 will be I 5 = v - w, by Maxwell’s artifice. All that is 
necessary is now to make a circuit of each mesh in turn and to 
apply Ohm’s law to it. There will then be as many equations 
as there are meshes or cyclic currents, namely, c-(p- 1), 
which will be sufficient to determine the cyclic currents com- 
pletely. Then, by taking the difference between appropriate 
pairs of mesh currents the true current in any conductor will 
be found. It is clear that the algebra involved in this method 
of calculation is of a more modest nature, since the number 
of equations to be solved is reduced from c to c - (p - l). 

In the example shown in Fig. 12, the application of Maxwell’s 
artifice reduces the number of independent equations from 
six to three, as follows — 


v®3 + + Rq)u — R z v — RqW == E, 

— R z u -f- (R 2 -(- i? 3 + D 5 )v — R s w = 0, 

~ R±u — R 5 v -J~ (jRi -|- -f- R 5 )w = 0. 

It is now easy to solve for u, v, and w and' thence to find any 
eurren t from the differences between appropriate pairs 

It is usually desired to find the current in one particular 
conductor of the network, such as i? 5 in Mg. 12. The algebra 
can be further simplified by writing for the two cyclic currents 
bounded by i? 5 , w and w - 7 S respectively ; 7 S is the true 
unent m the resistance H s . The necessity for solving the 
above equations for w and v and the ultimate subtraction of 
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them is avoided, I 5 being found directly. Applying this 
simplification gives, on substitution of v = w + 2 S , 

-£ 3 2 5 - (i? 3 + R a )w + (£ 3 + £ 4 + 

(i? 2 + £3 + R$) 1 5 + (£2 + Rz)H — R z U = 0, 

— £ 5 J 5 4" (i?i + R^)w — R&u = 0 ; 
solving these equations for J 5 by the usual method of 
determinants,* 

E ~(£ 3 + £ 4 ) (R z + F* + Kb) 

0 (i? 2 4~ £3) ~ R z 

0 (£ x 4 ” £ 4 ) £4 

I 5 = — 

-£ 3 -(£3 + 2*4) (2?a + 2J 4 + 2? 6 ) 

(2*2 + £3 + £5) (£ 2 + 2? 3 ) — £3 

— £ 5 (£ x 4- £4) *“£4 

Evaluating the numerator, and writing the symbol A for the 

denominator gives 

l _ (£j£a ~ K 2 R 4 ) jg . (7) 

The network of resistances drawn in Eig. 12 is the much 
used Wheatstone bridge, £ 6 including a galvanometer. When 
the resistances of the four balancing branches, £ x > £*> £39 and 
£ 4 are arranged to make J 5 = 0, the galvanometer remains 
undeflected and the bridge is said to be balanced. From 
Equation (7) the condition for balance is seen to be 
£ x £ 3 = £ 2 £ 4 . 

The principles which have been deduced in this section ^nd 
applied to a typical network were, as pointed out earlier, 
originally due to Maxwell. Professor J. A. Flemingf has 
developed them in some detail in an important paper to which 
s the reader is referred for further information ; sufficient has 
been said, however, to enable the balance conditions of a 
network to be deduced and to allow of the determination of 
its sensitivity as a method of measurement. 

10. Application of Maxwell’s Theory of Networks to Alter- 
nating Currents. It has been shown on page 32 that Ohm’s 

* See H. S. Hall and S. R. Knight, Higher Algebra, 4th edition, Chap. 33, 
pp. 409-428 (1903). 

t J. A. Fleming, “Problems on the distribution of electric currents in 
networks of conductors treated by the method of Maxwell,” Proc . Phys. Soc., 
Vol. 7, pp. 215-255 (1886). See also O. Heaviside, Electrical Papers, Vol. 1, 
pp. 412-415 (1892). 
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law for direct currents has an exact analogue in the theory 
of harmonic alternating currents. It follows, therefore, that 
Maxwell’s theory of networks outlined for direct currents in 
a previous paragraph may be applied to networks of impedances 
carrying alternating currents by putting symbols for harmonic 
vectors in place of the symbols for direct currents, and replacing 
resistances by impedance operators. 

Professor Fleming, in the paper mentioned above, has 
treated certain cases where the 
k current is interrupted ; the applica- 

tion of the principle to harmonic 
r^) Z2 vectors has been made by many 
CVj writers, notably by Professor Lyle* 

.1 w+l) anc * Appleyard.f In the succeed- 

ing sections of this chapter Max- 
weE’s theory wiE be combined with 
the symbolic vector notation and 
applied to deduce the properties 
of various alternating current 
bridge networks. 

11. The Four-branch Impedance 
Network. Let a Wheatstone bridge 
networkj be constructed by arrang- 
ing four impedances, as shown in 
Fig. 13, having operators z l9 z 2 , z 3 , 

4. Let an alternator, having a sinusoidal electromotive 


Fig. 13. — The Wheat - 
stoke or Four-branch 
Impedance Network 


force represented by the vector e, be applied to the points 
iu ’ and 1 aeross the Points CD connect a suitable detector, 
then, if z 5 be the operator for the detector, z e for the alternator. 


and u, w + i, w be the three mesh currents, Fig. 13 is the 
alternating current analogue of Fig. 12. Hence from 
liquation (7) the current i in the detector is given bv 



Chap. II] 


SYMBOLIC THEORY OF A.C. 


43 


If the bridge is to be balanced there must be no current in 
'the detector at any time, i.e. i = 0 , whence 

ZlZ 3 — ^ 2 ^ 4 ? 

is the symbolic condition for balance which must be satisfied 
by the branch impedance operators. 

This condition can be written in a different form ; remem- 
bering that z = R ' + jX gives 

(■®i +J%i) (®s + = (-®2 +J-2T 2 ) (i?4 +i-2 L 4 )r, . . . (8a.) 

allowing each side to operate on an arbitrary vector r. Again, 
since z = B + jX = Z /<f> the vector equation becomes 

(^i /ii) (^3 / ^3)^ = (^2 / ^2 ) (^4 l$_ 4 ) r * 

Now the result of the operation /^ona vector is to multiply 
it by Z ± and to advance its phase by cf> x ; a further operation 
Z z j(j ) 3 therefore multiplies the result of the first operation by 
Z s and advances the phase by a further angle </> 3 . The total 
effect is equivalent to an operation Z 1 Zzjcl> 1 + (j> 3 on the 
original vector. A similar argument applies to the operations 
on the right-hand side, so that 

(Z-j^Zz /f^i ~f" ^ 3 )^ =: (^2^4 j<f>2 4" ^4 ) r - * • (8b) 

Now when two vectors are equal they are of equal magnitude 
and are coincident in phase, hence 

^1^3 ~ ^2^4 
and + ^3 = ^2 I 

a result which has an important graphical meaning, to be 
noticed in the following section. The results given in these 
equations show that there will be two adjustments of the branch 
impedances necessary to satisfy the balance conditions, ^ 
which is sufficiently obvious when it is remembered that, 
in dealing with the alternating quantities, phase as well as 
magnitude must be taken into account. The relations existing 
at balance between the branch constants are simply found by 
treating the operations in Equation (8a) algebraically, thus 

[ (Jt^ 3 — 3 ) 4- j (X 1 B S -f* X z Bi) ]r 

= [ (i? a J ? 4 — X z Xi) + j (X z R a + X 4 i? 2 ) ]r 
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Now when two vectors are equal their components are equal, 


are the necessary conditions to be fulfilled by the branch 
resistances and reactances. In particular, if (X x X 3 - X 2 Z 4 ) be 
zero then the two conditions become 

X x X z — X 2 X 4 and = jB 2 J ? 4 ; 

i.e. the resistances and the reactances must then independently 
fulfil the ordinary Wheatstone bridge balance condition. 


Fig. 14, — Vector Diagram for the Balanced Four-branch 
Impedance Network of Fig. . 13 


12. The Vector Diagram of the Balanced Four-branch Impedance 
Network. The four-branch bridge can be easily treated by graphical 
methods* when balance is secured. Since i is zero in the detector, 
suppose i c and i D to be the, currents in the branches ACB and AD B 
r^pectively ; these currents are represented by vectors in the diagram 
i lagging behind the vector e which now represents the ‘potential 

(ufference applied to the points A,B. Since the bridge is balanced, 
C and D are always at the same potential, represented in magnitude 
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and phase by coincident points C,D in Pig. 14. Then the remainder 
of the diagram is constructed by remembering that 

eAC = Gad = ^lic == » 

e C B = ©DB — Z &Q — z allh 
G — Gag + ©cb — Gad + G E b* 

The currents are found in magnitude and phase from 

. ic = e/(»i + *.) 

iu = e/(«» + .s 4 ) 

Since the vectors -4 C and A D are equal in magnitude and coincident 
in phase, and since also CB — DB it follows from the geometry of 
the diagram that 

Z\ A 2 
Z 4 “ Zq 9 

and also = cj) 2 - (j> 3 ; 

hence the balance conditions are 

Z X Z 2 — 

and <f> i + <f) z = </>2 + <^ 4 > 

in agreement with page 43. 

13. General Method for Deriving the Balance Condition in 
Bridge Networks having any number of Branches. The four- 
branch impedance bridge, the general theory of which has 
been discussed in previous paragraphs, includes a very large 
number of the bridge networks used in practice. There are, 
however, a number of bridges in common use wherein more 
than four balancing branches are employed. It is proposed 
to show in this section the simplest way in which to find the 
balance conditions for such networks, the process being 
illustratedby the case of a network with six balancing branches. 
The general theory of this network was first given by S. 
Butterworth,* and it contains as special cases many common 
bridges, including Anderson's well-known method. It will be 
referred to as the Anderson network, on this account. 

When the balance condition of a bridge is required, it is not 
necessary to find the absolute value of i, the current in the 
detector, in terms of e ; it will be sufficient if its value in terms 
of some other current in the network be determined. Accord- 
ingly, let i be expressed in terms of the current in the alternator, 
u. Suppose that there are m meshes in the network. Assume 

* S. Butterworth, £e On the vibration galvanometer and its application to 
inductance bridges,’ f Proc. Phys. Soc. 9 Vol; 24, pp. 75-94 (1912). 
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equation omitted is that for the mesh which contains the 
alternator. Transfer the terms involving u to the right-hand 
side and solve the equations for i in terms of u. The solution 
will consist of the ratio of two determinants, so that if i is to 
be zero, the determinant in the numerator must vanish. Now 
this determinant is formed of the coefficients of U and those 
of all other cyclic currents except the coefficients of i ; hence, 
to find the balance condition, write down this determinant 
and equate it to zero. 

Consider first a simple case, that of the four-branch network 
of Fig. 13. The mesh equations for the meshes ACD and 
CBD are 

js (« 2 + *3 + Ss)i + («2 + z 3 )w = z 3 u 

2 , rA V) 2 ~ z 5 i + (Zl + z 4 ) w = Z A U. 

The numerator determinant in the solu- 
z^\ ^ on ^ or * f erj ns of u is 

rw v w) nyo h + ^3 

z 1+z t , 

2 < Vsj z 3 which must vanish if i is to be zero. 

Writing equal to zero and evaluating 
( X '-- Ts — ^ A gives 


Pig. 15. — The Ander- iNow examine the Anderson r 

sou qr Six-branch of Fig. 15. Omitting the equal 
Impedance Network the alternator mesh, the equati. 

the three remaining meshes are- 

- z4 + (Zs + Z e + - ( z 6 + Z?)W = Z 3 11, 

~ z £ - Z 6 V + (% + »4 + Z 8 )w = z 4 u, 
( z 2 + z s + z,)i - z,v + (z 2 -J- 2V)w = 0 ; 
the numerator determinant, equated to zero, is 

z 3 ( z 3 + z 6 + Zj) - (z e -)- z,) 

** ~ Z « ( Z 1 + Z 4 + z 6 ) = 

( z 2 + 2 ?) 


Evaluating and collecting terms 
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is the condition that the Anderson network be balanced. 
It should be observed that when z 6 = 0 and z 7 = oo the net- 
work reduces to the four -branch type, the above equation 
becoming z x z z — z^z^, the usual balance relation. 

The Anderson network discussed above represents the most 
complex type of impedance bridge for which it is worth while 
to deduce the balance condition in general terms. There are in 
practical use a few bridge networks in which there are more 
than six balancing branches, but the balance condition for 
these can be readily deduced when the occasion arises by 
simple application of the rule described above. 

Without entering into further general theory, the reader will 
appreciate from the preceding analysis that the impedance 
operators of the alternator and of the detector do not appear 
in the balance condition determinant, as a consideration of the 
symmetry of the mesh equations will show. Accordingly, 
the positions of the alternator and of the detector in an 
impedance bridge may be interchanged without affecting the 
condition of balance. If two networks differ only in the 
relative positions occupied by their alternators and detectors, 
the networks are said to be conjugate. The two networks will 
have the same balance conditions, but their sensitivities, i.e. 
the current caused to flow in the detector by a given alteration 
of one of the branch impedances from the balance value, may 
be very different. As is shown in a later section, advantage 
is taken of this conjugate property in arranging a network 
for the greatest sensitivity, as on page 54. 

14. Mutual Inductance in Bridge Networks. In all the 
bridge networks which have been considered above, the 
balancing branches have consisted of independent impedances. 
There is, however, an important class of networks in which 
certain pairs of branches are arranged to react mutually on one 
another ; an examination of the effects of mutual inductance 
is, therefore, necessary. 

If a circuit carries a current i and M is its coefficient of 
mutual induction with respect to a second circuit, the electro- 
motive force which must be applied to the latter to balance 

the effect of mutual inductance is M ^ , or in vector notation, 

jcoMi for sinusoidally varying quantities. 

Now, although this equation represents the effect of mutual 
inductance in a general way, it is not sufficiently explicit as 
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•a statement of all the physical facts, since, as is obvioim, M 
nan be a positive or a negative quantity. A convention will 
now be adopted to make determinate the sign of mutual 
induction effects. 

Consider first a simple inductive coil carrying a current i, as shown 
in Fig. 16, an electromotive force e driving the current through the coil. 
Then e may be imagined to consist of two components, maintaining 
equilibrium with the potential drop in the resistance and with the 
effects of self-induction respectively. By Ohm’s law, the current 


r\iki* 

\ i r> I't'Xo / 


si 

o— I 




Fig. 16 . — Illustrating the Relative Signs of 
Self and Mutual Induction Effects 


flowing in the resistance will produce a potential drop of magnitude 
lli tending to oppose i ; that is, the reaction of the resistance against 
the current flow is - Ri, to balance which e must contain a term Ri 

In ! r ^L that 1 be maintained - Now suppose i to be increasing, so 
that di/dt is positive ; then by Lenz’s law an electromotive fore® of 
magnitude L di/dt will be induced in the circuit tending to oppose ill® 
changing current • that is, the electromotive force of self-induction 
1 ^®»/<w v to balance which e must provide a term L di/dt in order 

that the current may change at the prescribed rate. Hence, for a 
simple inductance, the equation for e is 


„ di 

e ~ z dt + RL 

a rf^ lde J ne ^ two mutually influencing circuits, the coils of which 

the ”d eoiW 6 IT 6 dil ' eCti0n ’ if in Kg ‘ 10 - Lot ihtt current in 
,® 011 ’ , be ^creasing ; then an electromotive force will be 

tbt -i fc .° pposing as shown h 7 the straight arrow. Now since 

ss* ss*sr zsvsr s 

equation is Thus for the two coils. illustrated the 
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Hence the convention* is this : (i) imagine all coils to be 
wound in the same direction and let them carry cyclic currents 
flowing in the same sense ; (ii) let the current in the inducing 
circuit be supposed to increase ; (iii) take the direction of the 
induced electromotive force in the neighbouring circuit to be 
the same as that of the self-induced electromotive force in the 
inducing circuit. Then, if the electromotive force of mutual 
induction in a circuit coincide in direction with the cyclic 
current in the circuit, M is given a positive sign. 



To show the application of this convention, consider the case of 
Maxwell’s method for comparison of a mutual inductance and a self- 
inductance. The network is shown in Fig. 17, the cyclic currents 
being u, w -f i, and w, i being the detector current vector ; it is required 
to find the condition for i to- be zero. To find the mutual inductance 
effect in the mesh containing w due to the current u, imagine the 
latter to be increased ; then the direction of the mutual induced 
electromotive force opposes u, as shown by the straight arrow, and 
therefore assists w. Thus in the mesh A Cl) the sign of M is positive. 
The mesh equations for A CD and CBD are, if z 5 be the detector 
impedance, 

(P + R + -f jcoL)vi - s 6 (w + i) + (jcoM- R ) u — 0, 

(Q + S + z 6 ) (w + i) - z 5 w - Su = 0 ; 

* This convention will be found to be in agreement with Maxwell’s expres- 
sions;. It is necessary to adopt some such arrangement in order to secure 
analytical consistency ; the above is convenient in practice. See R. Appleyard 
loc . cit. 
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re-arranging, gives 

-z 5 i + (P + B + jcjoDw = (B -jwM) u, 
(Q + S + z s )i + (Q + S)w « Su. 

By the principles on page 46, i will be zero when 
I B-jooM P + H +jtoL I 

I S Q + $ I 

that is, when 

SP - QB 


which are the required balance conditions. 


Fig. 18. — Transformation of Two Coils with Mutual 
Inductance into a Star-connected Arrangement 
of Three Impedances 


15. Transformation of Networks containing Mutual Inductance. 

Network problems involving mutual inductance can often bo much 
simplified by the use of certain transformations due to Professor Cl. A* 
Campbell,* and developed in England by S. Butterworth,f one of 
these being noted here. 

Let two coils, having operators z a and zp form branches of a network, 
m = ja)M being the mutual operator between them, as shown in Mg. IK. 
Then, making use of the convention of the preceding paragraph, the 
equations for the potential differences between the points C A and E A 
wih be 

| 

e c -A = (% + wi)u - z a i - mw, 

®ea = -(3p + m)u + my + w. 

Now suppose that the two coils be removed and replaced by a 
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star-connected system of three impedances e±, z 0 , z B , such that the 
potential differences and the currents remain unaltered. The equations 

now are 

e rA . = zpa. - Oa + Zc)v -I- Z A W, 
e EA = — z E u — z,,y + (z A H- z E )w. 

Comparing the coefficient, 

s A = - m, 
z u ~ m + z a , 
z E — »» + z^- 

Hence a pair of mutually influencing coils can he replaced by a star- 
connected system of three impedances without mutual inductance. 

Apply this device to the example worked out in the last section. 
The transformed circuit is shown in Fig. 17 ; z a = P + jtoZ, Zp — 
operator of mutual inductance secondary, m = jwM ; then, from 
above, 

3a == -juoM. 

Zo — P + ja>{L -f M). 

Zb = RoM + Zp- 

The impedance z E is in the alternator branch ; hence the transformed 
network is a four-branch impedance bridge with Zj = z a , z 2 
z, =» S, z 4 = It 4- z A . For balance z x z 3 — z 2 z.i, so that 

P + = Q(R-j(oM), 

giving 

SP=QR 

and L — - (l + df 

as the balance conditions, in agreement with the direct method. 

16 The Generalized Wheatstone Network. By the use of 

the principles established above, it is possible to generalize 
the theory of the Wheatstone network discussed on page 4/ 
to include the effect of mutual inductance between any pair 
of branches, and thereby to find the general condition ±0 
balance of a large class of bridge networks m which mutual 
inductance is used to attain the null condition. This generali- 
zation was first made by Heaviside* in a series of papers 
published in 1886-7 and will be given here with such modi 
fieation as is necessary to adapt it to the methods and notation 

° f Consider the Wheatstone network shown m Fig. 13 and 
assume that there is, in addition to the impedance operators 

* Oliver Heaviside, Electrical Papers, Vol. 2, pp. 33-38, pp. 106-116, and 
particularly pp. 284-286 ; (1892). 
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shewn in the six branches, mutual inductance between every 

?f net r ork - Let the mutual inductances 

bdlwu d0U l le SU ? SCripts ; thus M 12 is the mutual 
inductance between branches 1 and 2, M w between 5 and 6, 

and so on. It should be remembered that Jf 12 = and 

^ 4“ “ U “• Ut thi > denote the 

thm the 0<luati » M 

(f 2 + * 3 + 2s)i + & + 2! 3 )w - z 3 u + [2(m 23 + rn 25 + m 3s )i 
+ («h a + m 13 - m ls + 2m 23 + m 24 + m 25 + m 34 + m 35 - m 48 )w 

. 23 + TO24 “ + m 34 + rn 36 + m 36 - m 45 - m se )u] = 0 

~ Zfil +(21 + z 4)w-z 4 u +[(m 12 + m 13 -m 15 + <-»„ + m 34 . 

, . -^35-W 45 )i 

+ (m 12 + m 13 + 2m 14 + m ls +m 24 ~m 25 + m 34 -m 35 + m 4B )w 

(m 13 + m 14 -m 16 4- m 34 -m 35 4- m 45 4- m 4(i 4- m 66 )u] = 0. 

Collecting coefficients, the balance determinant can be 
writ/ten as 

Z 3 + cc 

, z 4 + y 

where 

« = w 23 4- m 24 - m 26 4- m 34 4- m 35 4- m 36 - m i5 _ m 5g 

P — m 12 4- m 13 - m 15 4- 2m 23 + m 24 4- m 26 4- m 34 4-m 36 - m 4 

r — w is + m i4 -mi 6 4- m 3i -m 3S + m 4S 4- m 46 4- m fi6 

- m 12 +m 13 4- 2m lt 4- m 15 4- m 24 -m 25 4- m 34 -m 35 4- m 46 

so that no current flows in the detector when 

(Ziz 3 -z 2 z 4 )+ a(Zi4-z 4 +<5) ~y(z 2 +z s +p) + z 3 d-z^ = 0. 

^As^ar^example, consider again the network shown in Fig. 17 

iWin!a ~ P +JC0 ^’ z 2 = Q’Z s = S, Zi =:R ; make all mutuai 
inductance operators zero except ra 16 = jcoM. 

Then, a = 0, p = 0, y = -jcoM, (3 = 0; so that 

_ S ( p + j°>L) -QR+ jcoM (Q + S) = 0. 

Separating the components, gives for balance, 

SP = QR, 


Z 2 + Z 3 + /? I ___ 
z i z 4 + J 


^45 


-0 




as found in the previous paragraphs. 
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This theory is of extreme generality since it includes all 
possible bridges of the Wheatstone type in which mutual 
inductance effects are also present. It also covers a variety 
of cases in which the bridge is not, at first sight, in the Wheat- 
stone four-branch form, but can be transformed into that 
form by some slight change. A largo variety of examples wi 
be found in Chapter IY to illustrate the straightforward use 
of the theory ; it is proposed here to consider two important 
special applications of a less simple character. 

Consider first the Campbell frequency bridge described on page 264 
and illustrated in Fig. 71(a), the balance condition being there deduced 
from first principles. It is easy to show that this network can be 
readily re-drawn in such a way as to become a Wheatstone network ; 
the reader can verify that z x = R 2 ~b jo)L 2 , s 2 = go , z 3 == 0> 3 4 — -j/co 
are the branch impedance operators, and that there is then mutual 
inductance between z x and the alternator, i.e. m 16 = joM. Ihen 
a = 0, p = 0, y = - jcoM , <5 = 0, giving 

oo + joM \ = 0, i.e. a) 2 = - 1JMC. 

Karapetoff* has recently given an artifice by means of which the 
theory can be applied to bridges in which the sole connection with the 
alternator is via mutual inductance. An important case is that of 
Maxwell’s method for the comparison of mutual inductances, p. 2db, 
l ; :c ) Pfc^4(c). Suppose a connection to be taken from the terminal of eac i 
- ^ primary where it joins the alternator, these connections passing to 
points infinitesimally close to the upper point where the telephone is 
attached to the network. In the limit, when the points of attachment 
of these leads and that of the telephone coincide, the extra connections 
take no current into the bridge, and mutual inductance is the only 
connection between bridge and alternator. In this case the network 
becomes a four-branch Wheatstone arrangement in which z x ~~ U, 
z 2 — 0, z z = R 2 -{-jcoL 2 , 2* = Ri +j<oL i, as the reader can veri y. 
Mutual inductances w 63 = jcoM 2 and m 6i = exist between e 

alternator and z 3 , Z&, so that a = j(oM 2 , /? = 0 , y = jcoM x , 

Then from above, jcoM^R^. + jcoLi) + JO)Z 2 ) = 6 tor 

balance, or M x /M x = Z 1 /X 2 = Ri/Rz- 

17. The Sensitivity of Bridge Networks. It is the object 
of a bridge method to measure a given quantity with the 
greatest precision, so that the network should be arranged for 
the greatest sensitiveness. With a given method, that arrange- 
ment of the various branches will be most sensitive in which, 
for a given deviation of adjustment from balance, the current 
through the detector is greatest. 

* V. Karapetoff, “General equations of a balanced alternating current 
bridge,” Phil Mag., 6th series, Vol. 44, pp. 1024-1032 (1922). 
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Hence z 3 should be chosen to have the value stated and^ z t 
measured approximately; then setting z % to the Hennilivity 
value, final balance is made by alteration of z 4 . 

When a certain network has been set up interchanging the 
alternator and detector may increase the sensitivity ; the 
rule for their position is the same as for the d.c. bridge ; Of the 
two z 5 and z 6 that which has the larger impedance nhould 
connect the junction of the two largest consecutive impedances 
in the bridge with the junction of the two smallest consecutive 
impedances. 

Lord Rayleigh has pointed out that adjustment of the 
impedance of the alternator and detector branches may 
produce further increase in sensitiveness. The beet alternator 
is that which has internal impedance equal to the external 
impedance across its terminals ; the best detector has an 
impedance equal to the impedance external to its terminals* 
Assuming these to he adjusted by inclusion of suitable coils 
or condensers in series with the alternator and detector, 
or, alternatively, by joining source and detector to flic 
bridge through suitable transformers (p. 144), the greatest 
sensitiveness occurs when 


i.e. in an equal ratio bridge in which the source and detector 
have each an impedance equal to that to bo measured. Tims, 

", x .k* Schwendler On the galvanometer resistance to bn enttfloywl in 
36 S 4^3687l866) aieatSt0ne,S diagram ” FML Ma «‘ 4ih VoL SI, pp. 

t 0. Heaviside, Electrical Papers , Vol. 1, pp. 88, 8-42 (1892). 

*i “ 0r \ th ® sensitiveness of the bridge method in 
208-217 (1891) Peri ° dlC el6CtnC current8 ’” Froc ' #<*.* Vol. 40, pp. 
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when measuring low impedances, e.g. a small coil, low impe- 
dance source and detector are necessary ; .while with high 
impedances, e.g. small condensers at low frequencies, they 
must have high values. 

In the modern bridge, certain other conditions must be 
fulfilled in order that the arrangement may be the most 
favourable to use with a tuned vibration galvanometer. The 
reader is referred to the papers of Butterworth* and Jaegerf 
for further information, and to the various remarks and 
references in Chapters III (pp. 161-175) and IV. 

The detectors, whether vibration galvanometers or tele- 
phones, used in modern laboratory practice are usually of very 
high sensitiveness so that the bridge network can, in most 
instances, be set up with quite large deviations from the 
“ best ” conditions contemplated above. These sensitivity 
conditions then serve in practice to provide a criterion by which 
a bridge may be set up ab initio ; rigorous observance of these 
requirements is generally less necessary in modern experimental 
work since the detectors usually employed provide a sufficient 
margin of sensitiveness for most purposes. For this reason 
the subject of sensitivity of bridge networks is not treated here 
in further analytical detail ; special cases are considered in 
Chapter IV as occasion arises. 

* S. Butterworth, “ On the vibration galvanometer and its application to 
inductance bridges,” Proc. Phys. Soc ., Vol. 24, pp. 75—94 (1912). 

f W. Jaeger, “ Giinstigste Schaltung der Vibrationsgalvanometer,” Arch,}. 
EleJct ., Bd. 4, pp. 262-268 (1916). 



CHAPTER III 

APPARATUS 

L Introduction. The reader will have gathered from the 
remarks which have been made in the preceding chapters 
that the apparatus required for the construction and use of 
a bridge network will consist of suitable standards with which 
to construct the branches, of a means of supplying the network 
with alternating current at a definite frequency, and of a 
detecting instrument to indicate when balance is . attained. 
More specifically, the apparatus required for the purpose of 
making alternating current bridge measurements will be 
classified under the following three headings — 

L Standards of Resistance, Self and Mutual Inductance, 
and Capacitance. 

2. Sources of Alternating Current. 

3. Detectors. 

STANDARDS OF RESISTANCE 

2. General Considerations. A perfect resistance for use 
with alternating current should be absolutely non-reactive 
and should offer the same resistance at all frequencies. This 
ideal is never attained in practice, owing to the effects of 
inductance and capacitance in the windings, and to the 
influence of certain secondary phenomena which accompany 
the use of alternating currents. It is possible, however, to 
construct a resistance in which these disturbing effects can 
be reduced to a minimum, so that the imperfections to which 
they give rise can be made of negligible importance and the 
ideal very nearly approached. 

The various factors which have to be considered in the 
design of a non-reactive resistance winding are : (i) the induc- 
tance and capacitance of the coils ; (ii) eddy currents ; (in ) 
permanence of value and temperature influences ; (iv) effects 
arising from the grouping of resistance coils to form 4 c plug 99 
or ^ o;xes * Throughout the following discussion the 

word coil does not necessarily mean that the resistance 
wire is wound in a spiral upon a circular bobbin, but is 
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intended to signify any convenient way in winch, the wire is 
arranged in a compact form. 

3. Residual Inductance and Capacitance in Resistances. 

The inductance of a coil can he reduced to a minimum by 
arranging the windings so that they have the least possible 
magnetic effect. This can be attained by winding the coil in 
such a way that portions of it which lie close to one another 
carry equal currents in opposite directions ; the resultant 
magnetic field of the coil is thereby made very small. 

The electrostatic capacity of the coil, and the effects due to 
it, can be minimized by subdivision of the winding in such 
a way that the neighbouring portions of the coil possess only 
a very small capacity and have small differences of potential 
between them. 

However the process of winding be carried out, there will 
always be a small residual magnetic effect, since the inductance 
can only be made zero by arranging the “ go ” and “ return ” 
portions of the winding to be in absolute coincidence. In a 
similar manner, since the portions of the coil must be very 
close in order to minimize the inductance, there will necessarily 
be a residue of capacitance. It is the object of a satisfactory 
method of winding resistance coils to reduce the residual 
inductance and capacitance as far as possible, and it will be 
clear that such a method will probably involve a compro mi se 
between the effects of residual inductance, on the one hand, 
and the influence of residual capacitance on the other. 

The residuals of a resistance coil can be dealt with in three 
different ways, viz. : (i) the inductance and the capacitance 
can be independently reduced to be negligibly small ; (ii) the 
effects of inductance can be balanced against those of capaci- 
tance ; (iii) the resistance can be made in such a way that the 
residuals may be calculated from its dimensions. The first 
two methods are used in the construction of coils for use in 
resistance boxes ; the third method is applied in work of the 
highest precision where a knowledge of the residuals is 
necessary. 

4. Methods of Constructing Resistances with Small Residuals. 

In the last section it has been shown that the principle under- 
lying all methods for the reduction of the residual effects in a 
resistance, is to subdivide the winding in such a way that 
neighbouring parts of it have small electrostatic capacity and 
only slight’ differences of potential between them. At the 
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same time, the winding must he so distributed that its total 
magnetic effect is very small. It is generally easy to secure 
the latter result, but it is by no means so simple to remove 

the effects of capacity. 

In order to appreciate the principle upon which all methods 
of reducing self-capacitance effects are based, consider the case 
of a “ non-inductive ” resistance composed of two parallel 
portions, OA, AB, of a wire folded back on itself at its mid- 
point A. Let a sinusoidal potential difference of E volts be 
maintained on the terminals 0, B, Kg. 19. Assume first that 



Fig. 19. — Illustrating the Reduction of Capacitance 
Effects in Non-inductive Resistances 


tiie wires are separated at A and that their distributed capaci- 
tance may be represented by G ; then the potential of OA being 
sero and of BA being E volts, a definite displacement current 
will flow in the intervening dielectric. Now let the wires be 
joined at A; a current will flow between 0 and B along the 
wires, producing a uniform fall of potential down them. The 
average potential difference acting on the distributed capaci- 
tance is, therefore, halved ; so that the capacity current is 
also halved. 

Again, let each of the original portions OA, BA be folded 
hack upon themselves, the two loops so formed being con- 
nected in series. Then, since the loops are half the length of 
the original loop, the capacitance of each will be approximately 
The average potential difference across one loop is now 
~/4* 80 ^at the capacity current is reduced to one-eighth of 
the value first obtained. By a similar process of reasoning, 
subdivision of the wire into three equal loops will reduce the 
capacity effect to one-eighteenth of the original value, and 
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In general, subdividing a given length of wire into n non- 
inductive sections will give a capacitance effect approximately 
1 /m. 2 as great as that obtained if the wire were arranged in 
one non-inductive winding. 

To a first approximation the capacitance effect in a coil of resistance 
R and inductance L can be represented by a condenser of capacitance 
C connected in parallel with the coil ; this condenser is referred to as 
the self-capacitance of the coil. Then, as stated in Fig. 10, the 
impedance operator for such an arrangement is 

R 4 * jco[L(l-o 2 CL) - CR 2 ] 
s ~ (1 - a) 2 CL) 2 + co 2 C 2 it 2 

Now in a resistance coil L and C are small quantities, so that to a first 
approximation the effective resistance and inductance of the coil 
become 

jS' = 22|1 + co 2 C(2L - CR 2 )\ 
and L’=L-CR\ 

The phase-displacement between the voltage applied to the coil and 
the current flowing into it is 

<f) = tan " 1 W — ~~~ —= =: ^ tan^iooL'/R) 

to the same order of approximation. 

The quantity X' is the effective residual inductance of the coil, or, 
simply, its residual. If the "coil be such that the effects of inductance 
preponderate over those of capacitance (X > CR 2 ), L' is positive. 
If, on the other hand, the capacitive residual is the greater, then CR 2 
exceeds X and X' becomes negative. The time-constant of the coil is 

T = j^-CR = L'/R 

which is positive or negative, according as X ^ CR 2 , and is of the 
order 10“ 7 second or less in a well-designed resistance. 

Simple Windings. A simple coil in which wire is wound 
upon a bobbin has, in general, a small self -capacity effect, since 
the potential difference between neighbouring turns is only a 
small fraction of that applied to the coil. The inductance of 
such a coil is, however, considerable. To reduce it, a coil can 
be wound as shown in Fig. 20 (a), in which the first few turns 
wound in one direction are followed by an equal number of turns 
wound in the opposite direction of rotation, and soon until the 
end of the coil is reached. Curtis and Grover* have shown that 

* H. L. Curtis and E. W. Grover, “ Resistance coils for alternating current 
work,” Bull Bur. Stds., Yol. 8, pp. 495-517 (1913). 
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this method is very suitable for high resistance* coils, if the 
direction of winding be reversed sufficiently frequently to keep 
the residual inductance small. Curtis and Grover’s winding is 
made m the following way : a cylinder of biscuit porcelain, 
i.e baked, but unglazed, so that it can be cut by a steel tool 
i' 7 cm ; ^meter and 15 cm. long, is prepared and slit through 
diametrically for about two-thirds of its length. Unslotted 
portions are left at each end for strength, and the cylinder is 


Mica. 


Rowland’s 

Windin g 

(e) 



.ySilK (?) 

Duddell- Mathen 
Anti - faaac/fc v 
Gauze 



Sjg felg. windin g with revgr$ed 
turns 



Fig. 20.— Simple Windings with Low Time-constants ‘ 

then re-baked to harden it. Winding is carried out by putting 
on one turn, passing the wire across the slit and then winding 
a turn m the reverse direction, and so on, as shown diagram- 

turn^vn J '+ • *§ w m f ling * s tbus reversed at every 

t!T™l 1S + T hat - a 10 ’ 000 ohm coil can be made in 
lus manner to have a time-constant of about Kb 8 second 

mlt t0 wind > but the e° od w 

which a^e^L Wr of nl^t of . a tube of porcelain, upon 

Borsaure-Losung,” Arch f Zl. ^lt pTnSt r™ 
high, resistance a tufop fillAri wi+i-* (1913), hav© used as a 

and othe“ s ™ th “ aqueous solution of mannitol (C e H e (OH) e ) 
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Another way to reduce inductance of a simple coil is to diminish 
the cross-sectional area of the bobbin upon which the wire is wound. 
This is, in effect, the method devised by Rowland and Penniman,* * * § 
who have described a simple and effective winding, which has been 
much used for wattmeter potential circuit resistances and to some 
extent for bridge work. Pine resistance wire is wound upon a thin 
sheet of mica in the form of an inductive coil ; then since the cross- 
section of the sheet is not great, the inductance of the winding is 
small. The inductance can be further reduced by the artifice of winding 
a few turns successively in Opposite directions. The time-constant of 
such resistance cards lies between 10" 6 and 10" 7 second. Care must be 
exercised in arranging the cards to form resistance boxes, since the 
sheets have considerable area and the capacitance between adjacent 
cards may have an influence on the time-constant (see Pig. 20 (c) ). 

The same result is attained by the anti-capacity gauze of Duddell 
and Mather, f A fabric or ribbon is woven in which the warp consists 
of silk or cotton threads and the weft is the resistance wire. A. piece of 
the material 90 mm. wide and 1 metre long, woven to have a resistance 
of 3,300 ohms, has an effective inductance of 0*08 millihenry and a 
time-constant of 2*4.- X 10" 8 second. Such material is very suitable 
for the construction of ratio boxes since the inductance and resistance 
of the ribbon are each proportional to its length t (see Pig. 20 (d) ). 

Bifilar Windings. One of the oldest and simplest ways of 
reducing the inductance of a coil is the method of bifilar winding. 
In this a leiigth of wire is taken and folded back upon itself at 
its middle point. The bifilar conductor so formed is then 
wound upon a cylindrical bobbin to produce a spiral coil,§ as 
shown in Fig. 21 (a). Then, since two wires carrying current 
in opposite directions lie side by side, the inductance of the coil 
will be very small, and can bo still further reduced by twisting 
the bifilar leads together before winding the coil. 

A simple bifilar winding will, however, possess considerable 
capacity, since the u go ” and 44 return 55 wires lie close together 
and have the full potential difference between their terminals. 
It will be clear that in a low resistance coil, in which there is 
a small quantity of wire, the capacity effect will bo small 

* H. A. Rowland and T. D. Penniman, “ Electrical Measurements,” 
Amer. J. Sc., 4th series, Vol. 8, pp. 36-57 (1899). 

t W. Duddell and T. Mather, “ Improvements in non-inductive resistances,” 
British Patent, No. 5,171 (1901). See also W. E. Ayrton, “An improved 
method of covering wire for electrical purposes, and in the orderly arrangement 
of multiple electrical conductors,” British Patent, No. 785 (1881). For 
another variant see also “ Induktion und Kapazit&tsfreior Widerstand mit 
Kreuzwicklung,” EleJct. Zeits., 33 Jahrgang, p. 721 (1912). 

X In connection with the importance of this fact, see p, 251. 

§ The individual turns of this and other coils shown in Figs. 20, 21, and 22 
are shown opened out so that the manner of winding may be displayed. 
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eompared with that of the residual inductance. In a high 
resistance coil, on the other hand, the capacity will pre- 
ponderate over the inductance since such a coil will contain 
a great length of fine wire. Indeed, so important does the 
capacity effect become in high resistance bifilar coils that it 
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was noticed at a very early date by Kohlrausch* in the course 
of his work on the resistance of electrolytes. In his later 
work he avoided the use of coils having a resistance greater 
than 2,000 ohms. More recently, Taylor and Williamsf have 

« TT„K;r K ^ ra r US v h ’ Ann ' der Phys : Bd ‘ 138 ’ PP- 280-298, 370-390 (1869), and 

~ rLy 1 
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endeavoured to reduce the capacity by spacing out the turns 
of a 1,000 ohm coil wound with twisted bifilar strand ; but 
the more precise experiments of Brown* have shown that 
such a coil is not so free from capacity as Taylor and Williams 
were led to suppose. 

A type of bifilar winding very frequently employed is shown 
in Fig. 21 (6). A length of wire is taken and a number of bifilar 
loops formed from it. The loops are then wound upon a sheet 
of mica, the parts of the wire forming each loop being frequently 
twisted together befQre winding. The proximity of currents 
flowing in opposite directions in the loops, and the small 
section of the mica sheet, greatly reduces the inductance. 
Division of the wire into a number of loops in series diminishes 
the capacitance. 

It has been pointed out above that in a low resistance coil, 
where the amount of wire is small, the capacity effect in a 
bifilar winding is negligible in comparison with, the inductance 
effect. The bifilar winding is, therefore, much used in the 
construction of resistances of 10 ohms or less. In order to 
reduce the residual inductance as far as possible, the coils are 
wound with manganin strip so that the current-carrying 
conductors lie as close as is feasible. A suitable length of the 
material is prepared and folded upon itself at the middle of 
its length with a layer of silk tape or mica between the halves. 
The composite conductor is then wound upon a bobbin to form 
a spiral or a disc coil, Fig. 21 (c). The capacity introduced 
by putting the halves of the strip close together helps to 
compensate the inductance and to reduce the time-constant. 

Low resistance coils may also be made by connecting in 
parallel a number of high resistance, bifilar wound sections. 
Fig. 21 (d ) f shows the result of the application of this principle 
to a 10 ohm resistance. In this diagram the effect of the 
number of sections connected in parallel upon the value of the 
time-constant is clearly shown. The greater the number of 
sections in parallel, the smaller will the total inductance 
become; the self-capacities of the sections will be added, ho 

* S. L. Brown, “ Distributed capacity in resistance boxes,” Phyn. Prih t 
Vol. 27, pp. 511-514 (1908). 

t Prom results given by K. W. Wagner and A. Wertheimer, 41 fiber Pm/.i 
sionswiderstande fiir hoehfrequenten Woehsolstreme,” JClrkt. J Zr.it*,, #4 
Jahrgang, pp. 613-616, 649-652 (1913). For further information on bifilar 
coils,, see W. Hiiter, “ KapazitatHmessungen an Bpulen,” Ann. dvr Phyn,, 
Bd. 39, pp. 1350-1380 (1912). 
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that for the whole coil the capacity is increased. Hence, in 

the time -constant T = - CR , L is reduced and G increased, 

so that T will diminish and may ultimately become negative. 
For example, the diagram shows that the time-constant of 
a 10 ohm coil wound in one bifilar section is reduced to 
one-fifth by making the coil of 5 sections of 50 ohms in 
parallel. 

Coils of higher resistance, say up to 1,000 ohms, can be 
made by connecting bifilar sections in series ( see Fig. 21 (e) ). 
The capacity of the whole is thereby reduced, since the self 
capacities of the sections are in series. It is frequently of 
importance to wind each section upon a separate metal tube, 
so that capacity between the windings and the bobbin is made 
smaller than would be the case were the sections wound on a 
common tube. 

Chjuperox Windings. Perhaps the most important method 
of overcoming the defects of a bifilar coil is that introduced by 
Chaperon.* A coil is made by winding with single wire in an 
even number of layers. The first layer is wound to the end of 
the bobbin, the second layer being wound back to the starting 
pomt m the reversed direction, and so on. Thus, two wires 
carrying current in opposite directions lie over one another, 
thereby reducing the inductance while, at the same time, 
t e capacity effect is small, since the potential difference 
between neighbouring wires is slight. The winding is shown 
diagrammatically in Fig. 22. 

Wagner and Wertheimer f have made an important investi- 
gation of Chaperon’s winding, and have introduced certain 
improvements m the design of resistances. They have shown 
that considerable control can be exercised over the time- 
constant of a coil by arranging the winding in the form of a 
number of Chaperon sections connected in series. It is usual 

auIL^rnTlp7 Ur 1 ’ enr o ulement des bobines de resistance destines 
i!L -M antS Comptes Rendus, tome 108, pp. 

altematifsetl 9 ] r4sistances polarisables par les courants 
41 T Sr le telephone, J, de Phys., tome 9, 2me. serie, pp. 481-484 (1890) 

dins la m&^e’ ,f. 60 * r0S * ati< l ue des bobines, et son influence 

sy: ss.w'L.Tgr ' 30 ts d naS5rL 1 *. p (“b d * 

the Chaperon winding; also ^e Fig. 22. ( ) ’ §ht lm P rovemeilt on 

for tests on Chaperon coils of 20 to 500 ohms ’ PP * 386 



Chap. Ill ] 


APPARATUS 


65 


to wind these sections upon a metal tube, in order that the heat 
liberated from the coil when it is carrying current may be 
conducted away. . These experimenters have shown that the 
additional capacity effect between the windings and the 
common metal tube may have a considerable effect upon the 
time-constant, and have proposed a winding (Fig. 22) in which 
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Fig. 22. The Chaperon Winding and its Modifications 


the sections are wound upon separate insulated metal tubes. 
The effects of the subdivision of a coil into a number of 
Chaperon-wound sections, both on common and on separate 
tubes, is clearly shown in Fig. 23. The influence of the method 
of winding coils of various resistances is also illustrated in 
Fig 23, Chaperon’s, Wagner and Wertheimer’s, and the 
bifilar method being compared. 

5. Methods of Constructing Resistances with Balanced 
Residuals. In the methods just described the principle 
involved is the reduction of tho residual inductance and 
capacitance so that both are very small quantities, tho time- 
constant being thereby made very low. It is possible, however 
to construct a coil of approximately zero time-constant by 
arranging the winding in such a way that tho inductance 
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effect and the capacity effect balance one another. Thus, 
Mather and Sumpner* have described coils wound with doubled 
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strip between which a layer of insulating material of high 
dielectric constant is placed. By adjusting the thickness of 
the insulating layer, or by opening out the strips at the 
terminals, the necessary compensation can be effected. In 

windiiie^poil^fri^Blor.^ ?’ ® um P ner > “ Improvements in constructing or 
g coils for electrical apparatus, British Patent , No. 13*454 (1889). 
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many of the methods described in the preceding section, e.g. 
resistance gauze, compensation may also be arranged. 

The theory underlying compensated resistances has been given by 
Gr. A. Campbell* and others. A resistance coil can be represented as 
a resistance B in series with inductance L , the capacitance being 
equivalent to a condenser C shunting the whole. Referring to page 59, 
it will be seen that it is not possible to make a resistance which shall be 
invariable with frequency and at the same time have zero phase-angle 
unless L and C be simultaneously zero. Assuming that cf> is to be 
made zero, one must have 

L = CR 2 

which makes R' R\l + co 2 C 2 jR 2 ]. 

Since C is to be made small, R' == R , and the change of resistance with 
frequency will be negligible. 

In the case of a bifilar coil or of a parallel wire resistance, the 
inductance and capacitance are distributed along the wires. Let R , Z, 
and C x be the total distributed resistance, inductance, and capacitance ; 
then the effective resistance and inductance of a bifilar resistance are 

«[l +co 2 C 1 (i£-^C 1 B 2 )], 



to a high degree of approximation {see p. 38). From the second of 
these equations it is seen that the equivalent capacitance acting at the 
terminals of a bifilar resistance is J of the total distributed capacitance, 
i.e. C = i C x . The phase angle and time-constant will be zero if 
L = J CxR 2 and the change of resistance with frequency will then be 
very small. 

One of the first attempts to make use of the compensation 
principle is that of Brown. f His resistance consisted of a 
pair of German silver wires stretched out parallel to one 
another upon a board at a distance apart such that the 
inductance and capacitance effects are balanced. 

Fig. 24 (a) shows a winding devised by OrlichJ for large 
resistances up to 25,000 ohms. A piece of slate 5 cm. broad, 
12 cm. long, and 3 to 4 mm. thick has its edges well rounded, 

* G. A. Campbell, “ Resistance boxes for use in precise alternating current 
measurement,” Elec. World , Vol. 44, pp. 728-729 (1904). See also Curtis and 
Grover, loc. cit., pp. 499-500. 

f S. L. Brown, loc. cit. ; also c£ The residual of inductance and capacity in 
resistance coils. A standard resistance with balanced inductance and 
capacity,” Phys. Rev., Vol. 29, pp. 369-391 (1909). 

J E. Orlich, “ tlber eine Kompensation der Kapazitat in grossen Wider- 
standen,” Verh. d. Deutsch. Phys. Ges., 12 Jahrgang, pp. 949-954 (1910). 
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and is then wound with half the required resistance wire in 
the Iona of an inductive spiral. Insulating caps are then put 
Oiw the wound layer, and the remaining half of the wire is 
then wound over the caps with a direction opposite to that 
of the first layer. The caps are proportioned so that the 
two halves of the winding are separated hy a distance d cm. 
By choosing d to have a suitable value, the capacitance between 
tfce two layers can he balanced against the inductance of the 
winding. 

Slate y — Insulating cap 

(d) 

First layer of wire 

Second layer of wire 
wound in opposite 
direction 
Insulating cap 

Cross section 
throu g h Orlich's wind? 
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JrnnnJ JP.O.JS.E" Vol. 5, pp. 45^454 /191^ I ^ n ' r T tl 7 e Stances,” 
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Srit ^ P^nt, • No. 
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second is then wound over the first in a spiral of the opposite 
hand, the distance between the two layers being proportioned 
in such a way that the desired compensation of inductance by 
capacity is effected. The conductors are joined at one end, 
so that the core is covered by two concentric tubular conductors 
o. f which one forms the “go” and the other the “return” 
circuit (Kg. 24 (&)). An alternative to this construction is to fold 
a stranded conductor at the middle of its length, the distance 
apart of the two halves being regulated by means of an inter- 
vening insulating layer, so that when the composite conductor 

1S 4 . 4 . W - 0m ^ a < ^ so co ^ ^ as * n 21 ( c ) ) compensation is 
attained. The multiple conductor in this case may very 
conveniently be made in the form of a ribbon in which silk 
or cotton weft is woven across a warp which is composed of 
the wire strands connected in parallel (Fig. 24 (c) ). 

inventors* have also designed a compensated 
bifilar winding, also shown in Fig. 24 (d). A multilayer coil is 
used, the distance apart of the layers being such that the 
capacity between the layers is small compared with that 
between the wires of each layer. A bifilar layer is wound so 
that it has a positive time-constant, i.e. residual inductance 
preponderates. Over this a second bifilar coil is wound which, 
having a greater length of wire, will have a smaller positive 
time-constant, and so on with additional layers until one is 
arrived at which has T = 0. Subsequent layers will then 
have a negative time-constant. Such a number of layers is 
wound that, when they are all connected in series, the 
time-constant of the coil is zero. 

6. Secondary Effects in Resistance Coils. In the preparation 
of resistance standards there are a few matters of a secondary 
nature to which attention must be directed. 

In order to reduce as far as possible any changes in the 
value of resistance coils with temperature, the material 
used for the windings is usually an alloy of very low 
resistance/temperature coefficient. For this purpose, man- 
ganinj* is much used, this material being an alloy of copper 
(85 per cent), manganese (12 per cent), and nickel (3 per cent). 


* C. E. Hay and H. W. Siillivan, “ Improvements in Electrical Resistances,” 
British Patent , No. 21,109, (1913). 

t Discovered by E Weston in 1889, and investigated in detail at the 
Physikalische Techmsche Reichsanstalt. Other high resistivity alloys, such 
as Eureka, are also used. J ’ 
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The resistivity is about 42 x 10; 6 ohms per centimetre cube 
at 0° C., the temperature coefficient being between zero and 
0 .‘ 0 . 017 P er cent P er °°- Except in work of the highest pre- 
cision, it is usually unnecessary to take account of temperature 
corrections. The manganin is drawn into the form of wire 
or rolled into flat strip or ribbon ; it is then insulated "with 
silk. 

Resistance coils are frequently wound upon insulated metal 
tubes, so that heat may easily pass out of them when they are 
carrying current, and for the same reason it is preferable to 
wind them in single layer form. When wound, the coil is 
dipped in shellac to protect the wire from oxidation, and 
baked for a number of hours at a temperature of about 120° C. 
so that the coil is freed of moisture and the shellac solvent. 
The coil may then be mounted for use. The heating also 
serves to anneal the manganin after the strain of winding, 
and a coil of greater permanence is produced. 

It is found, however, that in the highest class of work such coils 
*aye small, erratic variations of resistance depending upon the humidity 
of the air. The moisture absorbed by the insulation causes a swelling 
of the latter, the resulting pressure exerted upon the wire producing 
the small variations of resistance. Rosa* has shown that the humidity 
trouMe may be removed by dipping the coils into paraffin wax after 
the baking is complete, or by hermetically sealing the coils in brass 
cases. Such coils do not vary more than 1 part in 100,000 in fourteen 
months. 

• P os sihle cause of error in resistances is the so-called “ skin-effect ” 
m the wire. It is easy to show that at a frequency of 3,000 cycles per 
second a manganin wire must be as large as 2 mm. diameter before 
the skin-effect produces a change in the value of resistance so large 
as 1 m 10 5 Now bridge coils are not usually intended to carry much 
current, and are, therefore, wound with much finer wire or with strip. 

foequencies 6 skia ‘ effect is ne ^ U ^ ible to the higher telephonic 

Other secondary effects act upon the residual capacity of the coil. 
The dielectnc surrounding the wires is usually very poor and will alter 
its dielectric constant quite appreciably with temperature, changes of 
1 per cent per C. being observed. For such changes to have little 
effect on the effective value of resistance, the residual capacity should 

. -^ Sa ^-d H. I). Babcock, “The variation of resistances with 

atmosphenc humidity,- Bull Bur. Stds ., VoL 4, pp. 121-140 (1908). 

pp^ll-S^ ^1 909) neW f ° rm ° f Standard resist ance,” Bull Bur . Stds., VoL 5, 

n ? tu f e of , sbebac was noticed at an earlier date during the 
of c £ds for the standard current weigher at the NPL see 
Phtl Trans. Roy. Soc. A ., Vol. 207, p. 497 (1908). ■ ’ 
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be very small. Dissipation of energy in the poor dielectric will also be 
reduced by diminution of the residual capacity. The absorption of 
moisture by the dielectric will change the capacity and can be avoided 
by coating the coil with paraffin wax or by hermetically sealing it 
away from the action of the air. 

7. Application of Methods in Practice. In the preceding 
sections the student has been shown a number of ways in 
which resistances can be and have been constructed to be as 
nearly non-reactive as possible. Some of the methods are 
particularly suited to the production of high resistances, some 
to the production of low resistances, and others to the con- 
struction of coils of middle values. It will now be instructive 
to exa mi ne two typical sets of resistance coils, the first designed 
in America, and the second in Germany, in order to see the 
methods adopted and the degree of perfection attained. 
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Curtis and Grover's Coils . By much experiment, Curtis and Grover* 
have devised a set of coils which have very small residuals. Single 
layer coils wound with silk-covered manganin upon spools 2*5 cm. 


* H. L. Curtis and F. W. Grover, “ [Resistance coils for alternating current 
work,” Bull. Bur. Stds Vol. 8, pp. 495-517 (1913). 
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diameter are used. The finished coils are varnished with shellac, 
baked at 120° C. for 10 hours, and then protected from the air by a 
coating of paraffin was or by hermetical sealing. 

Tests were carried out chiefly at frequencies between 1,200-1,500 
cycles /second. 

It will be seen that the time-constants of the coils are in all cases 
very small, in no case exceeding 5 x 10~ 8 second. At 3,000 cycles per 
second, this would correspond to a phase displacement between the 
voltage applied to such a coil and the current through it of only 3-5'. 
With coils below 100 ohms, efforts are directed to the reduction of 
residual inductance. A 100 ohm bifilar coil has a small time-constant 
and requires no further treatment. With coils of 1,000 ohms and 
higher values, attention is chiefly directed to the reduction of capacity 
effects. It becomes important to wind coils of such values upon 
insulating spools. 

Wagner and Wertheimer’s Coils. These investigators have also made 
a very thorough examination of the methods by which non-reactive 
coils are constructed, measurements on a large number of coils made 


Besis- 
tan.ce 
of Coil. 


0*1 

1 

10 

20 

30 

50 

70 


100 

200 

300 

500 


700 

1,000 

1,000 

1,000 

3,000 


Material of Spool. 


Metal Tube 


Fibre core with sep- 
arate metal tube for 
each section 
Metal Tube 


Fibre core with sep- 
arate metal tube for 
each section 


Porcelain Tube 


Arrangement of Winding. 


JBifilar wound manganin strip with mica between 

4 Bifilar sections of 40 ohms each, in parallel 
4 „ „ 80 „ „ „ 

Bifilar coil” ^ ** ” ” 


2 Bifilar sections of 35 ohms in series 

2 „ 50 

2 Chaperon ” 100 ” ” 

3 » „ 100 „ 


166| 

140 

166| 

166f 

200 

500 


Time 

Constant. 

Seconds. 


+ 9 x 1CT 8 
+ 4*5 X 10 -8 
+ 1*25 X10“ 8 
+ 0-5 x 10"" 8 
+ 0*7x 10“ 8 
+ 0*63 x 10“ 8 


- 0*55 x 10~ 8 
Very small 
+ 0*33 X 10“ 8 
Very small 


+0*5 x HT 8 
-0*29 x 10 “ 8 
-0*50 xl0“ 8 
+ 0-23 x 10“ 8 
-0*21 x 10- 8 
-1*20 X 10~ 8 


A comparison of these figures with those in the preceding table will 
prove very instructive. 

^ +++, of ways being recorded. It will be seen from the 
above table that Curtis and Grover, for coils below 5,000 ohms, favour 
the use of bifilar wound coils. Wagner and Wertheimer,* on the other 
hand, employ almost entirely the Chaperon winding in one or other 
of the forms illustrated in Kg. 22. Measurements were made at a 
requency of 1,590 cycles/second for a variety of bridge currents. 
.Photographs are given of typical coils of each class. 

* K. W. Wagner and A Wertheimer, “ tJber Prazisionswiderstande fur 
649^6 K e w el W 0m ” Tt 34 

621-624 {11x5): ^ 1 ’ 36 Jahr S an S’ PP- 606-609; 
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8. Resistance Boxes. When a suitable set of resistance 
coils has been prepared, it is necessary to mount them in some 
way so that they can be conveniently put into circuit in the 
bridge network. In work of the very highest class, the coils 
are usually mounted separately, each being fitted up in its 
own metal case. Massive terminals are provided and the coil 
is usually immersed in oil, so that its temperature may be 
accurately determined and maintained constant. In ordinary 
laboratory practice, it is more convenient to group sets of 
coils within a common case, suitable terminals or switches 
being provided so that any desired combination of coils may 
be connected in series. Such a piece of apparatus is called 
a “ resistance box.” 

There are a few points connected with the arrangement of 
coils in resistance boxes which it is proposed now to mention 
quite briefly. These are (i) mounting of coils, (ii) methods 
of connecting the coils in circuit, (iii) effects of grouping of 
coils on residuals. 

Mounting of Coils . Most coils for a.c. work are wound upon 
spools, usually of metal, and are mounted in the resistance 
box with the axis of the spool vertical. It is very common 
practice to fix the spools directly to the ebonite lid of the box, 
and to carry down from the contact blocks on top of the lid 
suitable rods to which the coils may be connected (Fig. 25). 

In the simplest arrangement, as shown in the diagram, one 
rod is connected to each block and forms the common lead 
for two neighbouring coils. In resistance boxes intended for 
precision working each coil is frequently provided with its own 
pair of rods, two rods being attached to each contact block. 

The Leeds and Northrup Company have improved on this 
construction by attaching the metal spool of the coil to the 
contact blocks ; the radiating surface of these then serves for 
the dissipation of heat generated in the winding and increases 
the permissible number of watts which may safely be allowed 
in each coil. 

Methods of Connecting the Coils in Circuit. The range of 
resistance commonly required in boxes designed for bridge 
work is from 10,000 ohms down to 1 ohm. It is desired to 
obtain any value of resistance between these limits in steps 
of 1 ohm. (For special work, boxes are frequently used in 
which the values are one-tenth of these figures.) For this 
purpose a certain number of resistance units are mounted in 
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5® b ° Xand s ° m ® arrangement of plug contacts or dial switches 
provided, so that the coils may be combined in series to any 
value within the desired limits and with the specified step. 




Fig. 25.— Methods of Mounting Resistance Cons. 
Dial Switches 


as showt W Pr<mde a ™ ber of e <^ connecte< 

on theTd ofS S n het ™^ con *act blocks of brass mountei 
on the hd of the box. The insertion of a plug into the conica 
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hole between two blocks short-circuits the coil connected across 
them and cuts it out of circuit. Any coil is put in circuit by 
the withdrawal of a plug, and it will be clear that the number 
of plugs required will be equal to the number of coils. The 



[WjWj 




Fig. 26. — Methods of Grouping Coils in Resistance Boxes 

values of the coils may be 1, 2, 2, 5, with a similar grouping 
for the tens, hundreds, and thousands, two denominations 
only being shown in the diagram. Or the values may be 
1, 2, 3, 4, etc. With either arrangement the desired range 
can be covered in steps of 1 ohm by removing the requisite 
plugs. 

The disadvantages of this arrangement are numerous. 
Obviously, a large number of plugs, equal to the number of 
coils, will be required, and these must fit interchangeably in 
the holes, if errors due to plug contact resistances are to be 
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made small. Again, the largest number of plugs is inserted, 
and the consequent contact resistance is greatest, when low 
resistances are reqmred in circuit. Moreover, when a setting 

nrM- bee +i, mad \ the value of resistance must be found by 
adding the numbers corresponding to the plugs withdrawn. 7 
lo overcome these objections, the “decade” principle 

use<Tir! n R ?; 26 ha ® been introduced, and is almost exclusively 
resistance boxes for precise work. In this method 

ar ® ten 1 T ohm C0lls for the units, ten 10-ohm coils 
The^n r tei J S, . and so on > each greup being caked a “ decade.” 
Si /Vu 68 m any decade can be compared with 

let th? ° -^ ne ? M f her grou P> thus providing a check 
among the various coils. If this advantage be not required 

theVrindnle 1 ^7 “® su 1 fficient for successful operation of 
!mw P ° nly ° ne plug per decade is required, so that 

redstancTbox ar ®^ er y much .sniaker than in the old form of 
esistance box. This plug is inserted to put a desired number 

read 0 off m f ““5. ***■' Value of resistan <* circuit is aHnce 
read off from the positions of the plugs in the decades no 

summation being required. It should benoted thatithe decade 
S3 , reqmr6S m ° re C0ils than the oW method Tis 

h ,°^? ver ’ to desi gn decades with as few as four 
coils of suitably chosen values.* 

rea^vMW? , ad T antage decade principle is that it 

reachly allows of the use of dial switches, these being much 

W SETS W ? anipulate in P ractice than a number of 
on this ih gh -grade resistance boxes are constructed 
certainfv P iT; + f® 0 ^ 8 , ° f which depends entirely on the 
S ^XhL T Ct “d lowness of contact resistance of the 
In Z2- h p 'vi Typi °fl designs are shown in Eg. 25.+ 

I» 100 and° W ioM l T tjTe two » f ooils of 

■ • ” d 1 ' 000 ohms ’ s ° ‘tat. by withdrawal of the 

t R 0e \V PaiT^r- 7 Applied Physics ’ Vo1 : 2 - P- 693. 

No. 4,388 (1903). Also'^e^h^list Resistances,” British Patent, 

Company. ’ 866 the llst of the Cambridge & Paul Instrument 
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appropriate plugs, all decimal multiples and submultiples 
of 10 lying between 100 and 1/100 may be obtained. 

Wben inductances are to be measured by the Campbell 
method, ratios of 9, 99, etc., are required (see p. 247). Mr. 



Fig. 27. — Ratio Boxes 


Paul, therefore, constructs a ratio box in which the two coil- 
groups are of 10, 90, 900 each, thus giving the decimal ratios 
of 10/10, 100/100, 1,000/1,000; 1,000/100, 1,000/10, 100/10 
and the reciprocals of these ; and, in addition, the required 
Values of 90/10, 900/100, 990/10. 

The ratio boxes so far described suffer from the defect that 
there are as many plugs as there are coils, with their consequent 
contact errors. It is, however, easy to group the coils so that 
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only one plug in each ratio branch is necessary. A simple 
box on this principle is drawn in Fig. 27, arranged to give 

decimal ratios. . _ . . A , T 

An excellent arrangement for a ratio box is that designed by 
Sehone * Fig. 27. Here the bars O and D form two of the 
branchpoints— say the pair to which the detector is attached. 
The coils are connected between the contact blocks and the 
common bar B. By insertion of one plug between C and the 
blocks, and a second plug between D and the blocks, _ an y 
desired pair of coils may be used to produce any required 
decimal ratio. Moreover, when using a ratio of unity , reversal 
of the ratios in the bridge is easily carried out by transference 
of the inserted plugs to the other end of the contact blocks 
which are in use, so that equality of the ratio coils may be 


readily checked (see p. 284). 

Effects of Grouping of Coils on Residuals. The coils which 
are to be put into a resistance box are wound in such a way 
that their time-constants are as small as possible. Hence 
care should be taken when grouping them together that 
** grouping residuals ” are kept down to the minimum. Such 
additional residuals may be introduced by the connections 
inside the resistance box, by the contact blocks upon the lid, 
and by the proximity of the coils to one another. 


With low resistance coils, less than 100 ohms, the connections from 
the contact blocks to the coils should have a very low inductance. 
The normal methods of construction, shown in Fig. 25, in which a 
rod is fixed to the block or in which the coil spool itself is used as 
a connector, usually suffice. The small inductance introduced by the 
rods is practically a constant residual since, whatever value of resistance 
be plugged in circuit, there are never more than two rods in series. 

With high resistance coils, ib is necessary to keep all capacity effects 
in the connecting leads down to a negligible value. With the normal 
methods of construction, the capacity between the leads and the 
contact blocks to which the coil is connected act as a permanent 
capacitive shunt on the coil, whether it be in circuit alone or in com- 
bination with others. To reduce this effect the contact blocks should 
be small, they and the connecting rods being as far apart as is 
convenient. 

Intercapacity between the various coils may also have a pronounced 
effect upon the time-constant as measured at the resistance box 

* O. Scheme, <e Ueber eine Stopselanordnung fur Bruckenzweigwiderstande 
^/ 0 ' rm ^ le ^ ens and Halske A.G.,” Zeits.f. Inst., 18 Jahrgang, pp. 133-135 
iijsys). ihe device is used in the high precision ratios of the Leeds and 
horthrup Company. 
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terminals, especially at high frequencies. G. A. Campbell has 
suggested that each decade or group should be surrounded by a metal 
screen, as shown by the dotted lines in Fig. 26, so that mtercapacities 
and earth capacities of the coils can be made definite. He suggests 
that when non-reactive resistances have been assembled and, tor 
high frequency work, screened as described— the grouping residuals 
should be allowed for by the addition of capacity in parallel or 
inductance in series with the resistance box terminals. This auxiliary 
capacity or inductance should be adjusted until the time-constant of 
the whole, measured at the resistance box terminals, is as nearly zero 
as can be secured. A resistance box constructed and adjusted m this 
manner probably represents the most perfect non-reactive resistance 
standard which can be constructed for high frequency work, but must 
be used under the same conditions as when it was adjusted. 

An effect which is sometimes important in decade boxes is also 
due to earth and inter capacity , namely, the 44 dead-end effec . , er * 

part of a decade is in use, the remaining coils are joined to one terminal 
of the circuit. The capacity of the free coils to earth and with respect 
to those in use may affect the time-constant. No known ypo o 
decade box entirely avoids this source of trouble, which must, therefore, 
be reduced to the minimum by good design, f 


9. Resistances with Calculable Residuals. Variable Low 
Resistances. The aim of the various artifices described m 
the preceding paragraphs is the construction of resistance 
units which shall be as free from residual inductance and 
capacitance as possible. The reactance due to the small residuals 
is then considered negligible in comparison with the resistance, 
and, over a wide range of frequency, the resistance may be 
taken as pure or non -reactive. It is, however, possible to 
approach the matter from a different direction. Instead of 
endeavouring to prepare resistances which shall be approxi- 
mately non-reactive, the alternative procedure is to construct 
resistances in such a way that the residual inductance and 
capacitance can be calculated from a knowledge of the geometri- 
cal form and dimensions of the winding. This method has been 
frequently employed in cases where reference standards of 
known time-constant are required, e.g. in testing resistance 
coils constructed in the ordinary manner ; or in setting up 
a bridge network to measure effective resistance, wherein full 
allowance must be made for the residuals in all the resistances 
used to obtain balance. For this purpose resistances made 


* G. A. Campbell, 44 Resistance boxes for use in precise alternating current 
measurement,” Elec. World , Vol. 44, pp. 728-729 (1904). 

t See Curtis and Grover, loc. cit. pp. 514-516 ; and also Wagner, loc cit., 
for a full discussion of grouping residuals and their effect on the time constant. 
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in the form of circles, rectangles, or parallel wires are usually 
chosen, since accurate formulae can be developed for the 
inductance and capacitance of such shapes. 

. ^*eb e > in 1907, used resistances of the parallel wire type 
details of which are given on page 187. Brown, in 1909, also 
used a parallel wire standard (see p 63) 

Grover and Curtis * in 1913, used various geometrical 
andards in their work on the inductance of resistance coils 
iwo 1-ohm resistances were made of 0-4 mm. diameter man- 
ganrn wire, m one case bent into a circle 5-8 cm. radius with a 
gap between the ends of 1-8 cm., and in the other case formed 
into a rectangle with the long sides 1 cm. apart. Allowance 
being made in the first case for the gap, and in both cases for 
the terminals, the inductance of the circle is 419 x 10' 9 henry 

un to S0 e nft Ct r gle291 i X T heni7 - ^rallel wire resistances 
up to 5,000 ohms are also described in their paper 

Wagner and Wertheimerf in 1913, and Wagneri in 1915 

sCdaSV, VerJ fuU deSC f ption of geometrical resistance 
standards °f manganic l wire from which the results tabulated 
in mg. are obtained. 

For calculable standards of 20 ohms or less, the circle is the 

Se neSe iJT : ^ Capadty effeCts in Such a sta ndard 
indnSr? bl p bemg T^ SSary merel y t0 calculate the 
HroW ^° r a A W t of dlameter bent into a complete 
circle of mean diameter D cm., Rayleigh and Niven’s formula is 

L=2ttd\(i+ los— | 1 7 

LV ^ sd *) 10 *^ + 24P~ 1 ' 75 J cm ' 

R 1 the resistances of 10 ohm and 1 ohm tabulated in Kg 28 
a gap of a cm. is left in the circle and connecting leads are 
added perpendicular to the plane of the circle. It if necessary 
to correct for the gap by multiplying the above formula by 

\ ttD j and also to add the inductance of the connecting 

«.J^r d<Sd S ‘“ dS at “ o* tte 

For resistances above 20 ohms, the parallel wire form is 

41 st ^ 

U913) agn6r “ d A ' Wertheimer ’ EhM - Zeits., 34 Jahrgang, pp. 
t K. W. Wagner, Eleht. Zeits 36 Jahrgang, pp. 606-609 (1915). 
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most suitable. In these the manganin wires are stretched out 
1 cm. apart ; connecting leads of thicker material — on which 
the adjustment of the resistance value can easily be made — 




L m [4 l(log 7 ?+%) +4 \(log 4a] 10 '* henry 

+ 3ttp%) 10 r ' 2 f * md 


T» seconds 


Resistance 

ohms 

30 

50 

loo 

3 00 

5oo 

1000 

1 1 cm. 

93 •/ 

997 

39-8 

/// 

QS-I 

190-7 

h, cm 

0-009 

0-0075 

0005 

0-003 

O-OOZS 

0 0025 

Zj cm 

975 

11-85 

12-0 

8-65 

985 

9-35 

cm 

002 

0-D 2 

O-0I75 

0-02 

0-02 

0-02 

L 10 ' 

Henry. 

200-8 

224-5 

242-0 

283-0 

253 6 

492-7 

C r (0® 

farad. 







T io B 
Second 

6 69 

4-49 

Z-40 

0-884 

0 422 

0-174 



Resistance 

Wire 


Low inductance lohm rheostat 



Campbell constant inductance rheostat 

Fig. 28. — Resistances with Calculable Residuals. 
Variable Low Resistances 


are provided, disc terminals of copper being soldered to them. 
It is shown on page 37 that such a pair of parallel wires may 
he treated as a transmission line short-circuited at the distant 
end, having inductance and capacitance uniformly distributed 
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along their length. For a pair of wires of unit. permeability, 
having radius r, length l cm., and distance apart a, the induct- 
ance is given by 

L = 4Z [ log ® + 1 - - 7] 10- 9 henry 
and the total capacitance between the wires is 




3-6 log- 


os 


10" 12 farad. 


i- N. ' — 

For the resistance standard shown in Fig. 28, the expressions 
for the wires and the connecting leads are added, a/h being 

neglected. . 

The impedance operator for such a parallel wire resistance 

is. approximately, 

. r C^l 

z — R+jco^L — J 

{see page 38), so that the time-constant is 

T = • seconds. 


as tabulated in Fig. 28. 

It will be seen from this diagram that the length of such a parallel 
wire arrangement is fairly great, so that there will be a considerable 
electrostatic capacity between the wires and earth. This capacity 
must be taken into account in calculating the time -constant of high 
resistances. Grover and Curtis* have shown that if such a resistance 
form one branch of a Wheatstone network, the distributed earth 
capacity can be allowed for if the potentials of the wires be adjusted 
so that at every instant the potential of one is as much above that of the 
earth as the other is below it. They describe a special earthing device 
by the use of which this condition is fulfilled, the place where the two 
wires are joined being maintained at earth potential. 

When a horizontal parallel wire resistance forms one branch of a 
Wheatstone network, one terminal is connected to the detector and 
one to the source of current. Wagner has shown that, in order to 
avoid capacity troubles in balancing the bridge, especially when using 
telephones, it is necessary to arrange that the detector branch points 
are brought to zero potential {see p. 286). In these circumstances it is 
clearly not possible to apply the Grover and Curtis earthing device, 
and Wagner f has calculated the effect of earth capacity on the time- 
constant when one terminal of the resistance is earthed while the other 

* Grover and Curtis, loc. tit., pp. 470-479 (1913). 

t Wagner, loc. tit. (1915). 



Chap. Ill ] 


APPARATUS 


83 


is attached to the alternator. He finds* that if the horizontal wires 
have a total capacitance C e to earth the correction to the time-constant 
is RC e /6. Taking the figures tabulated in Fig. 28 for pairs in which 
earth capacity is neglected, the time -constants for wires with one 
terminal earthed become — 


Resistance. 

Ohms. 

Micro-microfarads. 

nc 6 i & X io- 8 

Uncorrected C 
Seconds : 

r . Corrected T 
x IO' 8 

30 

10-2 

0-005 

6-69 

6-69 

50 

11-07 

0-009 

4-48 

4-49 

300 

11-25 

0-056 

0-884 

0-94 

500 

9-71 

0-081 

0-422 

0-50 

1,000 

18-62 

0-310 

0-174 

0-48 


The earth capacities were measured with the wires horizontal. 
From this table it is clear that earth capacity effects are negligible in 
parallel wire resistances less than 100 ohms. For higher values the 
potentials of the terminals of the resistance must be clearly specified 
before the time-constant can be calculated ; unless this is done, and 
the appropriate working capacity is used, large errors may be 
introduced. 

Variable Low Resistances. In making a bridge measure- 
ment, adjustments of the balancing resistances to the nearest 
ohm can be made in dial or plug resistance boxes. A fine 
adjustment rheostat, which can be varied continuously between 
zero and 1 ohm, is essential for accurate settings with a sensitive 
bridge method. A simple arrangement is a pair of parallel 
wires upon which a conducting slider can be moved. The 
small inductance of such a rheostat can he calculated for any 
position of the slider and, if necessary, allowed for. 

A more convenient arrangement of a low inductance 1 ohm resistance 
is illustrated t in. Fig. 28. In this a loop of No. 22 S.W.G. Eureka wire 
is fixed upon the edge of an ebonite disc 16*7 cm. diameter. The sides 
of the loop are 0*51 cm. apart. The disc is capable of rotation about 
a central axis, contact being made on the wires by means of two spring 
brushes. The maximum resistance is about 1*2 ohms, the inductance 
then being about 0*6 microhenry. Such a resistance, used in con- 
junction with a dial box reading to 1 ohm, proves very satisfactory in 
obtaining accurate settings. A scale marked on the disc, read against 
a pointer carried by one of the terminals gives the value of the 
resistance in any position (these details are omitted from the drawing). 

* 1C. W. Wagner, “Die Theorie des Kettenleiters nebst Anwendungen 
(Wirkung der verteilten Kapazitat in Widerstandssatzen),” Arch. f. Mekt. r 
Bd. 3, pp. 315-332 (1915). Also S. Butterworth, “ Notes on earth capacity- 
effects in alternating current bridges,” Proc. Phy8. Soc., Vol. 34, p. 11 (1921). 

t From an example in the laboratory of the City and Guilds (Engineering) 
College. 

7— (5225) 



84 


A,G. BRIDGE METHODS [Chap, III 

In many bridge methods it is very convenient to use a 
variable low resistance in which the inductance remains con- 
stant whatever value the resistance may have. A simple and 
excellent device which very nearly fulfils this condition is the 
mercury tube rheostat of Dellinger and Wenner.* In this 
instrument advantage is taken of the fact that the specific 
resistance of mercury is about 60 times that of copper. 
Referring to Fig. 28, a U tube is constructed of ebonite, 
porcelain, or thin glass, the cross-sectional area of one limb 
being 10 times that of the other. The limbs are filled with 
mercury, and at their open ends are fitted with terminal 
caps, or, if the limbs be of glass, cups are blown upon them 
in order to contain any overflow of mercury, the terminals 
dipping therein. Each limb is provided with an amalgamated 
copper rod which fits the bore of the tube as closely as possible. 
The resistance is varied by sliding the rods up or down inside 
the limbs of the U, the copper short-circuiting more or less of 
the mercury column in virtue of its superior conductivity. 
The displaced mercury overflows into the terminal caps or 
the glass cups ; spring clips retain the copper rods in any 
desired position. Settings of resistance can be made with very 
great precision, and with perfectly uniform variation, since 
there are no mechanical contacts across which the current 
must pass. The device can also be constructed in a single 
tube form with terminal caps at the upper and lower ends. 
A U tube with limbs 12 cm. long, one being 3 mm. and the 
other 1 mm. diameter, has an adjustment range for the large 
limb up to 0-01 ohm, and for the smaller up to about 0*1 ohm. 
The resistance has the disadvantage of a large temperature 
coefficient. 

Another much-used device is the Campbell constant induct- 
ance rheostat made by The Cambridge and Paul Co., illus- 
trated in Fig. 28. In this, a resistance wire of manganin and 
a parallel copper wire are wound in grooves on the edge of a 
disc of slate, together with a compensating winding of copper 
placed between them. A contact carried on a moving arm 
touches the resistance wire and the copper one in such a way 

* J. H. Dellinger, “ Note on a variable low resistance,” Phys. Rev., Vol. 33, 
pp. 215-216 (1911). 

F. Wenner, “ The four -terminal conductor and the Thomson bridge,” 
Bull Bur . Stds., Vol. 8, pp. 584-585 (1913). 

F. W. Qv over and H. L. Curtis, loc. cit., pp. 465-466 (1913). 
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that the resistance is varied by rotation of the arm ; a pointer 
attached thereto indicates the value of the resistance on a fixed 
scale. It will be seen from the diagram that no matter what 
value of resistance the rheostat may be set to, the inductance 
remains constant and is very small. A range of resistance from 
0-10 to 1*1 ohms is obtainable and can be read to 0*01 ohm. 
Compensated resistance boxes are also made on this principle. 

In cases where it is desired to keep the inductance of a 
circuit strictly constant and to vary its resistance by a definite 
step, say 0*1 ohm, the following artifice* may be adopted. 
Let links of two metals having different resistivities, e.g. copper 
and manganin, be prepared, the links having the same section, 
length, and shape. The dimensions of the links must be 
chosen so that the latter differ in resistance by the desired 
amount. Suitable mercury cups are provided into which one 
or other of the links may be placed in a perfectly definite 
position. Substitution of the copper for the manganin link, 
or vice versa , will then produce a pre-determined change of 
resistance without any change of inductance. 

STANDARDS OF SELF AND MUTUAL INDUCTANCE 

The standards of self and mutual inductance used in bridge 
measurements are of two kinds. The first are those which 
have a single definite value of inductance, and are known as 
fixed standards. In the second class the inductance may be 
varied continuously between certain limiting values, without 
altering the resistance of the inductive coils. Such are known 
variously as variable standards, inductors, inductometers, etc., 
and are much used in a.c. bridges. 

10. Fixed Standards. Fixed value standards of self and 
mutual inductance are of two classes, absolute and secondary. 
In absolute standards the coils are arranged in such a way 
that the inductance may be calculated from their accurately 
measured dimensions. Secondary standards, on the other 
hand, are wound in any convenient manner, and are then 
calibrated by comparison with absolute standards in a bridge 
or by other means. They serve as general laboratory standards 
of reference, whereas the absolute standards are only used in 
measurements of the highest accuracy, such as would be 

* Curtis and Grover, loc. tit., pp. 465 (1913). Also see C. E. Hay, P.O. 
Reprint, No. 53, pp. 21-22 (1912). 
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undertaken at the National Physical Laboratory and 
institutions of a similar nature. 

Self-Indtjctance. A reference standard of self-inductance, 
whether absolute or secondary, should be constructed so that 
it fulfils the following important conditions — 

(i) It should be permanent in form and constant in value. 

(ii) The resistance should be low. in comparison with the 
inductance. 

(iii) The winding should be carried out in such a way that 
the inductance is the largest possible for a given amount of 
wire, the coil being of a convenient size. 

(iv) The value of the inductance should be independent of 
the current strength. 

(v) The effective inductance and resistance of the standard 
should be little affected by frequency. 

In the following paragraphs it will be shown how these 
various conditions are complied with in the design of absolute 
and secondary inductances. 

In absolute standards of self -inductance, everything is done 
to construct a coil which is unalterable in value, and of which 
the dimensions can be measured to the highest attainable 
degree of accuracy. A brief description of an actual coil will 
serve to show how this is carried out in practice. The Bureau 
of Standards* at Washington possesses a standard of self -induct- 
ance, having a value of about 0*2 henry, which has been 
constructed in the following way. A hollow cylinder of white 
marble, 54 cm. external diameter and 11 cm. in radial thickness, 
is accurately ground so that it is as perfectly cylindrical and 
circular in section as modern machine tools can make it. The 
diameter of the cylinder is accurately measured at a large 
number of places, so that its true average diameter is known, 
and also its variations from perfect roundness and cylindrical 
shape. Upon the surface of the cylinder a single-layer coil is 
uniformly woundf, the total length of the coil being about 
46 cm., there being about 15 turns to the centimetre. The coil 

. * J* .. Gr. Coffin, u Construction and calculation of absolute standards of 
inductance,” Bull. Bur. Std., Vol. 2, pp. 87-143 '(1906). 

t 1*1 most absolute standards the position of every turn is made quite 
definite by winding accurately drawn, bare copper wire in an accurate screw 
thread cut in the surface of the marble cylinder. 
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is wound in sections so that the inductances of portions of the 
winding may be inter-compared, thereby providing a check on 
the calculations. From the measured dimensions of the 
cylinder, and the number of turns in the winding, it is possible 
to calculate the inductance of the standard to a very high 
degree of accuracy. 

A coil constructed in the manner just described is built on sound 
mechanical lines, and will, therefore, be permanent in form and unalter- 
able in value. No attempt is made to distribute the wire of the winding 
in the most economical way, attention being directed more to the 
precise localization of every turn. By the use of marble, the inductance 
is made independent of the strength of current in the wire, since 
marble is practically non -magnetic. In order that the standard may 
be reasonably free from the effects of frequency, three things are done, 

(i) the skin-effect in the winding is reduced by the use of small wire ; 

(ii) self capacity of the winding is kept small by using a single-layer 
coil with the turns reasonably widely spaced ; (iii) the insulation 
resistance of the winding is maintained at as high a value as possible.* 
These effects are discussed in detail below. 

In general laboratory practice calibrated secondary standards 
are quite sufficient. Wienf, in 1896, introduced the type of 
coil which, with slight constructional modifications, is in use 
at the present day. Maxwell^ has proved that if wire be 
wound in a channel of square section cut in the rim of a circular 
bobbin, the inductance of the resulting coil will be a maximum 
for a given length and thickness of wire when the mean 
diameter of the coil is 3-7 times the side of the square section 
of the channel (Fig. 29 (a) ). Wien’s coils were wound to fulfil 
this condition, the wire being thus distributed in the most 
advantageous way,§ i.e. so that a coil is produced which has 
the largest time constant. 

* For a method of winding absolute inductances so that the insulation 
resistance is high and can be readily tested, see W. E. Ayrton, T. Mather, 
andF. E. Smith, Phil. Trans . Roy. Roc., A., Vol. 207, pp. 469-470 (1908). 

•j* Max Wien, “ Einheitsrollen der Selbstinduction,” Ann. der Phys. 
Bd. 58, pp. 553-563 (1896). Coils of 0*001, 0*01, and 0*1 henry are described. 

J Treatise , Vol. 2, Sec. 706, pp. 345-346 ; see also J. E. Ives, “ On the 
dimensions of large inductance coils,” Phys. Rev., Vol. 16, pp. 112-114 (1903). 

§ R. E. Shawcross and R. I. Wells, “ On the form of coils to give maximum 
self -inductance for a given length and thickness of wire,” Eileen., Vol. 75, 
p. 64 (1915), have shown that Maxwell’s figure is derived from an approximate 
expression for the inductance. Using a more correct formula, they prove 
(i) that the square channel is best ; (ii) that Maxwell’s figure for the diameter 
is too high, the true value being nearly 3 ; (iii) that it is better to use too 
large rather than too small a mean diameter, so that Maxwell’s figure errs 
on the right side. 
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The bobbins on which Wien’s coils were wound were made of 
serpentine,* a material which has been much used for the purpose 
owing to the ease with which it can be procured and machined. Rosa 
and Groverf have shown that the inductance of a coil wound on a 
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Pig. 29. — Fixed Value Standards op Self and Mutual 
Inductance 

* Serpentine. A mineral composed of magnesium silicate with some 
ferrous inclusions. Chemical analysis shows that about 0-6% of iron may 
be present, chiefly in the form of magnetite. The mineral may be of a dull 
red, brown, or greenish colour, veined or mottled. It is widely distributed 
over the world, and is found in England on the Cornish coast. 

t E. B. Rosa, and F. W. Grover, “ The use of serpentine in standards of 
inductance, Bull , Bur. Stds., Vol. 1, pp. 337-348 (1905). 
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serpentine bobbin depends on the strength of tbe current in the windings, 
showing that serpentine is quite appreciably magnetic. For example, 
if a coil of 1 henry be wound on a wooden bobbin — which is certainly 
non-magnetic — the inductance can be altered by 2 or 3 millihenrys if 
a lump of serpentine be laid upon the coil. It is desirable, therefore, 
to use some material for the bobbins which is more nearly non-magnetic. 

The best material for the construction of inductance standards 
is white marble.* This material is practically free from magnetic 
properties, it possesses a high insulation resistance, and can be 
easily machined and tooled. Coils wound on it are very permanent 
in value owing to the rigidity and permanence of form of the marble 
bobbins. 

For ordinary laboratory work, coils may be wound on spools of well- 
seasoned Cuba mahogany. If the wood is thoroughly dry, and is 
impregnated with wax to prevent absorption of moisture, coils of great 
constancy will result. This construction is very cheap and simple, the 
spool being quite free from magnetic impurities. 

Briefly, a secondary self-inductance standard is a coil of 
Maxwell's proportions wound upon a rigid, non-magnetic 
spool of marble or mahogany. After winding, the whole is 
immersed in hot paraffin wax, which completely fills the 
interstices between the wires, and when cold sets into a solid 
mass, which retains its shape permanently and thus holds the 
wires in position. The greatest care should be taken to see 
that the wax is not overheated as its insulating properties are 
thereby greatly impaired. 

Frequency Errors. In general, the effective inductance and 
resistance of a coil will vary with frequency, owing to the 
following three causes : (i) eddy current effects in the wire ; 
(ii) the self capacity of the winding! ; and (iii) imperfect 
insulation of the coil.J As these effects are of considerable 
importance in accurate measurements, especially at high 
frequencies, each will be considered in turn, together with the 
method adopted to make the coil as little dependent on 
frequency as possible. 
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Eddy current effects may be practically eliminated by winding the % 

coil with stranded conductor, each strand being separately insulated . 

from its neighbours. Dolezalek has shown that the independent fl 

strands need not be less than 0-1 mm. diameter, since the effects of 
eddy currents in smaller wires upon the resistance and inductance of / 

the coil are, at frequencies up to* 2,000 cycles per second, less than the 1 ! 

effects due to changes of temperature. Por higher frequencies, the 
conductor must be very finely stranded, so that the “ skin effect ” i 

does not appreciably affect the distribution of current over the section 
of the wire.* j 

In large inductances a considerable quantity of wire is wound upon I 

the spool, and such coils will, therefore, possess appreciable self 1’ 

capacity, due to the electrostatic capacity between the individual 
turns and layers of wire. To a first approximation the self capacity of 
a coil of inductance L and resistance R may be represented by a 
condenser of capacitance C joined in parallel with the coil. Referring 
to Pig. 30, the impedance operator for such an arrangement is 

R + j»[X(l-»*CX) - cmi N 

" (1-oSCLf -f OJ-C-R 2 • 

Remembering that C is small, so that its square may be neglected, 
the effective resistance of the coil is approximately 

R'=. 22(1 + Zco* CL), 
and the effective inductance is 


X' == X( 1 -f a? CL), 

L and R being the true inductance and resistance at very low frequency. 
. When X is small, then C is very minute and the effect of self capacitance 
is negligible, except when co is very great. In large inductances, on 
the other hand, C is important and the effect may be far from negligible 
even at low frequencies. Por example, Dolezalek records the case of 
a, coil for which L — 09365 henry and C = 1-6 x 10' 10 farad. At a 
frequency of eo/27t = 10, 000/2 rr = 1,590 the effective resistance of the 
coil would be nearly 3 per cent higher than at low frequency, while L' 
would he about 1-5% higher than L. 3 

In practice, the effect of self capacitance is allowed for by measuring L' 
at two frequencies and therefrom determining L and C. The value of 
X can then be calculated at any other frequency. The effect of C on 
R is twice as important as its effect on X', hence correction for self 
capacitance is essential in measurements of effective resistance in which 
large self-inductances — or small inductances at high frequency— are 
used. In order to allow of these corrections being made, some makers 
mark not only X and R, but C also upon the spool. 

The insulation resistance of an inductive coil may be represented 
by a resistance R 2 in parallel with it. If X be the true inductance and 

* See, however, S. Butterworth, “ Eddy current losses in cylindrical con- 
ductors with special applications to the alternating current Resistances of 
short coils, Phil. Trans. Roy. Soc., A., Vol. 222, pp. 57-100 (1921). 
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R the true resistance of the coil, Fig. 10 states that the impedance 
operator is 

R 2 {[R(R + 22*) + C0 2 X 2 ] +j0)LR 2 } 

*- (R+ Rz)* + " 2 i 2 

The effective resistance of the coil at frequency co /2 tt is 
R(R+R 2 ) + co 2 L 2 
^ ~ (R + i£ 2 ) 2 + co 2 X 2 * Mt9 
and the effective inductance is 

2 

r/ til T 

^ ~ (JB+ jK 2 ) 2 + co 2 X 2 

If the insulation conductance be 6r = l/i2 2 these expressions may be 
written as 

R 2 {co 2 L 2 - R 2 ) - R(a> 2 L 2 + R 2 ) 

R ” B + (J2 + R 2 ) 2 + co 2 X 2 • 

and X' = X/{(1 + RG? + co 2 L 2 G 2 } . 

From the first expression, provided that the second term be positive, 
R' will always exceed R, the two values being more nearly equal 
as R 2 becomes greater. Again, L' is always less than X unless G be 
vanishingly small. Thus, if the insulation resistance be high, the 
frequency variation of inductance and effective resistance will be small. 
It should be clearly understood that G is the alternating current 
conductance of the coil insulation and will itself depend on frequency ; 
it bears no simple relation to the ordinary d.c. insulation conductance. 

Summarizing, a secondary standard of self -inductance can be 
corrected for frequency effects : (i) by ensuring uniform dis- 
tribution of current in the wire by the use of stranded 
conductors ; (ii) by measuring and allowing for the effects of 
self capacity in small inductances at high frequencies or in 
large inductances at all frequencies ; (iii) by ensuring high 
insulation resistance, especially in large inductances, by dipping 
the coil in wax after winding, and by fixing the terminals on 
an ebonite block ( see Fig. 29 (6) ). 

Adjustment. Such standards are usually wound to some 
exact value of inductance, e.g. 0*1 henry, and are precisely 
adjusted within, say, 0*01 per cent of the marked value. With 
large inductances, say 1 henry, the desired precision can be 
attained by winding the coil to the nearest turn. For example, 
a 1-henry coil of 2,350 turns, with a mean diameter of 15 cm., 
changes by about 0*04 per cent for single turn adjustment, 
remembering that the inductance of a coil varies as the square 
of the number of turns. With smaller inductances, in which 
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there are fewer turns, the addition or removal of a turn makes 
a much larger alteration of inductance. For such coils, single 
turn adjustment is too rough a method, other devices being 
necessary.* For example, the coil can he wound so that it has 
an excess of turns ; if, then, one or more turns of the last layer 
are wound at a diameter greater than that of the latter, the self- 
inductance of the whole coil will be less than if the last layer 
were uniform in diameter. These auxiliary turns may be put 
on the coil cheek or on a slip-over tube. Again, if the coil 
be wound one turn too small, the inductance can be very 
accurately adjusted by means of a small auxiliary coil sunk 
in a pit in the main bobbin and connected in series with the 
main coil. In a variant of this, the auxiliary coil consists of 
a loop of wire sunk in a groove on the outside of the coil 
former. In both cases the adjusting turns must be firmly 
fixed relatively to the main coil (see Fig. 29 (c) ). 

Mutual Inductance. A fixed value reference standard of 
mutual inductance should satisfy the following conditions — 

(i) It should be permanent in value. 

(ii) The resistances of the two windings should be small and 
the mutual inductance high. 

(iii) Eddy currents in the windings should be negligible. 

(iv) Capacity effects between the primary and secondary 
windings should be reduced to a minimum. 

Absolute standards of mutual inductance are to be preferred 
to absolute self -inductances for a variety of reasons : (i) the 
value of mutual inductance can be calculated with greater 
certainty from the dimensions of the coils than is the case 
with seH-inductance, since formulae for mutual inductances 
are of much higher theoretical accuracy than those for self- 
inductance ; (ii) the effective self -inductance of a coil will 
vary with frequency owing to eddy currents in the wire and 
to self capacitance of the winding. Both these effects are much 
smaller in mutual inductances if the primary and secondary 
windings are reasonably far apart. On account of these 
considerations, the National Physical Laboratory use an 
absolute standard of mutual inductance as the ultimate 
reference standard in bridge measurements. 

This standard is constructed on the principles laid down 

* G. Moore, ** The final adjustment of precision inductances,” J Elec. Rev., 

... Vol. 88, pp. 504-505 (1921). 
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by Mr. Campbell.* The primary winding is an accurately 
measurable single-layer coil of bare copper wire, wound in a 
screw thread cat on the surface of an accurate marble cylinder - 
The primary consists of two equal sections in series of 75 
turns each, the marble cylinder being 30 cm.' diameter. The 
secondary is a coil of many layers wound in a groove in a 
marble ring which surrounds the primary cylinder, the ring 
being adjustable axially and radially with respect to the latter. 
The secondary has 488 turns in a channel of 1 sq. cm. area 
and 43*8 cm. mean diameter, and is set midway between the 
two primary helices. The calculated value of the mutual 
inductance between the primary and secondary coils is 10*0177 s 
milhhenrys at 15° C. 

When the coils have the relative proportions shown in 
Mg. 29 (d), Campbell has shown that their mutual inductance is 
a maximum. The circumference of the secondarycoil then lies 
in zero magnetic field, so that the change in the value of 
mutual inductance is a minimum for small axial displacements 
of the secondary and for small changes in its radius. The 
entire accuracy of construction is thereby thrown on the 
single-layer primary which can be very precisely measured ; 
it thus becomes possible to use a multilayer secondary in order 
to get relatively large mutual inductance values. Mechanical 
details of construction are very similar to those already 
mentioned in connection with absolute self -inductances. 

Secondary mutual inductance standards of fixed value are 
made for ordinary laboratory work by winding primary and. 
secondary coils in grooves cut in circular bobbins of marble "f 
or of woodj ( see Tig. 29 (e) ). The wire is preferably stranded 
to reduce eddy current effects. Such standards can be readily 

* A. Campbell, “ On a standard of mutual inductance,” Proc. Roy . Soc., A., 
Vol 79, pp 428-435 (1907). For a description of a similar standard recently 
made by Mr. Paul for the Japanese Government, Elecn ., Vol. 88, p. 159 (1922) ; 
also D. W. Dye, “ Calculation of a primary standard of mutual inductance 
of the Campbell type and comparison of it with the N.P.L. standard,” Proc . 
Roy. Soc., A., Vol. 101, pp. 315-332 (1922). Further details of the N.P.L. 
standard are given by A. Campbell, Proc. Roy. Soc., A., Vol. 87, pp. 391-414 
(1912). 

t A. Campbell, “ On the measurement of mutual inductance by the aid. 
of a vibration galvanometer,” Proc . Phys. Soc., Vol. 20, pp. 626-638 (1907). 
The standard is nominally 0*05 henry. 

$ E. B. Bosa, “Mutual inductances for laboratory use,” Phys. Rev., 
Vol. 24, p. 241 (1907). A mutual inductance of 0*01 henry wound on a. 
mahogany spool was constructed by Prof. T. Mather in 1892 and has been in. 
use for many years in the laboratories of the City and Guilds College. 
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calibrated, and some correction for the effects of self capacitance 
will be necessary at high frequencies. The coils can be wound 
in several sections so that a variety of values of mutual 
inductance can be obtained. 

If such a secondary standard is to be accurately adjusted 
to some definite value of mutual inductance, Campbell’s* 
second method of construction is convenient (see Fig. 29 (/)). 
In this the primary consists of a multilayer coil ; the secondary 
consists of two coils concentric with the primary, one being 
much smaller than the other. The two secondary coils are 
in series. One turn added to or taken from the small coil 
produces a very small change in the mutual inductance, which 
can thus be set with accuracy. For example, consider a coil 
of radius 10 cm. concentric with which is a coil of a cm. radius ; 
if both coils have 1,000 turns each, the following figures show 
how M varies with a . 

a cm. 1 2 3 4 5 6 7 8 9 

M millihenrys 2 8 18 34 55 85 126 181 279 

If the primary were of 10 cm. radius and the main secondary 
of 9 cm. each turn on a central 2 cm. coil would only have 
one-thirtieth of the effect of one turn on the main secondary. 

The particular sources of error in the use of mutual 
inductance standards will be discussed in the next section. 

11. Variable Standards. In adjusting the balance of a 
bridge, a step-by-step change of self or mutual inductance, 
such as is provided by a set of fixed value standards, is not 
sufficiently fine. What is required is an arrangement by which 
the inductance may be steadily and continuously varied 
between certain limits without altering the resistance of the 
part of the apparatus which lies in one of the balancing 
branches of the network. A piece of apparatus in which this 
may be performed is called by different writers a variable 
inductance, an inductor, a variometer, an inductometer, etc. 

The desirable features to be possessed by an inductometer 
are as follows : (i) In self inductometers the time-constant 
should be large, and the space occupied by the inductometer 
small. In mutual inductometers the resistances of the 
windings should be low and the mutual inductance relatively 

* A. Campbell, “ Inductance measurements,” Elecn Vol. 60, pp. 626-627 
(1908) ; also N.P.L. Researches, Vol. 4, p. 245 and Fig. 3 (1908). 
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high, (ii) The range between the maximum and minimum 
values of inductance should be large, (iii) Inductometers 
should conveniently possess a linear scale, (iv) Astatic 
arrangement of the coils is desirable, (v) Inductometers 
should be free from frequency errors due to capacitance, 
eddy-current, and insulation effects. 



Fig, 30. — Ayrton-Perry Pattern Inductometers 


The simplest type of inductometer is that usually attributed 
to Ayrton and Perry,* illustrated in Pig. 30 {a). In this instru- 
ment two circular coils are arranged one within the other, the 
inner coil being capable of rotation about a diameter within 
the outer coil, which is fixed to the base of the apparatus in a 

* “ The measurement of inductances, capacities, and polarizing resistances,” 
Elecn., Vol. 34, pp. 546—547 (1895). The type of apparatus was used by 
other investigators at an earlier date, notably by Brillouin and by Hughes. 
See also 0. Heaviside, Electrical Papers , p. 37 (1892), for use as a variable 
self-inductance ; and Lord Rayleigh, Phil. Mag. y 5th series, Vol. 22, pp. 
473-477, 498-500 (1886), for use as mutual inductometer. 
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vertical position. The axis of rotation of the moving coil is 
vertical, and the angle between the planes of the two coils 
may be read on a scale of degrees. By using one coil as 
primary and the other as secondary, the instrument becomes 
a convenient mutual indnctometer ; as the inner coil is rotated 
the mutual inductance varies from a maximum value when 
the two coils are in the same plane to zero when they are 
perpendicular, and thence to a negative maximum when they 
again become coincident. By joining the two coils in series, 
a variable self -inductance is obtained having a value L = L x -\- 
L 2 ± 2M in any given position of the coils when M is the 
mutual inductance, L x and L 2 being* the self inductances of 
the fixed and moving coils respectively. L is shown on a 
separate scale. 

In a typical instrument of this type, the variation of self -inductance 
is shown by the curve in Fig. 30 (a). The self -inductance with the 
coils in series varies from 3*64 to 42-22 millihenrys, and the mutual 
inductance between ± 9*645 millihenrys. The time-constant is 3*95 
milliseconds at the maximum self -inductance reading, the resistances 
of the fixed and moving coils being 5*44 and 5-26 ohms respectively. 

In order to avoid eddy current errors at high frequencies, 
Wien* and others have constructed induetometers in which 
the amount of metal is 8 reduced to a minimum and the coils 
are wound with stranded wire. In addition, each coil is 
wound in sections, so that several overlapping ranges may be 
obtained from the same instrument. In an inductometer 
designed by Dr. H. F. Haworth, ebonite is used throughout. 
The coils are arranged horizontally, one being wound on 
the inside of a horizontal ebonite ring, and the other upon 
a pivoted concentric former. Each coil is of stranded wire 
and has three sections of 5, 10, and 25 turns respectively. 
The calibration curve and illustration of the instrument are 
given in Fig. 30 (b). The maximum range of self-inductance 

* Max Wien, ££ Ueber ein Apparat zum varieren der Selbstinduction, 5 ’ 
Ann. der Phys. Bd. 57, pp. 249—257 (1896). In this instrument, constructed 
of wood, the fixed coil has four windings and the moving coil two wind- 
ings. The windings may be grouped in series as desired and a range of self- 
inductance from 0-4 to 120 millihenrys covered almost continuously. F ull 
dimensions and calibration curves are given. H. Hausrath, ££ Induktions 
Variometer und Widerstands Kombinationen,” Zeits. f. Inst., 27 Jahrgang, 
pp. 302-312 (1907). Describes an instrument made of Stabilite, the fixed 
coil having four and the moving coil two windings. Self -inductance varies 
m eight ranges from 0*385 to 144*2 millihenrys. Dimensions are given. 
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is up to 2,044 microhenrys, and of mutual inductance 
496 microhenrys. The time-constant for the maximum 
self-inductance is 0-351 milliseconds. 

In the Ayrton-Perry and similar inductometers the two coils are 
made as nearly equal in radius as is possible, the wire being usually 
wound upon portions of spherical surfaces. The primary and secondary 
coils being close together, a large mutual inductance for a given bulk 
is obtained. This arrangement has the disadvantage that the variation 
of mutual (or self) inductance is far from linear. Lord Rayleigh 
(loc. cit.) has shown that a practically uniformly divided scale can be 
obtained if the radius of the inner coil is 0*548 of that of the outer coil. 
The space occupied by the apparatus for a given maximum M is, 
however, much greater than when the coils are more nearly equal. 
It is with the object of producing an inductometer with a high time- 
constant, a linear scale, and a small bulk that the instruments now to 
be described were designed. In these instruments two discs of ebonite 
are arranged over one another, the upper disc being pivoted at the 
centre of the lower. Each disc carries coils, the mutual inductance 
between the fixed and moving sets of which can be varied by rotation 
of the upper disc over the lower.* 

In order that the apparatus should have the largest time- 
constant for a given quantity of wire, the fixed and moving 
coils, when over one another and joined in series, should form 
a coil of Maxwell’s proportions wound on a circular former 
(Fig. 31 (a) ). It is found that an inductometer made in this 
way has a scale which is far from linear, although from the 
point of view of space occupied for a given inductance, the 
apparatus is of the best possible proportions. 

To obtain a more uniform scale, G. F. Mansbridgef has 
designed the inductometer shown in half plan in Fig. 31 ( b ), the 
coils being of D or semicircular shape. There are four coils, 
two embedded in the upper and two in the lower ebonite disc ; 
each coil is wound in sections so that various ranges are 
obtained. For the higher values, all four coils are in series, 
the self-inductance varying between 9 and 105 millihenrys. 
For the lower values, with only a small section of each coil 
in use, the range is between 0*7 and 12 millihenrys. The 

* A. Larsen, 44 Der komplexe Kompensator, ein Apparat zur messung von 
Wechselstromen durch Kompensation,” Elekt. Zeits., 31 Jahrgang, pp. 1039- 
1041 (1910). C. H. Sharp and W. W. Crawford, 44 Some recent developments 
in exact alternating current measurements,” Trans. Amer. I.E.E. , Vol. 39, 
Part 2, pp. 1525-1529 (1911). 

f G-. F. Mansbridge, 44 Improvements in .and relating to iron-free variable 
inductances,” British Patent , No. 22,206 (1905). The apparatus is made by 
Messrs. Muirhead & Co., and a similar one by H. Tinsley & Co, 
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time-constant at the maximum reading is about 1*6 milli- 
seconds ; the division of the scale is practically uniform over 
the working range. 

The most perfect inductometer of this type is due to Brooks 
and Weaver.* In this, a much greater time-constant is 
obtained by the use of link-shaped coils, by the proper pro- 
portioning of which a uniform scale can be obtained. Three 
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pairs of coils are used ; two being fixed to ebonite or condensite 
discs, the remaining pair rotating between them. The best 
results are obtained when the coils have the relative dimensions 
shown. The coils are connected astatically and are wound 
with stranded wire. By the use of two sets of fixed coils, the 
effect of a small axial displacement, due to wear of the bearings, 
on the calibration is negligible (see Fig. 31(c). 

I? *77 S’* C. Weaver, “ A variable self and mutual inductor,” 
PP* 56 9-580 (1917). The instrument is made by 
the Leeds and Northrup Company in sizes up to 500 millihenrys. Messrs. 
J-insiey & Co. also make the inductometer. 
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Campbell’s Mutual Inductometer. Mr. A. Campbell, 
late of the National Physical Laboratory, has shown that 



Fig. 32. — Campbell’s Mutual Inductometer 


standards of mutual inductance in alternating current bridges 
have marked advantages over self-inductances, principally 
for the reason that mutual inductometers can be varied down 
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inductometer is of great value in the measurement of sma.ll 
inductances, and in the allowance for the inductance of leads, 
etc., in other measurements. Mr. Campbell has developed a 
large number of excellent bridge methods containing mutual 
inductance, and has devised a special mutual inductometer 
which is very widely used in practice. The arrangement and 
connections of the inductometer* are shown in Kg. 32, from 
which it is seen that the instrument is really a transformer 
of variable ratio. 

The primary winding consists of two equal, coaxial, fixed 
coils, Rxy E wound in the same direction and connected in 
series. . Two terminals make connection with the primary, 
the point of junction of the two coils being brought to a 
thirdf terminal a. In a typical inductometer the total 
inductance of the primary was 0-10057 henry, and its 
resistance 40-15 ohms at 20° C. 

The secondary -winding is composed of three circuits which 
can be put in series, S 1} S 2 , S 3 . The coil S t is made up of ten 
sections, each of which has exactly the same mutual inductance 
with respect to the primary, namely, 1,000 microhenrys in the 
above-mentioned example. The precise equality of the sec- 
tions is ensured, by the artifice of winding the coil with a 
stranded! rope of wires in the following way. Ten insulated 
wi^es of a suitable length are twisted together to form a 
stranded rope, which is then wound upon a bobbin to form a 
coil having a predetermined number of turns. It is then 
found that the mutual inductance between each strand and 
the primary winding is almost exactly the same.§ By the use 
of a dial switch, any number of strands may be joined in 
series and their mutual inductances added. 

The coil S 2 is wound in the same way as S 1; but partly on 
the lower and partly on the upper bobbin, and has such a 
number of turns that each of its ten strands has ten times 


A. Campbell, On the use of variable mutual inductances ” Phil Man 
6th senes, pp 155-171 (1908); Proc. Phys . £oc„ Vol. 21 ! pp 69-87 (1910)’ 
The mstruments are made by the Cambridge and Paul Co. ’ 

I m id--P°int in practice, see p. 252 

T btranded lnductometers were used by M. Brillouin, Assoc . Francaisc 

imTasm^’Ann V de Z^| 3 ~7 336 (188 7 1) ; Comptes Rmdu s> tome 93, pp. 1010- 
H Rowland aXt tome 11, pp. 339-424 (1882) ; and by 

n. jvowiandL, Amer. J . Soc., 4th series, Vol. 4, pp. 429-448 (1M7) * Phil Man 
5th series, Vol. 45, pp. 66-85 (1898). 1 * y/j ’ rhlL Ma 9-> 

hi ° f pr60ise adjU3tm6Ilt t0 W* a Moore, 
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the mutual inductance of a strand in S 1 with respect to the 
primary, namely, 10,000 microhenrys. The total range of S 2 
is thus 100,000 and of S x 10,000 microhenrys. 

The third section of the secondary is the coil S z which is 
mounted on an axis parallel to that of the primary coils. 
Moving this coil by means of the handle Varies its mutual 
inductance with respect to the primary from a maximum 
down to zero and then to negative values. With the choice 
of suitable proportions* for the coil, a semicircular scale may 
be obtained covering an arc about 30 cm. long, the divisions 
at the upper and lower values being quite open, so that precise 
readings are possible. In the inductometer mentioned, the 
range of $ 3 is from -40 to 1,060 microhenrys. By means of 
the link shown, connecting F and H puts the coil S 3 in opposi- 
tion to the coils S x and S 2 > thus enabling 1,000 on the scale to 
be checked against the first section of S*. 

In normal working, the link connects G and H, the entire 
secondary winding being in series and connected to the ter- 
minals E } F. The range of the inductometer is thus from 
- 0-00004 to 0-111060 henry. A smaller instrument of precisely 
the same pattern has a range of - 3-5 x 10 -6 to 0-011104 henry, 
and by the provision of terminals tapping one-tenth of the 
primary winding, a particularly low range inductometer, 
reading up to 0-0011104 henry, is obtained. 

The conductors with which the coils are wound are them- 
selves highly stranded, so that eddy currents therein are 
reduced to a minimum. No unnecessary metal is used in the 
construction of the inductometer for the same reason. 

Errors in Inductometers. Self inductometers are subject to 
the same sources of error as fixed value self-inductances. 
They should be constructed, therefore, with a view to per- 
manence of value, high time-constant, freedom from magnetic 
materials, small self capacity, high insulation resistance, 
and absence of skin-effect. The methods of construction 
described above will show how these conditions are met in 
practice and do not require amplification here. In addition, 
it should be pointed out that the change of inductance with 
temperature in inductometers of the Ayrton-Perry type is 


* A, Campbell, loc. cit. Also see S. Butterworth, “ On the coefficients of 
mutual induction of eccentric coils,” PMl. Mag., 6th series, Vol. 31, pp. 
443-464 (1916). 
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small, Taylor* having shown it to be less than 1 part in 
40,000 per °C. 

Mutual inductometers require more discussion. An ideal 
mutual inductance is one in which the electromotive force 
induced in the secondary coil is exactly in quadrature with 
the primary current. Such an inductance is teimed by 
Susheef pure,” and is very closely represented by a pair of 
carefully constructed coils arranged not too close to one 
another and carrying low frequency current. However, at 
high frequencies these conditions no longer hold, since the 
effects of the self and intercapacities of the coils, of imperfect 
insulation, and of eddy current losses become appreciable. 
Arising from these effects a component of secondary eleetro- 
motive force appears in phase with the primary current, so 
that the secondary electromotive force is no longer jooMi but 
(a + jwM)i. The mutual inductance is then said to ' be 

impure,” cr being called the “ impurity.” 

The effects of impurity are important at the higher acoustic 
frequencies, above about 2,000 cycles per second, particularly 
in stranded inductometers of the Campbell type when the 
primary and secondary have a common point, as in many 
bridge methods. Butter worth! has shown how the effects of 
impurity may be determined and allowed for; the reader is 
referred to his exhaustive paper for further details, some of 
these being discussed in Chapter IV. 


ttareliwil 1 Tt ° f lmp ™ ty in Campbell inductometers lies in 
nro^t self capacitance of the coils, brought about by the 

LeterTo y wnlv h Stran f S ,; Butt ervorth has designed an inducto- 
removed , ®? cc , e * sMly at frequencies in which this defect is 
consists of fL ’ ^ eprimary consists of a fixed coil ; the secondary 
Sfpsnlt t tt mutual mductances of 1, 3, and 6 units 

mutual bfdn t the Pr i r ?f ry - By means of a suitable dial switch the 
w S lmu- taQCeS ° f f he coils can be added or subtracted to cover 

clZfeU tostru^T fr ° m 1 10 rite. A movable coil, as in the 

ampbeU instrument, carries down the range from 1 to zero.§ 


STANDARDS OP CAPACITANCE 

J h ^ nd T dS , 0f °r a 1 Citance used in bri dge measurements 
are of two kinds, absolute and secondary. Condensers of 

te mpt a ?ux^ y p°i‘ vlT^i 6 394 a9°051 Of indUCtanC6 8tend “ da ^ 
t a * -o' BuU. Bur. Bids., Vol. 13 p 414 

pf ~ *»-—*■ 

§ See N.P.L. Report for 1922, pp. 82-83. 
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the former type are constructed so that their capacitance can 
be calculated from their accurately measured dimensions. 
Secondary standards, on the other hand, have their capacitance 
determined by comparison with an absolute standard or 
otherwise. 

Absolute condensers are only very rarely used in alternating 
current bridges ; their principal application is to determine 
the ratio of the electromagnetic unit of electricity to the 
electrostatic unit. For this purpose condensers of quite small 
capacitance are suitable, and are made of some simple geo- 
metrical shape for which the capacitance can be easily calcu- 
lated. For this reason they have the form of concentric 
spheres, flat plates or coaxial cylinders, and the dielectric 
is air.* 

All condensers used in alternating current bridges are 
secondary standards of a capacitance considerably greater 
than that of the absolute condensers just mentioned. Secondary 
standards are calibrated and should have the following 
properties — 

(i) They should be true condensers, i.e. the current taken 
by them when supplied with a sinusoidal p.d. should lead on 
the p.d. by rr/2 and should be free from harmonics. 

(ii) They should be free from losses and absorption effects 
in the dielectric. 

(iii) The capacitance should be definite and permanent, and 
the standard should be compact for a given value of capacitance 
so that inaccuracy due to earth capacities may be very small. 

(iv) They should be independent of frequency, wave-form, 
and temperature. 

(v) The insulation resistance should be great and the 
condensers should be capable of withstanding high voltages. 

The condensers used in practice fulfil these conditions in 
varying degree, according to the way in which they are con- 
structed and to the material used as the dielectric. The 
dielectrics most frequently employed are air or other gas, 
oil, mica, treated paper, and glass. In accurate standards 
the only satisfactory materials are air and mica ; paper 

* See, for example, E. B. Rosa and 1ST. E. Dorsey, Bull. Bur. Stds., Vol. 3, 
pp. 433—604* 605—622 (1907), for accurate details of all these types and for 
references. For a cylindrical condenser see J. J. Thomson, Phil . Trans. 
Roy. Soc., Vol. 174, pp. 707-721 (1884) ; and J. J. Thomson and G. F. C. 
Searle, ib id., Vol. 181, p. 603 (1891). 
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condensers are sufficiently good for less accurate work or in 
cases where dielectric imperfections are of little importance. 
The other materials are only used where capacitance is required 
without the advantages of permanence, accuracy, and per- 
fection, e.g. tuning condensers, or in filter circuits. Secondary 
condensers are, therefore, conveniently classified according to 
the dielectric employed in them, each group having special 
properties and uses which will now be described. 

12. Air Condensers. Gases, such as air, when used as the 
dielectric in a condenser subjected to an alternating potential 
difference are almost entirely free from dielectric losses. 
A properly constructed air condenser is, therefore, the closest 
approach to a perfect condenser which can he attained in 
practice, i.e. one in which the current leads on the p.d. by 
a quarter period. 

Absolute air condensers have usually only a single pair of 
electrodes, so that their capacitance is very small. To increase 
the value in secondary air condensers, it is necessary to use 
several sets of electrodes or plates in parallel, the two sets of 
plates forming the condenser being held in a suitable 
framework and separated from one another by supports of 
solid, insulating material. Obviously the amount of solid 
insulation used to support the plates of an air condenser 
g lo ™ , re duced to the minimum, and should stand in a 
weak electrostatic field. It should have the highest possible 
insulation resistance ; for this purpose ebonite is much used, 

f r * e ^ Sad ? Bta g e in course of time. 

Ambente and fused quartz are preferable in air condensers 
• © highest class, as they are more permanent, though these 
materials are somewhat difficult to work. 

° f air is low > foUows that a 
£2 d electrodes m parallel must be used, each of 

Pr0d r * reasonable value of capacitance. 
buIk is^TL 18 ’ therefore > a very tnlky standard, and the 
wl °, f tw ° other important facts 
First Iv tL'diVlp 4 °^* tiie c ose:ness °i successive plates. 
Sy lSTf 0f * is very high? and, 

plates when the crmfT* ma ?- fcndge across between the 

^ tn the denser M subjected to Mgh voltage. This 

Him and ° f amber cbi P s moistened 
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produces internal leaks and greatly impairs the insulation of 
the condenser. To reduce this effect it is usual to make the 
distance between successive plates not less than 2 mm. ; if 
care be taken to dry the air thoroughly, condensers can be 
made with 1 mm. air space or less. 

Air condensers are of two classes : (i) in which the capaci- 
tance is fixed ; (ii) in which the capacitance can be con- 
tinuously varied. The former serve as fixed value reference 
standards ; the latter as fine adjustments for use in balancing 
bridges, being frequently used in conjunction with standard 
mica condensers to carry the capacitance down continuously 
to the lowest values. 

Fixed Standards. Fixed value air condensers are made 
on the same plan as absolute condensers, but with several 
sets of plates in parallel to give adequate capacitance. The 
principal forms are made with cylindrical or with flat electrodes, 
both types being developed in several different designs. 

An early form of cylindrical condenser is that designed for 
the Standards Committee of the British Association by Glaze- 
brook and Muirhead.* It consists of 24 concentric brass tubes, 
12 forming one electrode and 12 the other. These tubes are 
mounted upon two stepped brass cones, the lower one standing 
upon three pillars of ebonite. The upper cone is supported 
by the case of the condenser. The capacitance is about 
0*024 microfarad. 

A modern example of a cylindrical condenser is due to 
Giebef and illustrated in Fig. 33 (a). This is composed of seven 
concentric brass tubes, four forming one electrode and three 
the other. One set of cylinders is fixed between the plates AA 
upon brass blocks, three projecting from each plate. The 
other set of cylinders is mounted in a similar way between 
the plates BB. The plates BB and the cylinders are slotted 
out to clear the projections from AA, upon which the first set 
of cylinders is mounted. The plates AA, BB are insulated 
from one another by corrugated ebonite cylinders E, the whole 
being clamped solid by the spindle and nut S . The lower 
plate A stands on the metal base of the condenser, which, in 
turn, is supported on ebonite feet. A metal case surrounds 

* B. T. Glazebrook, “ On the air condensers of the British Association,” 
Elecn ., Vol. 25, pp. 616-619, 637-640 (1890). 

f E. Giebe, “ Normal Luftkondensatoren und ihre absolute Messung,” 
Zeits. /. Inst., 29 Jahrgang, pp. 269-279, 301-315 (1909). 
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the cylinders and is connected to A , thus shielding the con- 
denser from external electrostatic influences. With the 
dimensions given in the diagram, the capacitance is about 
0*0109 microfarad. 

Elat plate condensers of various forms are widely used. 
In a simple type the electrodes consist of square sheets of 
plate glass, each plate being coated on both sides with tin -foil. 
The glass sheets are arranged in a pile with small spacing 
pieces of glass at the corners to insulate successive plates 
from one another. The glass plates serve merely as con- 
venient supports for the tin-foil coatings, the dielectric being 
the air between successive plates. The tin-foils on alternate 
plates are connected together to form the two sets of electrodes.* 

In another type, due to Lord Kelvin, f 45 brass plates, each 
10*13 cm. square, are prepared ; 22 form one electrode and 
23 the other. The plates of each set are suitably supported 
on metal rods, the second set of plates being at 45° to the 
first. With an air space of 3 mm. between successive plates 
the capacitance is about 0*001 microfarad. 

GiebeJ has constructed a precision flat plate condenser in 
which the plates are circular instead of square. Referring to 
Eig. 33 ( b ), the construction can be readily made out. The plates 
are of magnalium,§ 71 in number, each 1 mm. thick and 
20 cm. diameter ; 35 form one electrode and 36 the other, 
with a space of 2 mm. between successive plates. A bronze 
ring R ± is fixed to the base of the condenser and carries four 
adjusting screws which support a second bronze ring R 2 upon 
short cylinders of amber, B. Eour equally spaced brass rods, 
S l9 are screwed into R 1 and pass through clearance holes in 
R 2 . Eour other rods, S 29 midway between S x are fixed to J? 2 * 
The condenser plates are provided with eight holes, four being 
5 mm. diameter and four 12 mm. diameter, so spaced that 
the plates can be dropped over the rods. The condenser is 
assembled in the following way : a plate is put on the rods to 
rest on J? 2 , the rods S 2 passing through the 5 mm. holes. 
Distance tubes of a length to give 2 mm. air space are put on 
S l9 and a plate of the second electrode put on the rods with the 

* For a variety of simple condensers of this type, with and without guard 
rings, see W. E. Ayrton and T. Mather, Practical Electricity. 

t Lord Kelvin, Proc. Roy. Soc, Vol. 52, pp. 6-10 (1892-3) ; see also Diction- 
ary of Applied Physics, Vol. 2, pp. 655-656. 

% E. Giebe, loc. cit. 

§ Magnalium. — A light, strong alloy of aluminium and magnesium. 
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5 mm. holes on S v Distance tubes 5 mm. long are then 
slipped on $ 2 , and a second plate of the first set put on. This 
procedure is carried out until the whole condenser is assembled. 
A bronze ring, R 2 is then put on the holes in it fitting S 2 and 
clearing S l9 nuts on the top of S 2 clamping the set of plates 
between R 2 and R 2 . Suitable distance tubes are then put 
on and a ring 22/ added, the second set of plates being 
clamped between this and R 1 by nuts on S x . The air gaps 
between the two sets of plates are adjusted by moving the 
ring with its plates by means of the screws Q ; the two sets 
of plates are clamped together by the screws Q' insulated by 
amber rods B' . Terminals are attached to 22/ 22 2 ', the whole 
condenser being surrounded by a case joined to the ring It x 
and its associated plates. The condenser is about 30 cm. high, 
weighs 19 kilogrammes, sCnd has a capacitance of about 
0*01 mfd. It will break down at a voltage of 3,000. 

In a second type, Giebe uses 107 plates with 1 mm. air gaps. 
The breakdown voltage in this case is 900 and the capacitance 


0*03 mfd. 

The insulation resistance of condensers constructed on this 
plan is very high, being of the order of 10 9 to 10 10 ohms. 
If care be taken to remove dust in the condenser with 1 mm. 
gaps, and to dry the air by means of metallic sodium, the 
insulation resistance can be raised to 10 15 ohms. In illustration, 
such condensers, when charged at 120 volts, lose only 5 per 
cent of their charge in 8 days. 

Giebe’s condensers are very permanent in value, and his 
later researches ( see p. 113) have shown them to be practically 
perfect capacitances. They have a small temperature coeffi- 
cient, of the order of 2 or 3 parts in 100,000 per degree. 

In much standardizing work, units of larger capacitance are 
frequently required, and can be obtained by connecting several 
air condensers in parallel. As the total capacitance is not 
very large, the unknown capacitance of the leads used to 
connect the component condensers in parallel may cause an 
appreciable error in their combined value. In order that air 
condensers may be paralleled and have a definite capacitance 
equal to the sum of their separate values, Schering and 
Schmidt* have devised the principle illustrated in Fig. 33 (c). 

Sch .^ id t’ “ Ein Satz Normal-Luftkondensatoren mit 
(1912)^ Schaltmi S ska, P azitat ’ Ze%t8 - /• Inst., 32 Jahrgang, pp. 253 258 
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Their condensers are built on the plan of Giebe’s flat plate 
instruments, but differ in the arrangement of the ter mi nals. 
A base plate, forming one terminal of the assembled condenser, 
carries at its centre an insulated metal socket forming the 
second terminal. The condenser units contain two sets of 
plates, one connected to the case and the other insulated 
therefrom ; the insulated set bears a central socket above 
and a central spring spigot below. Any condenser can be 
piled on top of any other or on the base, the spigot pressing 
firmly in the socket ; to ensure central registration of each 
unit, the upper portion of each case is machined to fit 
interchangeably a recess in the base of the one above it. 

Their condensers had 20 cm. diameter magnalium plates with capaci- 
tances of 0*005 n F. (37 plates), 0*002 (15 plates), and two of 0*001 
(9 plates). The air spaces were 5 mm. in the first two condensers and 
5*8 mm. in the second pair. Tests were made by the Maxwell com- 
mutator method to measure the capacitances of the separate condensers 
and their combined values when assembled in various ways, as follows — 

Condenser ... A B C D 

Measured value . . 0*0010001 0*0010001 0*0019997 0*0050002 

Combination . . . A -{- 0 B -H C A+B+CA+B+C+D 

Measured value . . 0*0029994 0*0029994 0*0039990 0 - 009001 * 

Calculated value . . 0*0029998 0*0029998 0*0039999 0*0090001 

Plate condensers with a definite paiallel connected capacity have 
been made by Mr. Paul on a principle similar to that of Schering 
and Schmidt. 

Variable Standards. A continuous variation of capaci- 
tance is frequently required in bridge work, and is usually 
provided by a variable air condenser. In its commonest form, 
it consists of a set of fixed plates between which a set of 
moving plates can be passed, so that the active area of the 
condenser is continuously variable. The two sets of plates 
are generally approximately semicircular, as in Fig. 34, the 
moving set being rotated about a central axis so as to be more 
or less interposed within the fixed set. By proper propor- 
tioning of the plates, the changes of capacitance can be made 
over a wide range nearly proportional to the angle turned 
through by the moving plates, as the calibration curve shows. 

In the commonest construction, semicircular plates of sheet 
aluminium are used, set on rods with distance pieces between 
the plates so that they are properly spaced out. The rods 
supporting the fixed plates are fastened to the ebonite, cover 
of the condenser ; the moving plates are assembled on the 
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central spindle which passes through a bearing in the cover 
and bears an ebonite knob by means of which the plates can 
be rotated. The entire condenser is enclosed in a metal case 
or in a glass vessel lined with tin-foil, serving to screen the 
condenser from external electrostatic influences. In practice, 
it is best to join the moving plates to the case. (See page 112.) 



■li'nPoil-l/ned' 
glass case 


Moving J 

/ J 

^ Diagram to 

^ show construction 




Calibration curve of 


rotar y air condenser 


Movin g plates joined 


Plates separated | | Plates together 


80 100 
■Scale divisions 


of Rotar y air condenser . 

Fig. 34 . Variable Air Condenser and Calibration Curve 

This construction has many disadvantages. In course of 
time the upper bearing may wear and the moving plates 
descend somewhat, thus altering the value of the condenser. 
+ i~® best types, therefore, the shaft is supported in bearings 
at both ends, or, alternatively, in a properly fitted conical 
beanng at the upper end. The shaft is continued a sufficient 
distance through the cover, so that the presence of the hand 

w? T B ^ does not a PP^ciably affect the capaci- 
tance. Connection is made with the moving plates by a flat 

spiral spring, one end being soldered to the shaft and the 
other to a terminal fixed on the ebonite cover 

senTratefvTr °t ^ ^ the P lates are »<* *nade 

macw/ont^fr and then assembl ed, bat are 

sobd from magnalium castings in the 
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manner introduced by Seibt.* A stout construction is thus 
secured with air spaces of definite dimensions. The capaci- 
tance is indicated by a pointer attached to the central shaft 
moving over a scale marked on the ebonite cover. In the 
most accurate instruments the pointer carries a vernier, and 
a slow motion adjustment is provided by gearing the operating 
knob to the central shaft instead of attaching it directly 
thereto. f The scale is usually one of degrees and is calibrated. 
Such rotary condensers are made in various sizes, up to 
3,000 jLi/a F. 

Variable condensers are usually of the rotary pattern, 
though other types have been suggested. Lord Kelvin, for 
example, has described a form in which concentric cylinders 
are arranged to slide one within the other. Briggs J has made 
a condenser in which the air spaces are altered in thickness, 
but neither of these types is so convenient as the rotary 
pattern. 

13. High Voltage and Compressed Air Condensers. Bridge methods 
are sometimes used to measure the dielectric losses in power cables 
at high voltages. The standard condensers against which the cable 
samples are compared are air condensers suitably built to withstand 
the high voltage. 

Owing to the presence of dust streaks reducing the insulation resis- 
tance in air condensers charged at high tension, it is necessary to 
provide large air spaces ; hence the capacitance is usually small. 
Moreover, there will be brush discharges and corona losses necessitating 
special design to reduce the imperfections due to these causes. 
Monasch§ and, more recently, Semm|| have designed suitable con- 
densers. In these, care is taken to round off all sharp edges and to 
provide guard plates and screens, so that brush effects are reduced to 
a minimum ; both experimenters use the cylindrical pattern. 

The dielectric strength of air increases proportional to the pressure, 
and, at the same time, brush discharge and consequent losses at high 
voltage are much reduced. Condensers for very high voltages are 
sometimes made,** therefore, with a steel case so that the air within 

* G. Seibt, Jahrb. d. D. Tel ., Vol. 5, p. 407 (1911) ; Dictionary oj Applied 
Physics , Vol. 2, pp. 656-657. 

t See Schering and Schmidt, loc. tit., for a variable condenser of excellent 
design with a range from 0*0001 to 0*002 yF. 

{ L. J. Briggs, “ A new form of electrical condenser having a capacity 
capable of continuous adjustment,” Phys. Rev., Vol. 11, pp. 14-21 (1900). 

§ B. Monasch, Ann. der Phys., Bd. 22, pp. 905-942 (1907). 

j| A. Semm, Arch. /. Elekt., Bd. 9, pp. 30-34 (1921) ; also W. Petersen, 
Bochspannungstechnih , p. 92, 104 (1911). For a flat plate condenser used up 
to 10,000 volts, see C. A. Butman, Elec. World, Vol. 71, pp. 502-506 (1918). 
Also see G. B. Shanklin, Oen. Elec. Rev. vol. 19, pp. 842-853, 1916. 

** See F. Laws, Electrical Measurements, pp. 353-354 (1917) ; and Dictionary 
of Applied Physics, Vol. 2, pp. 123 (1922). 
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can be raised to a high pressure and these advantages secured. Though 
used in radio t elegraphy , condensers on this plan do not seem to have 
had much application in bridge work. 

14. Earth Capacity Effects and other Sources of Error in 
Air Condensers. The capacitance measured across the ter- 
minals of an air condenser is not simply the intercapacity 
between its electrodes, since/ for a given capacitance, the bulk 
of the condenser is so large that earth capacities of the 
electrodes cannot be neglected. The effects are extremely 
important when the capacitance is less than 100 p/j, F. It is 
shown on page 13 that the working capacity of a condenser 
is C = c 12 + (c 1 c 2 /(c 1 -f c 2 ) ), where c 12 is the intercapacity 
between the electrodes, c x and c 2 being the capacities of the 
electrodes to earth. In practically all air condensers a metallic 
screen or case completely surrounds the electrodes, and can, 
at will, be joined to one or other set of plates or simply left 
free. It is usual to connect one electrode to the case, in rotary 
variable condensers the moving system being so joined and 
the case arranged to be as near earth potential as possible. 
By this means the working capacity of the condenser will be 
but slightly influenced by the presence of the hand upon the 
operating knob, In this instance the terminal capacity is 
G = o 12 + c x simply. 

In any particular arrangement of electrodes and screen the 
effects of earth capacity can be readily allowed for by (Midi's 
method of making three measurements from which c t9 c 2 and 
c 12 can be found. Let the condenser have three terminals, 
1, 2, 3, connected respectively to the two electrodes and the 
case. Measure the capacitance between 1 and 2, (a) with 1 
connected to the case, and ( b ) with 2 connected to the case. 
In (a) the measured capacitance is C a = c 12 + c 2 , and in (b) 
is C b — c 12 + . Now join 1 and 2 together and measure 

their combined capacitance to the case, i.e. C c = c x + c 2 . 
Then from these three measurements, c l9 c 2: and c 12 are easily 
calculated, and thence the working capacity for any method 
of connection. ' 


In a test recorded by Orlich* the following values were obtained : 

r-~*. 7 F ’ Z 24 ** w F -’ and c o = 9*0 lip F., from which 
£ V* F * s 5 ^ F *’ Cl2 = 20 * 35 W ^ With both electrodes 

a 6 TIT’ C ~ 22-53 which exceeds c 12 by 

over 10 per cent due to the earth capacities. 


HL Orlich, JCapazitdt und Indulctivitdt, p. 179. 
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This example shows the extreme importance of specifying 
exactly the arrangement of the connections to the terminals 
and case of an air condenser, owing to the large effect of earth 
capacities. 

In precise work, air condensers are found to possess certain 
small imperfections due to three distinct causes. If it were 
possible to arrange that the dielectric between the plates were 
entirely air, the condenser would be quite free from dielectric 
loss (at ordinary voltages) and would behave as a perfect 
capacitance. It is necessary to support the plates and to 
insulate them from one another by pieces of solid dielectric in 
which, under alternating voltage, some absorption loss is bound 
to occur. Hence the amount of solid dielectric in an air 
condenser should be kept down to the absolute minimum, and 
should be made of some material having low absorption ; 
it should be so placed that it lies in a weak electric field. 
Ebonite, or, better still, amber or quartz, are suitable materials. 
The imperfection occurs not only in the dielectric of c 12 but 
also in the dielectric interposed in c ± and c 2 , the earth capacities. 
Hence in variable condensers the ebonite top should be made 
of the best possible material. 

A second cause of imperfection is faulty insulation resistance. 
Hence the solid materials employed should be very good 
insulators. The materials mentioned are excellent for the 
purpose, but ebonite is rather liable to deteriorate under the 
action of sunlight and dust, especially when used for the tops 
of variable condensers ; amber or quartz are free from this 
objection and, in addition, keep their shape more permanently 
than ebonite, which in time yields to pressure, especially under 
the action of heat. To avoid faulty insulation in the air 
between the plates, some drying agent should be kept within 
the condenser case and the air should be freed from dust. 

The third cause of imperfection lies in the resistance of 
connections within the condenser. Even if the condenser 
itself be perfect, internal resistance of connections will occasion 
losses and produce imperfection. This defect is most frequently 
encountered in variable condensers in the connection between 
the terminal and the moving plates. A properly designed 
flat spring device mentioned above overcomes the difficulty. 

The researches of Giebe and Zickner* on the causes of 

* E. Giebe and G. Zickner, “ Verlustmessungen an Kondensatoren,” Arch. 
/. Elekt., Bd. 11, pp. 109-129 (1922). 
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imperfection in condensers have shown that in precise work 
no air condenser can be considered absolutely perfect, but 
that by proper attention to construction, to insulation and 
to connection in use, a very close approximation to an ideal 
condenser can* be secured, in which the imperfections are too 
slight to be taken into account in any but the most refined 
experiments. 


15. Liquid Condensers. The capacitance of air condensers is usually 
small, tout can toe increased by making the case leak-proof and filling 
it with a suitable oil. This is frequently done in the case of rotary 
variable condensers when larger capacitances are required. A suitable 
dl is paraffin* of high boiling point, thoroughly dried before being put 
into the condenser. The capacitance is approximately doubled, but 
there isa small dielectric loss. Castor oil is not so satisfactory, for, 
although it multiplies the capacitance about four times, the power- 
factor of the condenser greatly increases at high frequencies. Paraffin 
is practically free from frequency effects. 


16 . Condensers with Solid Dielectrics. General. The capacit- 
ance obtained in fixed-value air condensers is small, being of the 
order of a few hundredths of a microfarad or less, and the 
much larger values frequently required in bridge work cannot 
be obtained without an enormous increase in the number of 
electrodes and consequent bulk of the condenser. In order to 
overcome these defects, high value condensers are constructed 
with some solid dielectric, having a dielectric constant greater 
than that of air and of high breakdown strength, so that very 
thin layers of dielectric can be interposed between the plates, 
with a consequent increase in capacitance. In practice, many 
sohd materials are used in the manufacture of condensers, 
glass, ebonite, waxed paper, mica, but the two materials 
last named are the only ones used in condensers which are to 
serve as standards. | Both paper and mica are easily obtain- 
able m the form of very thin sheets and have a high breakdown 
strength, especially in the case of the latter material. 

Condensers made with solid dielectrics show certain imper- 
fections when used with alternating current, due to energy 
losses produced by dielectric hysteresis, imperfect insulation, 
and internal resistance. If a condenser be charged with a 

“ ° f A PP lied ? h y s i™, Vol. 2, p. 123. Also S. H. Anderson 

dStric - plTll of a condenser with kerosene for the 

aieiectric, Rhys. Rev ., Vol. 34, pp. 34-39 (1912). 

\Tt^U^r and 0ther materials * ee Dictionary of Applied 
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certain quantity of electricity arid in then discharged, the 
discharge is found to consist of two parts: (i) the so-called 
free charge, which is given up during the first instants of the 
discharge period ; and (ii) the bound charge, which is only 
given up very slowly as the short-circuit between the condenser 
plates is continued. This bound charge may be a considerable 
fraction of the original charge in the condenser and may take 
days to be completely removed. The phenomenon has its 
seat in the physical nature of the dielectric and is referred 
to as absorption ; many theories have been advanced in 
explanation of absorption, hut it cannot be said that the laws 
governing it are very well understood. 

If, now, an absorptive condenser be taken through a cyclic 
charge and discharge, as in an a.c. circuit, the absorption 
occasions a dissipation of energy, since the charge admitted 
into the condenser in one interval of time is not entirely 
returned in the next discharge interval. If the instantaneous 
value of the charge throughout a cycle be plotted as a function 
of the instantaneous charging voltage, a closed curve will 
result, the area within the curve representing energy lost per 
cycle due to absorption effects. By analogy with a similar 
effect in ferromagnetism the phenomenon is referred to as 
dielectric hysteresis. The importance of the effect will increase 
at high frequencies. 

Energy is also dissipated in condensers due to leakage 
conductance through the dielectric or over the insulation 
between the terminals. Again, ohmic resistance in the 
internal connections to the plates, or, at high frequencies with 
thin plates,* in the electrodes themselves, will also produce 
losses. 

In a general way, all these losses are taken together and are 
referred to as the condenser energy loss. In consequence, the 
current through such an imperfect condenser will not lead on 
tins applied voltage by rrj 2, but will differ therefrom by an 
angle 0, called the phase, -difference or loss angle of the condenser. 
The angle 0 is a measure of the imperfection of the condenser, 
since it depends upon the losses therein ; the power-factor is 
clearly sin 0 and will depend on the frequency. A perfect 
condenser is one in which there is no energy loss, so that 

* 4, d Coffin, “ The effect of frequency upon the capacity of absolute 
eondenem,” Phys* Bm, Vol. 2$, pp. 12S-1SJS 

$—( 5225 ) 
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6 = 0 ; this ideal is very nearly attained in a condenser with 
air or other gas for the dielectric. 

So far as its effect in an a.c. circuit is concerned, an imperfect 
condenser can be represented by a perfect capacitance in 
combination with a resistance. The equivalent capacitance 



P r 


w 


Fig. 35. Illustrating the Circuits Equivalent to an 
Imperfect Condenser 

and resistance can be arranged either in series or in parallel. 
. e resistance is chosen to dissipate the same power as in the 
imperfect condenser, and in combination with the capacitance 
to give the same phase-difference. The equivalent series 
arrangement is usually more convenient in practice, but the 
parallel arrangement is sometimes useful ; both are illustrated 

111 Jblg. do. 

In the case of the series circuit. Tig. 10 gives 2 = p -(jlcoG,) ■ 
from which, numerically, p yJI sl ’ 

tan <f> = l/apC, 

®\ nd tan 9 = copG s 

Tor small values of 6 , as in good condensers, 

cos <j> = sin 6 tan 9 


Chap. HI | 


APPARATUS 


117 


In the parallel circuit, Fig. 10 shows that 

* = W{l~j M C v W)l(\ 4 -to*G*W*); 

bo that, numerically, 

tan </> o)WC P 

tan 0 1 1 a> W (J v . 

The two systems are very simply related ; clearly the effec- 
tive resistances ami reactances of the two circuits must bo 
equal, i.e. 

p « JK/(I j ur(J*W r ) ami IjofiC, C 9 W*/(l I wV, 1 IF 2 ), 
so that 

W p(l ! o) , r ‘ ; , p2 )aml (!„ C,/(l | coHJ.Y). 

With good comiensers, tan 0 is small, so that 
C p ■= C, and IK = pjuAOffA ; 

hence the equivalent capacitance is then approximately the 
same whichever circuit Iks assumed, and IV is a very largo 

resistance. 

The importance of the phase-difference, 0, as an index of 
the perfection of a condenser cannot be over-emphasized , since 
it is the best single test which can be made of the suitability 
of a eohdenser to serve as a standard. In a good condenser, 
e.g. a mica standard, 0 is a very small angle ; in a poor con- 
denser 0 may be large, even several degrees. A large phase- 
difference is usually accompanied by instability of the condenser 
and by large variations of capacitance with frequency and 
temperature. The measurement of 0 involves certain diffi- 
culties and necessitates special methods, which are dealt with 
in Chapter IV (me also p. 280). 

17, Paraffined-paper Condensers. Condensers of largo cap- 
acitance, say up to 20 microfarads, are conveniently made 
with paper for the dielectric. A thin, tough paper, free from 
loading materials, is used, and after being thoroughly dried 
is impregnated with paraffin wax. Other materials, such as 
beeswax, oil, and shellac are sometimes employed, but are 
usually less satisfactory. The plates of the condenser are 
sheets of tin-foil, alternate sheets being joined together to 
form the two electrodes. Between each pair of tin-foils, two 


118 


A.G. BRIDGE METHODS 


[ Chap . Ill 


or three sheets of paraffined paper are put, the completed 
condenser being compressed to form a solid mass, and frequently 
confined between wood or metal clamping plates. 

While paraffined paper condensers are very useful in bridge 
work, they suffer from certain serious defects which render 
them unsuitable as reference standards of capacitance, con- 
densers with mica dielectric being vastly superior, both from 
the point of view of permanence and of freedom from dielectric 
imperfections. If frequently calibrated, they serve quite well 
in ordinary testing work, but are particularly useful in cases 
where accuracy and perfection are not requisite, e.g . in wave- 
filters, oscillator circuits, etc., especially when large capacitance 
is required, since large mica condensers are extremely costly. 

On account of the fact that paraffined paper condensers arc 
less constant than mica condensers, and have much larger 
phase-differences and frequency errors, Grover* concludes that 
paper condensers form poor standards of capacitance. More- 
over, it does not seem that any definite rules can be formulated 
to say, in general, how paper condensers behave with changes 
of frequency and temperature. The following facts are, 
however, fairly well established for condensers used in bridge 
work, though commercial condensers may depart very 
considerably from these rules. 


(i) The changes of capacitance with frequency and temperature are 
greater than for mica condensers. 

(ii) The capacitance usually diminishes with increase of frequency, 
the variation with frequency being greater at higher temperatures, 

(iii) At constant frequency the capacitance generally falls with rise 
of temperature. In a condenser of small phase difference the tempera- 
ture coefficient of capacitance is usually negative and is nearly constant, 
not exceeding about — 5 parts in 10,000 per °0. In condensers of large 
power-factor the temperature coefficient may be positive, or may 
change from negative to positive, its value increasing considerably at 
high temperatures and low frequencies. 

(iv) The phase difference, and hence the power factor, depends 
very much on the materials used in the condenser, and particularly 
on the dryness of the paper dielectric. Grover found values of the 
phase difference ranging between 6' and 22° in good and in poor 
condensers respectively, corresponding to power-factors between 0*001 7 
and 0*37. The values in poor condensers rise rapidly at low frequencies 
and high temperatures. 


* F. W. Grover, “ The capacity and phase-difference 
condensers as functions of temperature and frequenev, 
VoL 7, pp. 495-578 (1911). * 


of 

»> 


paraffined paper 
Bull. Bur. 
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In Pig. 36 curves are drawn to show the comparative 
behaviour of good and poor paraffined paper condensers over 
a range of temperature and frequency, the values being taken 
from Grover’s paper just cited. 

18. Mica Condensers. Although fixed-value air condensers 
form the ultimate reference standards in bridge measurements, 
mica condensers are the usual working standards, since they 
can be made of adequate capacitance with small bulk. They 
can be constructed in such a way as to have very small 
imperfections, and their variations with temperature and 
frequency are regular and definite. 

Mica* has the advantage that it can be split into very thin 
plates of very great crushing strength, and has very large 
electrical constants. Specimens 0-1 mm. thick have a dielectric 
strength of about 1*2 x 10 6 volts/cm. ; the dielectric constant 
lies between 4 and 8, and the insulation resistivity is exceed- 
ingly high. The mica used for the construction of standard 
condensers is of the best clear ruby variety and is split into 
very thin sheets. As it is not possible to obtain very large 
sheets, a considerable number of thin laminae are required to 
make even a small capacitance ; for example, a 0-1/j P. 
condenser made in the City and Guilds College laboratories 
had 20 sheets of mica, each 8*0 cm. x 6*5 cm. and 0-05 mm. 
thick. Moreover, the material is expensive, so that mica 
condensers are not usually made of greater capacitance 
than 1/tF. 


he sheets of mica are arranged in a pile with alternate 
sheets of tm-foil, the operation being carried out under melted 
paraffin wax. All trace of moisture must be carefully removed 
and air bubbles must be excluded. The assembled pile is then 
taken out of the wax and is squeezed so that much of the 
wax is removed, the smallness of the temperature coefficient 
^ °i? er P ro P erties of the condenser depending very con- 
aderably on the amount of paraffin left between the plates. 
The completed condenser is then adjusted to its approximately 

Srihter d ^ clan f ed ^tween stout brass or 

plrmanent t v fl ] 1Ce ™ clam P ed condensers do not remain 
permanent m value. The two sets of electrodes are soldered 
to smtable connecting leads, and the condenser is sealed up to 

or magnesia (Biotite)!^ ItisTound in' the a *’? n “ la V* 1 P otas ^ (Muscovite) 
crystals which cleave readily c (pseudo -hexagonal) 




Chap. Ill ] 


APPARATUS 


121 


an air-tight case to prevent it from absorbing moisture from 
the atmosphere. 

Another process of construction is sometimes, adopted in 
•which the tin-foil plates are done away with, the electrodes 
being formed of a coating of silver deposited chemically upon 
the mica laminae. Such condensers, however, show somewhat 
erratic changes of capacitance, especially when tested at 
different voltages. These instabilities have been traced to 
deposits of silver upon flakes of mica not properly attached 
to the main deposit. 

A very thorough investigation of the properties of mica 
condensers has been made by Curtis,* in order to determine 
the conditions under which they can he used as reliable working 
standards of capacitance. He shows that, although several 
condensers may have different properties from one another, 
any individual condenser behaves in quite a regular 
and definite way under specified physical conditions. His 
conclusions are summarized below — 

(i) The capacitance diminishes with increase of frequency, the rate 
of decrease becoming small at high frequencies. Curtis calls the 
limiting value to which, the capacitance tends as the frequency 
approaches infinity, the geometric capacity, since it depends only on 
the dimensions of the condenser and the dielectric const ant. In. a good 
condenser, with a small phase difference, the change with frequency t 
from 50 up to about 2,000 cycles per second may he about 1 part in 

1.000 ; but in poor condensers it may he three or four times as much- 

(ii) The temperature coefficient of capacity { at constant frequency 
is generally negative, the capacitance falling from 1 to 3 parts in 

10.000 per °0. rise. If much paraffin he left between the plates, 
abnormal values as high as 10 in 10,000 may occur ; Curtis has shown 
that by squeezing out much of the paraffin, the temperature coefficient 
can. be reduced, and may be made zero or even caused to become 
positive. Since the dielectric of mica and wax is a poor conductor of 
beat, a condenser will only slowly attain the temperature of its sur- 
roundings ; for this reason the N.P.L. keep mica condensers in a 


* H. L. Curtis, <c Mica condensers as standards of capacity,” Bull. Bur, 
£fefo., Vol. 6, pp. 431-488 (1910) ; also F. W. drover, “ Simultaneous measure- 
ment of the capacity and power factor of condensers,” Bull. Bur. Stds., 
Vol. 3, pp. 371-431 (1907). ^ 

•f See also B. V. Hill, Phys. Rev., Vol. 26, pp. 400—405 (1908); and S. 
Butterworth, “ On the use of Anderson’s bridge for the measurement of tho 
variations of the capacity and effective resistance of a condenser with 
frequency,” Proc. Blkys. Soc., Vol. 34, pp. 1—7 (1922). 

J See E. ML Terry, Phys. Rev., Vol. 21, pp. 193—197 (1905) ; also D. Owen 
iVoc. Phys. Soc., Vol. 27, p. 52 (1915). 
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constant temperature room for 24 hours before making measurements. 
With silvered mica condensers the temperature coefficient is small 
and positive. 

(iii) The phase difference of a good condenser at normal temperatures 
and frequencies may lie between 1' and 5', corresponding to a power 
factor between 0-0003 and 0-0015. Values as low as 0-0001 are some- 
times met with in the very best condensers. The phase difference 
increases with rise of temperature and with fall of frequency. Abnormal 
values of 6 are not infrequently found in small condensers and are a 
sure indication of poorness of quality. 

(iv) Finally, a mica condenser forms a very permanent standard ; 
its capacitance will remain constant within 1 or 2 parts in 10,000 for 
years. The temperature and frequency variations are definite and 
regular, and can he made quite small. Mica condensers should always 
be firmly clamped ; the tests made by Curtis show that undamped 
condensers are unstable and are affected by changes of atmospheric 
pressure. Clamped standards are but little affected by pressure 
changes. 


In Eg. 36, characteristic curves for a good condenser are 
shown, from which the reader may see how nearly th© above 
rules are followed in an actual example. 

19. Grouping of Condensers in Working Standards. Standard 
condensers are arranged in a variety of ways according to the 
uses to which they are to be put. Single value mica standards 
are frequently used, a mica condenser being sealed up in a box 
provided with suitably insulated terminals. In most bridge 
work a subdivided condenser is very convenient ; several mica 
condensers, totalling 1 microfarad, are assembled in a box. 
A system of blocks and plugs enables the sections to be com- 
bined in any desired fashion, one such arrangement being 
shown in Eg. 36. In this the condensers may be grouped in 
series or parallel, or any section can be discharged. Simpler 
plug arrangements are sometimes provided by which the 
parallel grouping only is possible, the same end being also 

served by a suitable system of dial switches and contact 
blocks. 

The plug arrangement has a disadvantage when applied to 
small condensers, that the capacitance of the blocks is included 

St+i m T S if ement | and the error is differ^ for various 
settings of the condenser. Such small condensers are fre- 

of tprm* r^ounted together in a box, each having its own pair 
thele^poksihle * COimeCtion ca P ad tances are reduced to 
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SOURCES OF ALTERNATING CURRENT 

20. General Remarks. On page 6 it has been shown that 
the modern alternating current bridge is developed from the 
older ballistic bridge to which some rotating commutator, 
such as a “ secohmmeter,” has been applied in order to increaso 
the sensitivity of adjustment. Such a commutator supplies 
the bridge with a current which is periodically interrupted or 
reversed, and, together with its battery, may be looked upon 
as a crude form of periodic or alternating current source. 

Another simple device, which is much used in rapid laboratory 
tests, is the “ buzzer,” shown in Fig. 37 (a) . This piece of appar- 
atus is the same in principle as an ordinary trembler bell, a 
rapidly vibrating armature making and breaking the current 
supplied to the bridge.* This current may also act as the 
maintaining current of the buzzer, as the diagram shows, or 
two independent currents may be used. The frequency of 
interruption is not usually very steady, and the armature is 
easily put out of adjustment. Hence, a buzzer is unsuitable 
in any case where the bridge balance conditions or the 
sensitivity of the detector depend upon constancy of frequency. 

In all precise measurements with modem bridge methods 
it is usual practice to use a vibration galvanometer tuned to 
a definite frequency. Moreover, in many bridges the condi- 
tions of balance depend upon the frequency of the applied 
current. Hence, an ideal source of alternating current should 
have a constant and known frequency. The wave-form of 
the current should preferably bo sinusoidal, so that methods 
in which balance depends upon frequency can be used 
with telephones, and also in order that tests may be carried 
out under simple, known wave-form conditions. Absolute 
purity of wave-form is not so very essential if the source is 
to be used in conjunction with a tuned detector, owing to the 
enormous sensitivity of such an instrument to the frequency 
for which it is tuned and its insensitiveness to all others. 

21. Interrupters. A very common source of current with 
a constant, known frequency is a small induction coil or 
transformer in combination with an interrupter. The bridge 
current is taken from the secondary winding ; the primary 

* Sir K. Parlewitz, “ Kloktriwibo Hignnlhupnon,” Slrkt. Zritn., 20 ./hIimmik, 
Pf>. 440-4SO (1908). 
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circuit contains a battery and an interrupter working at a 
constant frequency.* 

A simple interrupter is an electrically maintained tuning 
forkf of suitable frequency, operating a contact by means of 
which the primary circuit is regularly opened and closed (see 
Fig. 37 (b) ). The frequency is fixed by the pitch of the fork and 
is, therefore, very constant ; the wave-form at the secondary 
terminals is not sinusoidal. Frequencies lying between 5 and 
about 1,000 cycles per second are obtainable. 

Instead of using a tuning fork as the source of constant 
frequency oscillations, a stretched wire is often employed. 
The arrangement is then called a “ string ” interrupter, and 
was first extensively used by Max Wien 4: In its simplest 
form, a string interrupter consists of a thin iron or steel wire 
stretched over two bridges which determine its vibrating 
length. The natural frequency of the wire is adjusted by 
varying the distance between the bridges and by altering 
the tension of the wire by means of a screw (see Fig. 37 (c) ). 
Near the middle of the wire two platinum contacts are attached 
so that, when the wire is at rest, they just touch the surface 
of mercury contained in two adjustable cups. Over the centre 
of the wire an electromagnet is fixed, its exciting winding 
being connected in series with a battery through the left-hand 
half of the wire and the corresponding mercury cup. The 
right-hand mercury cup is used to act as an interrupter in the 
primary circuit of the induction coil. 

The action of the apparatus is simple. Current flowing in 

* J). Dvor&k, “ Ueber verschiedeno Arten selbthatiger Stromunterbrecher 
imd deren Verwendung,” Zeits. f. Inst., 11 Jahrgang, pp. 423-439 (1891). 

t For various methods of electrically maintaining a timing fork, see S. P. 
Thompson, “ Note on a mode of maintaining tuning forks by electricity,” 
Proc . Phys. Soc ., Vol. 8, pp. 72-76 (1.887) ; W. G. Gregory, “ On a method 
of driving tuning forks electrically, * 9 Proc. Phys. Soc., Vol. 10, pp. 288-290 
(1890); W. H. Eceles, “The use of the triode valve in maintaining the 
vibration of a tuning fork,” Proc. Phys. Soc., Vol. 31, p. 269 (1919) ; S. 
Butterworth, “ The maintenance of a vibrating system by means of a triode 
valve,” Proc. Phys. Soc., Vol. 32, pp. 345-360 (1920). Also, H. M. Dadounan, 
“ On the characteristics of electrically operated tuning forks,” Phys. Rev., 
2nd series, Vol. 13, pp. 337-359 (1919). , 

f F. Nierndller, “ Ueber einen nouen Stromunterbrecher, Ann. der l hys,, 
Bd. 6, pp. 302-304 (1879). Max Wien, “ Das Telephon als optischer Apparat 
zur Strommessung,” Ann. der Phys., Bd. 42, pp. 593-621 (1891), Bd. 44, 
pp. 681-688 (1891) ; “ Messung der Inductionsconstanten mit dem optische 
Telephon, 9 ” Ann. der Phys., Bd. 44, pp. 689-712 (1891). For the theory of 
maintained oscillation of a wire, see S. Butterworth, On electrically 
maintained vibrations,” Proc. Phys. Soc., Vol. 27, pp. 410—424 (1915). 


126 


A.C. BRIDGE METHODS [ Chap . Ill 

the winding of the electromagnet magnetizes the latter and 
attracts the iron wire pulling it upward. This breaks contact 
at the left-hand cup, whereupon the wire flies back and re-makes 
the maintaining circuit. The monocord is thus maintained in 
continuous vibration, in the course of which the contact at 
the right-hand cup is made and broken, so that the primary 
of the induction coil carries an interrupted current. Sparking 
at the surface of the mercury is minimized by the use of the 
shunt resistances shown in the diagram, or by covering the 
mercury with a layer of paraffin oil. A range of frequency 
from 50 to 500 cycles per second can be obtained. 

Cohen* has described a slight modification of the string 
interrupter which enables it to be used for the production of 
alternating as distinct from interrupted current. The apparatus 
is similar to that just described. A steel wire, the tension and 
length of which can be varied, carries at its centre a soft iron 
armature and the two platinum contacts. The maintaining 
magnet is of horse-shoe form and can be adjusted relatively 
to the wire until steady vibrations are produced. 

In the first diagram (Fig. 37 ( d ) ) the device is used as an interrupter, 
the frequency being adjustable between 20 and 500 cycles per second 
by altering the position of the bridges and the tension of the wire. 

The second diagram shows how the interrupter may be used to 
produce damped high frequency oscillations. The wire is maintained in 
steady vibration, so that it makes and breaks the circuit of a battery con- 
nected to an oscillatory circuit composed of an inductance and con- 
denser in parallel. Each time the interrupter breaks contact a train of 
damped waves is produced in the oscillatory circuit, the frequency of 
the waves depending only on the value of inductance and capacity 
used. There is no oscillation on making the contact, since the main- 
taining battery acts as a short-circuit to the oscillating portion of the 
circuit. The wave form of the current in the secondary consists of 
a series of damped oscillations of a known frequency, the trains of 
waves following one another at the frequency of the interrupter. The 
particular instrument described can be used to produce oscillations 
varying between 560 and 2,500 cycles per second by simple adjustment 
of the inductance and capacity of the oscillatory circuit, the interrupter 
working at a constant rate. 

By arranging two oscillatory circuits tuned to the same frequency, 
and suitably proportioning the inductances, capacitances, and resist- 
ances, the secondary oscillations can be made to be nearly continuous 
and approximately' sinusoidal, as the third diagram shows. 

* B. S. Cohen, “ The production of small variable frequency alternating 
currents suitable for telephonic and other measurements,” Proc. Phys. Soc., 
V61. 21, pp. 283—297 (1910). For another variant see Dictionary of Applied 
Physics, Y 6 1, 2,pp. 395-396. 
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The reader is referred to Cohen’s paper for a detailed description of 
the uses of the apparatus in telephonic research, and for the excellent 
series of wave-form oscillograms taken with the interrupter working 
under various conditions. 


The disadvantage of the string interrupters hitherto described 
is that the maintaining circuit which is made and broken by 
the vibrating wire is highly inductive, since it contains the 
windings of a powerful electromagnet. Hence there will be 
troublesome sparking at the surface of the mercury in the 
contact cups. In order to avoid this trouble, Arons* has 
introduced a type of interrupter in which the wire is made 
of copper and lies in the field of a strong permanent magnet. 
The mercury contacts are only called upon to break the slightly 
inductive circuit of the wire itself. Orlich j - has improved this 
instrument, in the pattern used at the Physikalische Reichs- 
anstalt, by the use of an electromagnet and various devices 
by means of which the frequency may be accurately adjusted 
(Pig. 37 (e) ). The direction of the maintaining current in the 
wire should be such that the force acting on the wire tends to 
move it upward out of the magnetic field ; the circuit is then 
broken and the wire flies back, and so on, so that the oscilla- 
tions are maintained. Any small spark at the contacts can 
be suppressed by the connection of resistances (or condensers) 
across the cups, as shown. A frequency of about 500 cycles 
per second can be obtained. 

The output of string interrupters is not very large, but is 
usually sufficient for a bridge measurement. The frequency 
is easily controlled and is reasonably constant. In the Orlich 
pattern, care should be taken not to pass an excessive current 
along the wire, since the consequent heating and slackening of 
the string will cause the frequency to alter considerably. This 
will be particularly troublesome when sharply -tuned vibration 
galvanometers are in use, causing an enormous fall in 
sensitiveness. 

22. Microphone Hummers. The microphone, which is so 
much used in telephony for the production of speech currents, 
forms a useful source of alternating current for bridge work. 


* L. Arons, “Em neuer electromagnetischer Saitenunterbrecher,” Ann. dcr 
Phys Bd. 66, pp. 1177-1178 (1898). 1 ^ 

t E. Orlich, “ ttber Selbstinduktiononormale und die Messung von 
Selbstinduktionen,” Elekt. Zeits., 24 Jahrgang, pp. 502—506 
“ Saitenunterbrecher,” Zeits. f. Inst., 24 Jahrgang, pp. 126 7 J^-fip0^)| BRA& 
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In principle the microphone consists of a hollow chamber or 
capsule containing granules of carbon in loose contact with 
one another. Mechanical vibrations, even of very small 
amplitude, acting upon the microphone produce very large 
alterations in the electrical resistance of the contacts between 
the granules. Hence, by subjecting a microphone to suitable 
mechanical vibrations and connecting it in series with a 
battery, the current through it will be made to vary. This 
varying current can be arranged to act upon the source of 
vibrations in such a way that the oscillations are maintained. 
Such a device is then called a “ microphone hummer,” and 
forms a convenient source of alternating current. 

In its simplest form, a hummer can be made by placing a 
microphone transmitter opposite the diaphragm of an ordinary 
magnetic telephone receiver (see Fig. 38 (a ) ). The microphone 
is connected in series with a battery and the primary of a 
transformer ; the secondary of the transformer is connected 
to the receiver. The action of the apparatus is then as follows : 
An external disturbance — a stray sound, or some change in the 
battery circuit — acting on the microphone will change the cur- 
rent through it. This change of current will produce a transient 
current in the secondary circuit, and will cause a movement of 
the telephone diaphragm. Sound waves will be emitted and 
will fall upon the microphone, producing further transient 
changes in its resistance and in the current through it, these 
reacting on the telephone via the transformer ; and so on. 
The system, once disturbed, will continue in action and will 
emit a loud note, the frequency of which will depend upon 
the length of the air column between the telephone and micro- 
phone, and upon a variety of other circumstances.* An addi- 
tional winding on the transformer will provide current for the 
bridge. 

Unfortunately, the frequency of a simple hummer is not very 
constant, and is much affected by external effects. Larsenf 
has shown (Fig. 38 ( b ) ) that the action can be made much more 
definite by joining the microphone to the telephone by means 
of a tube. The air column is now confined, so that external 
effects are small ; the action can be adjusted until the best 


pp* 388 -395 (1902)° ^ * humming telephone,” Journal , I.E.E., Vol. 31, 

Qi * Larsen ’ £t A new frequency generator,” Elecn., Vol. 67, p. 827 
(lyilj. 
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conditions are found by means of a tuning tube sliding upon 
the connecting pipe. Still further improvement can be secured 
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Fra. 38. — Microphone Hummers 

by t unin g, in addition, the column of air behind the dia- 
phragm of the telephone receiver. Frequencies lying between 
600-1,100 cycles per second are obtainable. 

Dolezalek* has greatly improved the microphone hummer 


' * F. Dolezalek, “ Messemrielitung zur Bestimmung der IndiAtions- 
konstanten und des Energieverlustes von Wechselstromapparaten, Ziei ta. J. 

Inst 23 Jahrgang, pp. 240-248 (1903). 
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by combining in one piece of apparatus the telephone and 
microphone elements (see Fig. 38 (c) ). In this instrument a 
telephone diaphragm carries at its centre a small microphone 
consisting of a silk bag filled with carbon granules. The dia- 
phragm is made of thin sheet iron and stands above a cylindrical, 
hollow, permanent magnet surrounded by a coil. When the 
diaphragm is set in motion, the resistance of the microphone is 
changed and the current from the battery varied. By the 
action of the transformer, currents will flow in the coil and will 
affect the magnet in such a way that the motion of the dia- 
phragm is maintained. The frequency is very constant and 
can he adjusted by substitution of diaphragms of different 
thicknesses ; a range of from 300 to 1,000 cycles per second is 
covered. The secondary circuit is frequently tuned by means 
of a condenser so that the maximum effect is obtained. The 
resulting oscillations are very nearly sinusoidal. 

In the hummers just described, the microphone currents are 
used to maintain in vibration the diaphragm of a telephone 
receiver ; they can, however, he used to act in a similar way 
upon quite other dynamical systems. For example, a common 
arrangement is a tuning fork maintained in oscillation by the 
microphone current. The fork* acts on the microphone, 
in series with which is the primary of a transformer. The 
secondary winding is joined in series with the maintaining 
magnet, and an additional winding provides the bridge current. 
The forkf usually has a frequency of 800 or 1,000 cycles/second 
and forms a very constant source of current. The output is 
a fraction of a watt (see Fig. 38 ( d ) ). 

A further development of the tuning fork hummer is the 
vibrating bar hummer of A. Campbell. J In this (Fig. 38 (e) ) 
the vibrating element is a steel har 2-5 cm. diameter and 
23-7 cm. long, supported upon knife-edges at two nodal points. 
At one end the har carries a microphone button, the microphone 
being connected in series with a battery and the primary of a 
small transformer. Beneath the centre of the bar a magnet 


, . For other arrangements, see R. Appleyard, A new method of electrically 
driving tuning forks,” Tel. J. and Elec. Rev., Vol. 26, p. 67 (1890). J. E 
Taylor, Journal I.E.E., Vol. 31, pp. 395-398 (1902). F ^ 

inn F ° r i pr , ecauti ° n ? ne °essary to attain success with low frequency (50 to 
100 cycles/second) hummers, see A. Campbell, “ A note on low frequency 
microphone hummers,” Proc. Phys. Soc., Vol. 31, p. 84 (1919). 4 * 

** 0l i the ® lectric inductive capacities of dry paper and of 
solid cellulose, Proc. Roy. Soc . A., Vol. 78, pp. 196-211 (1907). 1 
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is fixed, a coil wound upon it carrying current from the 
secondary of the transformer and serving to maintain the 
vibrations of the bar when once started. Tuning condensers 
are connected in these circuits as shown. Current for the 
bridge is taken from a third winding on the transformer, an 
earthed screen being put between the two secondaries so that 
errors due to earth capacity are avoided when the hummer is 
used on a bridge. 

With a bar of the dimensions given, a frequency of about 

2.000 cycles/second is obtained ; other bars can be substituted 
and a range of frequency from 500 to 3,000 cycles/second, or 
higher, covered. The frequency depends only on the physical 
properties of the bar and is constant within 1 or 2 parts in 

1.000 ; the wave-form is practically pure, though the output 
is small. By resonating the circuit which supplies the bridge 
it is possible to obtain 50 to 100 volts on the supply terminals, 
which is useful when high impedance networks are used. 

Another simple use of the microphone is found in the reed 
hummer, used in the British Post Office. This instrument is 
identical with an ordinary hummer, the telephone diaphragm 
being replaced by a vibrating steel reed carrying the microphone 
button. The action is just the same as that of the telephonic 
device. 

23. Alternators. As will have been gathered from the 
above remarks, the output required from a source of current 
for bridge work is not very great, the interrupters and hum- 
mers described above usually supplying sufficient output for 
most purposes. For much laboratory work, especially when 
outputs somewhat larger than those given by these devices 
are required, a small motor-driven alternator forms a con- 
venient source of current. Many types of alternator have 
been devised to work at telephonic, or even higher, frequencies 
and to produce a wave form reasonably free from harmonics , 
the principle and action of some of these machines will now 
be considered. 

Inductor Alternators. Some of the earliest alternators 
designed for bridge work were arranged to act on the inductor 
principle. A magnetizing coil is arranged to produce a flux 
in a magnetic circuit in which the rotating element of the 
machine is included. The latter is shaped in such^ a way 
that, as it rotates, the reluctance of the magnetic circuit is 
periodically varied. The flux is thus caused to change 

10 — ( 5225 ) 
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harmonically and links a secondary or armature winding in 
which an electromotive force is induced. 
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disc of wood, ebonite, or brass is caused to rotate at a high 
speed between the poles of an electromagnet. Holes are 
drilled at equidistant intervals round a circle near the rim of 
the disc, soft iron plugs or studs being driven into the holes ; 
two or more rows of studs are sometimes provided, together 
with means to move the electromagnet to face any desired 
row. The pulsating flux links small coils wound upon the 
pole tips, these coils acting as an armature winding from which 
the bridge current is taken. Frequencies up to about 3,000 
cycles/second are easily obtained, the disc being direct-coupled 
to the shaft of a small shunt motor. 

In a modification* * * § the studs are replaced by slots cut 
in the rim of the disc, filled with packets of transformer 
iron. Wienf has constructed such a machine to give 8,500 
cycles/second and an output of 20 volts, 0*2 amps. The 
wave form is not pure, and by resonating the second harmonic 
Wien was able to obtain a frequency of 17,000. 

A common type of inductor alternator uses as the rotating 
element a packet of thin soft iron stampings clamped tightly 
together upon a shaft. The periphery of the iron disc is 
cut into the form of teeth, an electromagnet being placed 
opposite the rim of the disc so that the teeth, when moving 
past the poles, will produce fluctuations in the magnetic field. 
Small armature coils are wound on the poles of the magnet, 
and have a high frequency e.m.f. induced in them by the 
varying flux. Frequencies up to 6,600, with an output of 
7 watts, have been attained by the device as designed by 
DolezalekJ and shown in Fig. 39 (6). The disc is direct driven 
by a small shunt motor run at a constant speed. 

Duddell§ has adapted the toothed disc for the production 
of extra-high frequency currents, up to 120,000 cycles/second, 
his arrangement being illustrated in Fig. 39 (c). In his machine 

* J. Puluj, “ Bestimmung des Koefficienten der Selbstinduktion mit Hiilfe 
des Elektrodynamometers und eines Induktors,” EleJct. Zeits., 12 Jalirgang, 
pp. 346-350 (1891). 

t Max Wien, “ TJeber die Erzeugung und Messung von SinusstrOmen,” 
Ann. der Phys., Bd. 4, pp. 425-449, 1901. 

■J F. Dolezalek, “ Messeinrichtung zur Bestimmung der Induktionskon- 
stanten und des Energieverlustes von Wechselstromapparaten,” Zeits. f. Inst., 
23 Jahrgang, pp. 240-248 (1903). See also Elecn., Vol. 64, p. 449, (1910), for 
an illustration of a similar machine. 

§ W. Duddell, “ A high frequency alternator,” Proc. Phys. Soc ., Vol. 19, 
pp. 431-442 (1905). A list of references to other papers on high frequency 
alternators is given. 
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the electromagnet takes the form of a ring concentric with the 
disc, the exciting coils being connected in such a way that the 
flux passes along a diameter. The disc was specially driven 
by means of a belt, speeds as high as 35,000 r.p.m. being 
attained. The armature coils were wound upon the inwardly- 
projecting pole pieces from which the flux issued.* 

Heteropolar Alternators. Heteropolar alternators are machines 
of the ordinary type in which a system of alternate north and 
south poles is moved relatively to an armature winding. For 
low frequencies an ordinary alternator is sufficiently good up 
to about 200 cycles/second. Much attention has been given 
to the design of machines which will give a sinusoidal wave 
form, even when heavily loaded, at frequencies lying between 
200 and 10,000 for measurements within the telephonic range. 

A typical machine of this class was designed by the late 
Mr. W. Duddellf to give an output of about \ kilowatt at a 
frequency of 2,000 cycles per second (see Fig. 39 (d) ). The 
rotor formed the field magnet system and ran at a speed of 
8,000 r.p.m. The rotor disc is of steel, 20 cm. diameter, with 
30 polar projections milled out of the solid ; the field coils 
are slipped over the poles and secured in place by bronze 
wedges. The stator is a smooth ring provided with a Gramme 
winding. Slots are avoided, so that the wave form is free 
from tooth ripples ; also the necessarily long air-gap makes 
the effect of armature reaction very small, so that the wave 
form remains pure when the machine is loaded. The rotor 
runs in long bronze bearings and is driven by a motor and 
link belt. 

The laboratories of the City and Guilds (Engineering) College 
contain two small high-frequency alternators which are specially 
designed^ for bridge work. The first works up to 250 cycles 
per second and has 6 poles ; the second gives 1,000 cycles per 
second and has 24 poles. The field systems of both machines 
are stationary, the field coils being wound on every other pole. 

* For another form of high frequency inductor alternator, see A. Franke. 
Die elektrischen Vorgange in Fernsprechleitungen und Apparaten,” Meht, 
Zeits., 12 Jahrgang, pp. 447-452, 458-463 (1891). 

t W* Duddell, “ A 2,000 frequency alternator,” Proc. Phys. Soc. y Vol. 24, 
pp. 172-180 (1912). , 

J H. F. Haworth, “The measurement of electrolytic resistance using 
alternating currents,” Trans. Far. Soc., Vol. 16, pp. 365-391 (1921). 

For another high frequency machine, see F. Addey, “ The experimenting 
room,” Journal , P. O.E.F., Vol. 3, pp. 1-16 (1910-11). 
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The armatures of both machines are wound on the smooth 
rotor. In the low frequency machine a simple Gramme ring 
winding is used. The high frequency machine has a smooth 
rotor with former-wound coils held on its surface by steel 
binding wire. The alternators are mounted with their axes 
vertical, and are direct coupled to Jh.p. shunt wound motors 
supplied from a 200 volt battery. The wave forms are very 
nearly sinusoidal. 

24. Methods oS Maintaining Alternators at Constant Speed. 

In modern bridge measurements the balance detector usually 
employed is the vibration galvanometer. This instrument, as 
will be shown on page 152, is tuned to respond to currents of one 
definite frequency and is insensitive to currents whose fre- 
quencies are even slightly removed from the critical value. 
Moreover, in some of the methods of measurement which are 
now in regular use, the frequency must be known as one 
of the conditions for balance. For both these reasons it 
becomes necessary to maintain strictly constant the frequency 
of the current supplied to the bridge. It is proposed now to 
show how this can be done when an alternator is the source 
of current. 

In order to avoid any effects dne to backlash or slip, the alternator 
is best driven by a direct current shunt motor, the shafts being rigidly 
connected. The motor should be run from a well-charged battery of 
ample output, so that variations of voltage of the battery, and con- 
sequent changes of speed of the motor, are small. In order that the 
small changes of load on the alternator, produced by adjusting the 
bridge to obtain balance and by changes of bearing friction, shall not 
affect the speed, it is frequently arranged that the motor shall at the 
same time drive a# small shunt generator. This acts as a permanent 
constant load wbdch can be arranged to swamp the effect of the 
alternator (Fig. 40 ( a ) ). 

■While these precautions are in many cases sufficient, it is necessary 
in very exact work with sharply tuned detectors, to have some means 
of chec kin g even the smaUest casual fluctuations of speed. One simple 
way is to apply a pair of telephones to the alternator, and to compare 
the note emitted by them with that of a standard tuning fork, regulating 
the motor speed by means of its field rheostat, or by light pressure of 
the hand upon the rotating shaft, until constant beats (or unison, as 
the case may be) are maintained. The frequency is thus known and 

is controlled. _ „ , 

A device of much greater sensitiveness is the Maxwell condenser 
bridge shown in DBTg. 40 (6). In the use of this, a commutator, by means 
of which a condenser can be charged and discharged in a branch of a 
Wheatstone bridge, is mounted on the motor shaft. If the condenser 
be charged and discharged n times per second, then very nearly 
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n = R/SPC. Hence with, given resistances the auxiliary bridge is 
balanced for a certain value of n, i.e. for a certain speed of the motor 
shaft.* The observer merely has to watch the galvanometer G and 
keep it at zero by small adjustments of the motor field rheostat or 
otherwise. This method is much used at the Bureau of Standards 
Laboratory ;f the speed, and hence the frequency, can be kept constant 
on the average to about 1 part in 10,000, and is known from the balance 
resistances of the Maxwell bridge. 

Both the above methods have the disadvantage that two 
observers are necessary, one to keep the speed constant by 
the use of the auxiliary telephone or bridge, while the other 
makes the tests on the alternating current bridge. To bring 
the work within the scope of a single observer, automatic speed 
regulators have been devised. 

One of the simplest devices was developed from the centrifugal 
governor by Giebe,f following a suggestion of von Helmholtz. In 
Pig. 40 ( c) the connections are shown ; R is a small resistance in the field 
circuit of the motor whose speed is to be kept constant. The governor 
is mounted on the motor shaft and is shown diagrammatically in the 
figure. M is a mass which is supported upon a guide wire W stretched 
tightly in the frame F ; spiral springs- S, of which .the tension can be 
varied, draw the mass inward. When the shaft is running, centrifugal 
force tends to cause the mass to move outward along W against the 
tension of the springs. At a sufficiently high speed the mass moves 
out so far that C 1 and C 2 , a pair of light platinum contacts joined to 
the slip-rings ss, make contact and cut out of circuit the resistance R. 
The speed of the motor driving the shaft then falls, since its field is 
strengthened, the contacts open again. The speed thereupon rises and 
the whole cycle of operations is repeated. The driven shaft thus 
fluctuates about its average speed , and with proper adjustment great 
constancy is attained. Tests show that the variations from the mean 
speed do not exceed 1 part in 10 5 . 

The theory of the regulator is very simple. With the shaft at rest, 
let r x be the distance of the centre of gravity of M from the axis of 
rotation and T 1 the initial pull of the springs. When the device is 

* The device was introduced at the National Physical Laboratory about 
1902, and is widely used for the maintenance of constant speed. Dictionary of 
Applied Physics , Vol. 2, p. 127. 

R ° sa an( * R G r °ver, £C The absolute measurement of inductance,” 

BuU. Bur Stds., Vol. 1, pp. 128-129 (1905). E. B. Rosa and P. W. Grover, 

The absolute measurement of capacity,” idem , pp. 175-181 (1905). E. B. 
Rosa and N. E. Dorsey, “ A new determination of the ratio of the electro- 
magnetic to the electrostatic unit of electricity,” idem , Vol. 3, pp. 557-501 
(1907). F. W. Grover, “The capacity and phase difference of paraffined 
paper condensers as functions of temperature and frequency,” idem , Vol. 7, 

pp. 504-505; also pp. 505-508 (1911). 

, t E - G j® b ®> “ Ein empfindlicher Tourenregler fur Elektromotoren,” ZHts. 
/. Inst., 29 Jahrgang, pp. 205-216 (1909). 
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running at angular velocity co, the mass will fly out to a radius r and 
the equation of equilibrium will be c(r-r x ) + T t — Mrco 2 , where c is 
the force per unit extension of the springs. Writing e 1 — T x jc for the 
original extension of the springs, it is easy to prove that equilibrium is 
stable if r x > e x ; and the change of r for a small change in co tends to 
infinity as r x = e x . Hence if the springs are given such a tension as 
would bring the centre of gravity of the mass to the centre of the 
shaft — were its motion in that direction unimpeded — the apparatus is 
extremely sensitive to small changes of angular velocity. Putting this 
condition in the equation makes the critical velocity at which the most 
sensitive adjustment occurs co = Vc/M. At speeds above this the 
apparatus is unstable, the mass flying out to the end of its travel and 
remaining there until the speed falls to the critical value. To change 
the speed at which the device will satisfactorily regulate it is necessary 
to change either the mass or the springs. 

Other devices are developed from an arrangement described by 
Lebedew* in which the motor driven shaft is made to run in synchronism 
with an electrically maintained tuning fork of suitable frequency. 
As modified by Hough and Wenner,f the apparatus is arranged in the 
manner illustrated in Pig. 40 ( d ). The switch is, in the running position, 
put on contact 1. The maintained tuning fork and the contact rings 
B , C mounted on the motor shaft are then arranged so that the 
resistance a is short-circuited during a greater or lesser fraction of a 
revolution, according as the speed of the shaft is above or below the 
normal value. To do this, the fork is provided with a contact A 
which is closed during half a vibration of the prongs. Contact B is a 
slip-ring in electrical connection with the half -ring C . Since C and A 
are in series, the resistance a is shorted only when both the contacts are 
simultaneously closed. Por normal speed the contact C is arranged 
to close a quarter period later than contact A, so that a is cut out for 
a quarter of a revolution and is in circuit for f. If now the shaft runs 
too quickly the lag of C is reduced, a is shorted for a greater time and 
the motor speed will fall. On the other hand, when the speed falls 
too low, a is cut out for a shorter time, the motor field is weaker, and 
the speed rises. Two other half -rings, D, JEJ, in electrical connection 
with B , serve to show when the arrangement is synchronized. To do 
this, the switch is thrown over to contact 2, putting b in place of a ; b is 
about | of a. The motor is then started and run up to such a speed that 
the lamps glow equally brightly ; the switch is then put on to 1 and the 
apparatus continues to run in synchronism, regulating the speed as 
described. 

The Leeds and Northrup Co. have an ingenious modification of this 
device, shown in Pig. 40 ( e ), in which the fork is synchronized with the 
alternator instead of with a half -ring commutator. The tuning fork 
is of a special design arranged to work over a range of 50 to 7 5 vibrations 

* P. Lebedew, “ Ueber die ponderomotorische Wirkung der Wellen auf 
ruhende Resonatoren,” Ann. der Phys., Bd. 59, pp. 118-119 (1896). 

f R. H. Hough and F. Wenner, “ The operation of a direct current shunt 
wound motor in synchronism with a tuning fork,” Phys. Rev., Yol. 24, p. 535 
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per second. The variation is secured by sliding weights on the prongs 
and by springs pressing on them. The contact C z operates the main- 
taining circuit of the fork. A small transformer is connected to the 
alternator, the secondary winding being joined to a lamp through the 
contacts C x and C 2 . If the fork and the alternator be running 
synchronously, two contacts per vibration will be made at the fork, 
two impulses of alternating voltage being applied to the lamp. Clearly, 
if the speed of the alternator be constant, these impulses will always 
take place at the same points in each voltage cycle. 

Suppose nbw that the speed of the machine were to change, tending 
to put the alternating current and the fork out of synchronism. The 
voltages impressed on the lamp in successive cycles would thus be 
different, since contacts are not now made at the same points in each 
cycle. If the speed had increased, the contacts would be made at 
higher values of the voltage curve, tending to increase the current 
through the lamp ; the increased load then slows down the motor until 
it runs in step again. Should the speed decrease, the voltage impulses 
are lower, the current in the lamp is less, and the machine tends to 
increase its speed. 

To avoid sparking, condensers are shunted across the contacts ; the 
transformer serves to isolate the lamp-load current from the main- 
taining current. The speed can be kept constant to about 2 parts 
in 10,000. Variations of alternator load or of the voltage on the motor 
up to 10 per cent can be tolerated without synchronism being destroyed. 

25. Oscillators. All the sources of current hitherto described 
depend for their action, in part at least, upon certain mechanical 
movements, e.g. the vibrations of a fork or bar, the rotation 
of a shaft or the movement of a microphone. Only by special 
arrangements* can the mechanical difficulties be overcome and 
the frequency be maintained sufficiently steady. Moreover, it 
is diffi cult to ensure that the wave form is purely sinusoidal. 

In order to overcome these objections completely, many 
devices have been designed to produce alternating current of 
suitable frequency by purely electrical methods. Such arrange- 
ments are known as oscillators and all work on the following 
principle. 

Consider a circuit having inductance L and capacitance C. 
If the resistance of the circuit be sufficiently small, the circuit 
will possess a natural frequency given approximately by 
f= 1/2ttVTO. That is, if the circuit he disturbed and then 
left to itself, a sinusoidal current of this frequency will flow 
in it, this natural oscillation being gradually damped out by 

* A complete solution of the problem is obtained by the use of a valve- 
maintained tuning fork as an oscillator, perfect steadiness of frequency and 
freedom from trouble being secured. Such a device is made by the Cambridge 
& Paul Co. 
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the resistance of the circuit. The frequency of these lightly 
damped oscillations is fixed entirely by the properties of the 
circuit, and is therefore constant. If some means can be found 
to maintain these natural oscillations, i.e. to make up for the 
dissipation of energy in the circuit, a sinusoidal current of 
fixed frequency and amplitude will be produced. This con- 
dition is realized in an oscillator by the devices described 
below. 

The action, of an oscillator has a mechanical analogy in that of an 
ordinary pendulum clock. Here the pendulum is a mechanical system 
having a definite natural period, and is acted upon when in motion by 
certain frictional damping forces ; it is the mechanical parallel of the 
oscillatory circuit. The energy required to run the driving train of 
the clock corresponds to the energy which the oscillatory circuit is to 
supply to the bridge. The source of energy is the clock spring. The 
action is then as follows : the pendulum being disturbed from its 
position of rest is maintained in steady motion by receiving impulses 
at the right instant from the escapement wheel, the energy of these 
impulses being drawn from the mainspring. The same escapement 
regulates the passage of energy from the spring to the driving train at 
each beat of the pendulum. Hence the oscillations of the pendulum 
are maintained and regulate the flow of energy to the gears which operate 
the hands, turning the latter at a regular rate fixed only by the vibration 
constants of the pendulum. The student will find that these processes 
are followed, by analogy, in an electric oscillator, the current in an 
oscillatory circuit being maintained by a kind of escapement action, 
so that energy absorbed in resistance damping and in the doing of 
external work is automatically supplied. 

Vredandls Oscillator, In Vreeland’ s oscillator* the oscilla- 
tions in a circuit are maintained by means of a special type 
of mercury arc lamp shown diagrammatically in Fig. 41. 
A large, exhausted, glass bulb has at its lower part a tube 
containing a mercury kathode K , and two horizontal side 
tubes each containing a carbon anode, AA. A battery supplies 
current for the mercury vapour arc which, if everything is 
symmetrical, spreads equally from the kathode upon the two 
anodes. Across AA an oscillatory circuit is connected, con- 
sisting of an adjustable condenser in series with two coils, 
one placed behind and the other in front of the bulb. 

* F. Vreeland, “ A sine wave electrical oscillator of the organ pipe type,” 
Phys. Rev., Vol. 27, pp. 286-293 (1908). B. Liebowitz, “ Electrical oscillations 
from mercury vapour tubes,” Phys. Rev., 2nd series, Vol. 6, pp. 450-477 (1915), 
A. Tobler and K. Schild, “ L’oscillateur Vreeland et son emploi dans les 
m^sures a courant alternatif,” Journal Til., Vol. 40, pp. ,121-124, 145-148, 
169-172, 193-196 (1916). 
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If the arcs be slightly disturbed so that one is stronger than 
the other, the potential of the anode emitting the stronger arc 
will be lower relatively to that which emits the weaker arc. 
There will thus be a difference of potential across the oscillating 
circuit and a current will start to flow in it. If the coils be 
wound in such a direction that their magnetic field causes the 
arc to be still further deflated toward the stronger side, the 
potential difference across the oscillatory circuit will increase 
until the condenser is fully charged. The condenser then 
commences to discharge, the arc is deflected to the other side, 
and the oscillations are maintained by the impulses given by 
the arcs to the two anodes, these impulses being controlled 
by the oscillations themselves. 

The working circuit is taken from a third coil placed close 
to one of the deflecting coils ; this is omitted from the figure. 
In order to keep the high frequency oscillations out of the 
battery, choking coils, L , A, are inserted ; a resistance R 
serves to adjust the arc. The arcs are started by means of 
the auxiliary mercury anode A 0 ; by closing the key and 
tilting the bulb, the mercury in A 0 and that in K are brought 
into contact. A current flows between these electrodes and 
on restoring the tube to the vertical this current starts an 
arc which spreads to the anodes A A. 

With the coils in a fixed position, the frequency can be 
adjusted over a range of from 160 up to 4,000 cycles per second 
merely by adjustment of the condenser. Tor any given 
capacity, the frequency is steady and the wave form of the 
working current is very closely sinusoidal. An output of 
about 3 watts is obtainable. 

Triode Valve Oscillator . The Yreeland oscillator has been 
practically ousted from its position as the only means for 
producing an alternating current of steady frequency by the 
recent development of the thermionic valve to fulfil the same 
purpose. The valve forms about the best obtainable source 
- of current for bridge work ; the frequency is quite constant, 
the wave form is very nearly sinusoidal and the output is 
ample. The apparatus is easily procured and assembled, and 
is quite cheap. 

It is not proposed here to enter into the theory of the 
action of the valve, this being adequately treated in books 
on wireless telegraphy. Attention will be directed merely to 
the description of the valve oscillator and its mode of working. 
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The three-electrode valve or triode consists of a highly 
evacuated glass bulb containing within it three elements : 
(i) a tungsten filament heated by the passage of electric current 
through it ; (ii) a plate of tungsten or molybdenum, known 
variously as the “ anode 55 or “ plate 55 ; (iii) interposed 
between the filament and the anode is a third electrode, 
called the “ grid/ 5 consisting of a piece of metal gauze, per- 
forated foil, or merely of a wire spiral. The negative terminal 
of the filament, and the terminals of the anode and grid 
constitute the three electrodes. 

A simple method of connection is shown diagrammatically 
in Fig. 41, this figure having reference to a small oscillator 
in use in the City and Guilds College. The filament is kept at 
white heat by current from a 6 volt accumulator. Between 
the anode and the filament an oscillatory circuit, consisting 
of an inductance of about 300 millihenrys and a condenser in 
parallel, is connected through a 200 volt battery, so that the 
anode is strongly positive with respect to the filament. 
Inductively coupled to this circuit is a coil joining the grid to 
the filament. 

The action is then, roughly, as follows. A stream of negative 
electrons steadily emitted from the hot filament crosses the 
bulb and impinges on the anode, a steady current thus flowing 
through the oscillatory circuit from the high voltage battery. 
If the current in the oscillatory circuit be disturbed, e.g. by 
switching on, oscillations will be set up in this circuit, having 
a frequency fixed by the inductance of the anode coil and the 
capacitance of the condenser in parallel with it. These oscilla- 
tions act inductively on the grid and modify its potential. 
Now the function of the grid is to act as a control electrode 
upon the electronic emission from filament to anode, the 
unique property of the valve being that small variations of 
grid potential will produce changes in anode current. If, 
therefore, the relative directions of winding of the grid and 
anode coils be correct, this amplifying property of the valve 
may result in such modifications of the anode potential that 
the oscillations are maintained, energy being drawn from the 
battery at the right instant to make up for the losses in the 
oscillatory circuit and for the energy taken by the working 
circuit. The working circuit is coupled inductively to the 
other coils by a third winding, as shown in the diagram. It is 
sometimes an advantage to tune the grid coil also ; indeed, 
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the number of possible connections for the maintenance of 
oscillations by the valve is very large indeed* the reader being 
referred to books dealing with the subject for further 
information. 


In the apparatus mentioned the valve is of the “ French ” or 
“ R ” type, taking a filament current of 0*75 ampere. The anode 
coil has an inductance of about 300 millihenrys and is shunted 
by a good paper condenser which can be varied in steps of 0*01 




C microfarads 


Fig. 41|— Vreeland’s Mercury Tube Oscillator. 
T he Triode Valve Oscillator 


microfarad. The high voltage battery consists of small storage cells. 
With the cells well charged, it is easy to obtain an output of 30 
miUiamperes through 60 ohms at 400 cycles per second. By adjust- 
ment of the condenser C the frequency can be varied from about 
350 cycles per second upwards, being almost exactly proportional to 

i/Vc. 

By suitable design, a triode oscillator can be made to 
give a pure wave form and to cover an enormous range of 
frequency. From 300 cycles per second up to the values 
used in radio telegraphy— millions per second— the apparatus 
is compact and easy to construct. For the lower frequencies, 
however, very large coils and condensers are necessary, though 
oscillators have been constructed to work at values as low as 
5 cycles per second. In modern bridge work, with the use of 
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highly-sensitive, sharply-tuned, vibration galvanometers, the 
valve oscillator becomes almost a necessity and is by far the 
best source to use for such work. 

26. Wave-Filters and Interbridge Transformers. Wave- Filters. In 
precise work it is necessary to use some “ filtering ” device in all cases 
where absolute purity of wave form is essential to sharp balance. Two 
types of filter are in use : (i) in which all harmonic components of the 
impure wave, except one, are partially suppressed ; (ii) in which one 
component is entirely suppressed. 

Fleming and Dyke* have used the first process. Their alternator, 
whose wave form contained very pronounced harmonics, supplied a 
variable inductance and a condenser in series, the inductance being 
adjusted until a chosen harmonic was in resonance. To enhance the 
harmonic still further, this first filter circuit was coupled by means of 
a transformer to a second filter circuit adjusted to resonance. A 
transformer in the second circuit supplied the bridge. The chosen 
harmonic was thus exaggerated to such an extent that the other 
components were of negligible importance. All the coils were free from 
iron. 

In many alternators or hummers there is usually one particular 
harmonic which causes trouble and which it is desired to suppress. 
Campbellf has described a number of ways in which this suppression 
may be carried out. One of these is shown in Fig. 71(a). Suppose the 
telephone in the figure is replaced by the primary of a small transformer 
from whose secondary the bridge is to be supplied. Then if M and C 
be such that 27 t/= l/VMC, no current of frequency /—which is that of 
the undesirable harmonic — can flow in the transformer. This method 
is suitable only for higher frequencies owing to the inconveniently 
large value of M C at low frequency. For frequencies of the order of 
100 or less, Campbell describes several other types of sifter. 

Interbridge Transformers. It is always best to connect the source, 
whether it be alternator, interrupter, hummer, or oscillator, to the bridge 
via a small transformer whose windings are well insulated from one 
another. Between the two windings an earthed metallic screen is 
put, by means of which capacity effects between the source and the 
bridge are reduced to a minimum. Such capacity effects are readily 
detected if, after the bridge has been balanced, the connections to the 
transformer secondary are reversed. In general, small adjustments of 
the branches will be required to restore balance ; the mean of the two 
values represents the true balance, provided that the capacity effects 
are small. 

An interbridge transformer should have a very small leakage field 
so as not to interfere inductively with the bridge. Various windings 

* A. Fleming and G. B. Dyke, “ On the power factor and conductivity 
of dielectrics when tested with alternating currents of telephonic frequency 
at various temperatures,” Journal , I.E.E., Vol. 49, pp. 323-431 (1912). 

t A. Campbell, “ On wave-form sifters for alternating currents,” Proe. 
Phys. Soc., Vol. 24, pp. 107-111, 158-159 (1912). For a more perfect type 
of filter see G. A. Campbell, Phil. Mag., Vol. 5, p. 313 (1903). 
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should be provided so that the working voltage jpay toroidal 

desired. A closed iron ring wound with uniformly distnb 
windings with an earth screen to separate the primary coi 

secondary is very suitable.* - i m r>ortant 

The choice of a suitable ratio of transformation has also an imp ' _ 

effect on the sensitivity of the bridge. Suppose Z to be the impcda - 
of the source, f x the number of turns in the primary winding to whixn 
it is joined, the secondary coil of U turns being connected to ™e g - 
Then, if t 2 /t t = T be the ratio of transformation, the effective impedanc e 
of the source expressed in terms of the secondary winding ' 
transformer is T 2 Z. This artifice is of great service when measuring 
small condensers by the methods shown on pages 194 to * , 

sensitivity it is pointed out that, since the branches of ^he network 
have a high impedance, a high impedance source and dctcctorare 
requisite. This can be artificially produced by connecting a s , ' 
normal impedance to the bridge through a step-up ( T > ) . 

of appropriate ratio. A precisely similar method can be used ^ ' < >1 
detectors to high or low impedance bridges, see pp. 151 and 175. 


DETECTORS 

To determine when an alternating current bridge is balanced, 
some detecting instrument capable of giving an indication with 
a small alternating current or voltage is required. In mos b 
cases the detectors usually employed are either telephones or 
vibration galvanometers, but there are many other devices 
which are frequently of service. In this section detectors will 
be classified and described, their special fields of usefulness 
being indicated. ^ , 

27. The Synchronous Commutator. On page 6 and in big. 1 (a) 
it has been pointed out that one of the earliest applications of 
alternating current to bridge work is found in the secohmmeter. 
In this method a crude type of a.c. is supplied to the bridge 
by means of a reversing commutator and battery, a second 
commutator successively reversing the connections to a ballistic 
galvanometer so that the transient impulses in the instrument 
act in the same direction and are additive, producing a steady 
deflection. Owing to the sensitiveness of the modem moving- 
coil ballistic galvanometer, several devices have been introduced 
to enable this instrument to be used as the detector in bridges 
to which a sinusoidal current is supplied. Obviously, it is 
necessary to have some commutating device in the galvano- 
meter circuit working synchronously with the alternating 

* For the design of a suitable transformer see Dictionary of Applied 

Physics, Vol. 2, p. 393. 
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supply and reversing the galvanometer connections at each 
half-wave of the supplied current. For use with a two pole 
alternator, a simple two-part commutator mounted on the 
alternator shaft is all that is required. 



S ynchronous commutator 
For 6- pole alternator . 


Sumpner!s * A C 
Galvanometer. 



Eig. 42. — The Synchronous 
Commutator. A.C. Galvanometers 


Eig. 42 {a) illustrates a 
rather more elaborate arrange- 
ment designed by Dr. IT. E. 
Haworth for application to a 
6-pole alternator. The com- 
mutator is driven by the 
alternator shaft ; contact is 
made with it by live small 
carbon brushes, these being 
mounted on a fibre ring sur- 
rounding the commutator so 
that they may be turned 
into the most advantageous 
position. When used at low 
frequencies, with a good 
moving coil ballistic galvano- 
meter, very precise balance 
settings can be secured. 

Contacts 'between sta- 
tionary brushes and a 
rotating commutator are 
frequently troublesome . 
Sharp and Crawford* 
have designed, therefore, 
a special reversing key in 
which the contacts are 
operated by a cam driven 
in synchronism with the 
alternator. For higher 
frequencies a galvano- 
meter can be used in com- 
bination with a crystalf 
or valve rectifier. Alter- 


natively, some form of thermal ammeterf can be used, 
especially at frequencies in the radio range. 

By adjustment of the position of the brushes, or the cam, 


* C. H. Sharp and W. W. Crawford, tc Some recent developments in exact 
alternating current measurements,” Trans. Amor. Vol. 39, part 2, 

pp. 1518-1521 (1911). 

f See, for example, S. H. Anderson, Phys. Rev., Vol. 34, pp, 34-39 (1912). 
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relatively to the alternator, the reversals of the galvanometer 
can be made to take place at any desired part of the current 
wave ; the galvanometer can he set, therefore, to he sensitive 
to one component of the current and to be insensitive to the 
component in quadrature therewith. It is easy with a syn- 
chronous commutator, therefore, to make sensitive independent 
adjustments of the bridge for reactance and then for resistance, 
an advantage shared with other instruments now to he 
mentioned. 

28. Electrodynamometers. Any sensitive electrodynamometer 
can be used as a bridge detector. In use, the instrument can 
be connected in various ways, e.g. the fixed coils may he 
joined to the source and the moving coil across the detector 
branch points. Then, if %, he the instantaneous values of 
the currents in the fixed and moving elements, the average 
torque and the deflection of the moving coil will be propor- 
tional to f i x i 2 dt taken over a period, i.e. to I-J 2 cos <j>, where 
I 1 and I 2 are the r.m.s. values of the currents and <f> is the phase- 
difference between them. Assuming 1% not to be zero, the 
moving coil will not deflect if either (i) / 2 as * n 
ordinary null adjustment of the bridge ; or (ii) cos </> = 0, 
<f> = v/2, the fixed and moving coils carrying currents m 
quadrature. Rowland* has used a dynamometer in both these 
ways, giving various methods of connecting the fixed and 
moving coils to the bridge, though other experimenters have 
employed the instrument before him.f 

The dynamometer must be very sensitive:]:, having a fight 
moving coil hanging from a long suspension to give a very 
weak control. Electrostatic forces between the fixed and 
moving coil are minimized by means of a tin-foil screen 
surrounding the latter and connected to one of its terminals. 
The inductance of the moving coil is preferably compensated 
by connecting in series with it a shunted condenser ; the con- 
denser and its shunt are adjusted until the entire combination 
has zero effective inductance. 


* H. Rowland, Amer. J. Sc., 4th series, Vol. k pp. 4 2 9-448 (1897). 
t A. Oberbeck, Ann. der Phys., Bd. 17, pp. 816-841, 1040-1042 (188-,). 
J. Puluj, EleH. Zeits., 12 Jahrgang, pp. 346-350 (1891) ; O. Troje, Ami. der 
Phvs Bd. 47, pp. 501-512 (1892) ; H. Martienssen, Ann. der Phys., Bd. 67, 
pp 2/ 95-104 (1899) ; A. Blondel, fed. Meet., t. 21, pp. 138-141 (1899). 

t See A. Palm, “ Spiegel Elektrodynamometer mit besonders hoher Jbmplmci- 
lichkeit,” Zeits. /. Inst., 33 Jahrgang, pp. 368-373 (1913). Also Dictionary 
of Applied Physics, Vol. 2, p. 402. 
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29. Alternating Current Galvanometers. The sensitiveness 
of an eleetrodynamometer can be greatly increased by pro- 
viding the fixed coils with an iron core built up of laminations, 
since the strength of the magnetic field in which the moving 
coil lies is made much greater. The instrument then resembles 
an ordinary moving-coil galvanometer except that the field 
is produced by an alternating current electromagnet with 
laminated core ; a laminated core may also be inserted within 
the moving coil. The arrangement is then called an alter- 
nating current galvanometer and was first introduced by 
Stroud and Oates,* who showed that the instrument is 
capable of very great sensitiveness. In use, the electromagnet 
is excited by the alternator supplying the bridge, and therefore 
takes a current approximately v/2 out of phase with the alter- 
nator voltage. A resistance R, Tig. 42 ( b ), connected between 
the bridge and the source ensures that the bridge current is 
nearly in phase with the supply voltage. With the moving 
coil connected across the detector points, the instrument will 
be very sensitive to components of current in quadrature with 
the alternator voltage, i.e. it is in the best condition to measure 
reactances. If the instrument is to be sensitive to resistance 
adjustments in the network, the magnet current and the 
bridge current must be brought more nearly into phase. 

A more sensitive form of instrument was later designed by 
Abrahamf in which the inductance of the moving coil was 
compensated by the addition of a shunted condenser in series 
with it, thereby improving its performance. 

In practical working, these instruments possess a trouble- 
some feature due to the strong electromagnetic control exerted 
on the moving coil when on closed circuit, by transformer 
action from the main field. Stroud and Oates noticed the 
trouble but did not explain it ; they showed, however, that 
it could be overcome in practice by use of a false zero. The 
theory of the control was briefly given by Taylor, % but a 
complete theory of the instrument was not supplied until 
much later by Weibel. Instruments of the Stroud and Oates 

* W. Stroud and J. H. Oates, “ On the application of alternating currents 
to the calibration of capacity boxes, and to the comparison of capacities and 
inductances,” Phil. Mag., 6th series, Vol. 6, pp. 707-720 (1903). 

j- H. Abraham, “ Galvanometre a cadre mobile pour courants alternatifs,” 
Comptes Rendus, t. 142, pp. 993—994 (1906). 

X A. H. Taylor, “ Theory of control of the alternating current galvanometer/’ 
Rhys, Rev., Vol. 25, pp. 61-63 (1907). 
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type have been used, very largely in America, by other 
observers.* 

Sumpnerf has made a thorough investigation of the design 
and construction of iron-cored a.c. instruments, and has 
described a galvanometer % suitable for bridge work which is 
diagrammatically shown in Kg. 42 (c). In this, a strong alter- 
nating current electromagnet of special construction is used, 
so arranged that the flux is proportional to and in quadrature 
with the applied voltage. The moving coil is suspended in 
the specially shaped air-gap and has a low inductance. The 
control-effect of the alternating field on the moving coil, which 
in this instrument is small, can be allowed for by adjustment of 
the bridge balance until reversal of the moving coil produces 
no deflection ; alternatively, Abraham’s compensation or 
Stroud and Oates’ false zero method are applicable. Owing 
to the phase-selectivity of the instrument, bridges can be 
balanced for inductance or capacitance with an accuracy of 
1 part in 10,000 of the measured values when the p.d. over 
the coils or condensers concerned is only 1 or 2 volts. At the 
same time, it is not necessary to adjust simultaneously the 
resistance balance of the bridge. Sumpner and Phillips 
described numerous bridge tests showing the high sensitiveness 
of the galvanometer. 

More recently, Weibel§ has given an exhaustive study of 
high sensitivity alternating current galvanometers. He has 
obtained their equation of motion, and shows that their 
performance is similar to that of d.c. moving coil galvanometers 
since there may be any degree of damping, chiefly due to the 
circuit with which the instrument is connected ; the period 
and damping depend on the circuit, the former being shortened 
when there is inductance present and lengthened by capaci- 
tance. The deflection is proportional to the applied p.d. on 


* E. M. Terry, Phys. Rev., Vol. 21, pp. 193-197 (1905), describes a means 
of overcoming the control difficulty ; A. Trowbridge and A. H. Taylor, 
Phys. Rev., Vol. 23, pp. 475-488 (1906), use Terry’s instrument as a differential 


galvanometer. , . . . , „ 

+ W E Sumpner, “ The use of iron m alternate current instruments. 
Journal I.E.E., Vol. 34, pp. 144-170 (1905); “ New iron-cored instruments 
ffi^aHernate current working,” Journal, I.E.E.,Y ol. 36, pp. 421-467 (1906). 

t W E Sumpner and W. C. S. Phillips, “ A galvanometer for alternate 
current circuits,” Proc. Phys. Soc., Vol. 22, pp. 395-409 (1910). 

S E. Weibel, “ A study of electromagnet moving coil galvanometers tor 
use in alternating current measurements,” Bull. Bur. Stds., Vol. 14, pp. -3-58 
(1919). 
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the moving coil, and depends on the component of the p.d. in 
phase with the exciting current ; hence the phase-selectiveness 
of the galvanometers. He has described the design procedure 
and the methods of measuring the intrinsic constants of the 
instruments ; galvanometers having a sensitiveness at low 
frequencies exceeding that of the telephone and the vibration 
galvanometer, comparable with the best d.c. moving coil 
instruments are described, one being highly sensitive at 2,100 
cycles per second. He points out the necessity for shielding the 
moving coil from electrostatic effects, as mentioned on page 147. 

Other forms of a.c. galvanometer working on the moving 
needle principle* have been proposed, but have not found 
much application. 

30. The Telephone. The detector most used in a.c. bridge 
work is the ordinary telephone receiver and at the higher 
audio frequencies, say above 700 cycles per second, is also the 
most sensitive. In principle the modem telephone is little 
different from the well-known type introduced by Bell in 1875. 
In its simplest form it consists of a thin iron diaphragm 
clamped by its rim so that it is close to the pole of a permanent 
bar-magnet. A coil wound near the pole of the magnet carries 
the current to be detected ; the modification of the permanent 
field by the alternating field of the coil produces periodic 
attractions of the diaphragm,’ thus setting it into forced 
vibration and causing it to emit an audible note. In the 
more modem form, the permanent magnet is of horse-shoe 
form so that both poles act on the diaphragm, the whole device 
being contained in a flat watch-like case. In detail, the watch 
pattern telephone has been somewhat modified with a view 
to obtaining greater sensitiveness.*)* 

The sensitivity of the telephone is very high, but is far from 
being constant for currents of differing frequencies, due to the 
fact that the diaphragm possesses definite normal modes of 
vibration. When the frequency of the current approaches one 
of these natural frequencies, the amplitude of vibration of the 
diaphragm increases enormously^ owing to resonance, and the 

* W. S. Franklin and L. A. Freudenberger, “ A new type of alternating 
current galvanometer of high sensibility,” Phys. Rev., Vol. 24, pp. 37-41 
(1907) ; alsp Max. Wien, Ann. der Phys., Bd. 4, p. 445 (1901). 

t K. W. Wagner, “ TJeber die Verbesserung des Telephone,” Elekt . Zeits., 
32 Jahrgang, pp. 80-83, 110-112 (1911). 

* f v ee A * E * Kenne % and H. A. Affel, Proc. Amer . Acad., Vol. 51, p. 421 

f 191 nl *• 



APPARATUS 


151 


Chap. Ill] 


sensitivity is correspondingly high ; hence the sensitivity /fre- 
quency curve is sharply peaked. Wien* records results for a 
Bell telephone having resonance at 1,100, 2,800, and 6,500 
frequency, and for a Siemens instrument, 750, 2,350, 5,400. 
In general, most telephones used in connection with speech 
transmission show a maximum of current sensitivity somewhere 
between 700 and 1,200 cycles per second. 

The sensitiveness of a telephone is not entirely determined 
by the amplitude of oscillation of the diaphragm, but depends 
also on the acuteness of hearing of the experimenter, and is, 
therefore, different for different persons. The combined sensi- 
tiveness of telephone receiver and observer is best expressed 
by the least current which will cause an audible sound. Lord 
Rayleighf and Max Wienf have given results for a number of 
receivers, the results of the latter observer for the Siemens, 
telephone cited above being as follows — 


Frequency . . 64 128 256 512 720 1,024 1,500 2,030 2,400 4,000 16,000 

Current in Micro - 

amps. . . 12 1-5 0*135 0*027 0*008 0*0135 0*024 0*03 0*01 0*3 17 


Since a. telephone is more sensitive at certain frequencies 
than at others, care must be taken to select a telephone suitable 
for the work in hand. The resistance of the telephone should 
also be chosen to correspond with the resistance of the network ; 
or its resistance should be adapted to the bridge by the inter- 
position of an interbridge transformed of suitable ratio (.see 
p. 145). For ordinary bridges of medium impedance a tele- 
phone of 150 ohms resistance is suitable. For use in bridges 
with high impedance branches such a telephone can be com- 
bined with a step-up transformer, the winding with few turns 
being joined to the telephone, while that with many turns is 
connected to the bridge branch-points. Conversely, the use 
of a step-down transformer will adapt the instrument to a 
low impedance bridge. Capacity effects between the observer 
and the telephone are sometimes disturbing and can best be 
allowed for by some device such as the Wagner earth point 
(see p. 286). Stray magnetic fields from the bridge may also 

* Max Wien, “ Die Akustichen und elektrischen Constanten des Telephons,” 
Ann. der Phys ., Bd. 4, pp. 450-458 (1901). 

t Lord Rayleigh, Phil. Mag., Vol. 38, p. 294 (1894). 

{ Max Wien, loc. cit., p. 456 ; see L. W. Austin, Bull. Bur. Stds., Vol. 5, 
pp. 153-157 (1909). E. W. Washburn, Phys. J Rev., 2nd series, Vol. 9, pp. 
437-439 (1917). 

§ G. Chaperon, Comptes Rendits, t. 108, p. 799 (1889). 
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cause trouble ; in this case the instrument should be set up 
out of inductive range and be connected to the observer by 
flexible ear-tubes. When choosing a telephone, it should be 
remembered that it is the effective resistance and reactance of 
the instrument at the frequency of the test which must be 
considered. 

31. Tuned Detectors. It has been pointed out in the last 
section that a telephone shows preferential sensitivity for 
currents of certain frequencies, namely, those which will set 
the diaphragm into resonant vibration in one of its normal 
modes of oscillation. It would appear advantageous to have 
a telephone or other piece of apparatus which would be capable 
of being tuned to resonance with the current to be measured, 
so that the greatly magnified oscillation and increase of 
sensitivity can be secured. Such instruments are called tuned 
detectors and are very widely used. 

A. Campbell* has shown that an ordinary telephone can be tuned 
by pressing on the diaphragm at an eccentric point by means of an 
adjusting screw. A more accurate and sensitive device is the mono- 
telephone of Abraham,! in which the diaphragm is replaced by two 
stretched strips carrying an armature which is arranged to face the 
magnet/coil system. Tuning is effected by varying the tension of the 
strips. Mercadierf has introduced a form of telephone tuned to a 
fixed frequency ; ordinary sensitive telephones made to respond to fixed 
frequencies are made by the Cambridge & Paul Co. A highly sensitive 
telephone is that of S. Gr. Brown, in which the usual diaphragm is 
replaced by a vibrating iron reed carrying a light conical aluminium 
diaphragm ; this instrument is not tunable in the sense considered here. 

Wien§ has shown that the ordinary telephone can be rendered 
enormously more sensitive by acoustically tuning it. This is done by 
causingthe sound emitted by the telephone to pass directly into a suitable 
Rayleigh acoustic resonator. 


_ The most important tuned detectors are the so-called vibra- 
tion or resonance galvanometers. These are really galvanometers 
working on the usual moving coil or moving magnet principle, 
in which the natural frequency of the moving system can be 
tuned to be in resonance with the alternating current to be 
measured. The forced vibration of the moving system will 


* Dictionary of Applied Physics, Vol. 2, p. 404. 

t H. Abraham, “ Rendement acoustique du telephone,” Comptes Bendus, 
t. 144, pp. 906-908 (1907). ' 

t E * Mercadier, Comptes Bendus, f. 130, pp. 1382 (1900). 

§ Wien, “ Ueber die Anwendung von Luftresonatoren bei Telephon- 
tOnen, Phys. Zmts., 13 Jahrgang, pp. 1034-1037 (1912). 
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be much greater when currents of the resonating frequency 
pass through the instrument than when currents of any other 
frequency are used. By the use of the principle of resonance, 
a great increase in sensitiveness is produced and the instru- 
ment shows marked frequency selectiveness. Hence when 
the instrument is tuned to the fundamental of a given source 
of current, harmonics in the wave form produce little effect, 
so that when a vibration galvanometer or other tuned detector 
is used in an a.c. bridge, the balance obtained is the same as 
if the harmonics were absent. The source, therefore, need 
not have a pure wave form ; it must, however, have constant 
frequency, since the high sensitivity is confined to a narrow 
range of frequency near the resonance value. 

Vibration galvanometers are constructed to cover a range 
of frequency from about 1,000 cycles per second downward. 
At the lower values, up to about 300 cycles per second, they 
are much more sensitive than the telephone, and approach in 
sensitivity the best d.c. galvanometers. 

Vibration galvanometers are of two kinds, according as the 
timed system is a moving magnet or a moving coil ; the two 
types correspond to the Kelvin suspended needle and the 
d’Arsonval d.c. galvanometers. A brief discussion of each 
will now be given. 

32. Moving Magnet Vibration Galvanometers. Moving magnet 
vibration galvanometers generally resemble in principle of 
construction the Kelvin galvanometers used with d.c. The 
moving part consists of a suspended magnetized system, 
consisting of small permanent magnets or of soft iron polarized 
by an auxiliary magnetic field. Tuning of the natural period 
of the suspended part is effected by altering the length and 
tension of the suspension, or by varying the strength of the 
auxiliary magnetic field, if any. The moving magnets are 
deflected by the current to be measured passing round suitable 
deflecting coils ; the amplitude of the resulting oscillation is 
determined by observing the breadth of the band of light 
reflected on to a scale from a mirror mounted on the vibrating 
part. The principal sources of damping are air friction and 
elastic hysteresis in the suspension ; the controlling forces 
are supplied either by torsion of the suspending fibre, by 
magnetic action of an auxiliary field, or by combinations of 
both these causes. 

The earliest vibration galvanometer is the “ optical 
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telephone ” of Max Wien.* * * § In principle this instrument is the 
same as an ordinary acoustic telephone, but differs m two 
important respects : (i) it works in resonance with the applied 
current and is, therefore, highly sensitive ; ( 11 ) the resulting 
motion of the diaphragm is caused to operate a magnifying 
lever which carries a mirror, from which a beam of light is 
reflected to a distant scale, where it is drawn out by the 
vibration into a luminous band. Kg. 43 (a) illustrates two 
types of optical telephone in diagrammatic outline. The early 
pattern is practically a telephone with optical magnification. 
In the later pattern a more effective magnet system is used, 
in which four deflecting coils, wound so that their relative 
polarities are as shown by the small letters. With a d.c. 
resistance of 400 ohms the sensitivity is quoted as about 
3 mm. per microamp. at 1 metre. Wide range of tuning is 
effected by changing the diaphragm ; fine adjustment by 
slightly moving the polarizing magnet. 

Rubensf has improved Wien’s arrangement by replacing 
the diaphragm by a galvanometer system consisting of 20 
small iron needles soldered to a brass wire (see Kg. 43 ( b ) ). 
By altering the length and tension of the wire, the instrument 
can be tuned over a range of 50 to 200 cycles per second. The 
needles he in the magnetic field produced by a pair of permanent 
magnets, upon the poles of which coils are wound in such a 
direction as to exert a couple on the suspended system. Fine 
tuning is obtained by altering the positions of the magnets 
relative to the needles. The sensitivity^ at 100 cycles is 
1-5 mm. per microamp. at 1 metre. 

Schering and Schmidt§ have described a modification of 
Rubens’ type in which the polarizing field is produced by an 
electromagnet excited by d.c., adjustment of the strength of 
which tunes the moving system. The latter consists of a 
small sheet-iron needle suspended by a short phosphor 
bronze wire. A range from 8 up to 140 cycles per second is 

* Max Wien, “ Das Telephon als optischer Apparat zur Strommessung,” 
Ann . der Phys., Bd. 42, pp. 593-621, Bd. 44, pp. 681-688 (1891), 

| H. Rubens, “ Vibrationsgalvanometer,” Ann. der Phys., Bd. 56, pp. 
27-41,(1895). 

J F. Wenner, Bull. Bur. Stds., Vol. 6, p. 365 (1910) ; see also E. B. Bona 
and F. Grover, idem, Vol. 1, p. 291 (1905), for a resonance curve. 

§ H. Schering and B, Schmidt, “ Ein Vibrationsgalvanometer mit elektro- 
magnetischer Abstimmung fur niedrige Frequenzen,” Zeits. f. Inst., 38 
Jahrgang, pp. 1-11 (1918). 
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covered, and the sensitivity is about 10 mm. per microamp. 
at 1 metre. 

Wien* has described a highly sensitive galvanometer shown 
in Fig. 43 (c), in which the current to be detected passes through 
a coil wound on a ring made of iron wires. The moving 
system consists of a set of very small magnets fastened to a 
brass wire so that they are held parallel to the faces of a gap 
in the ring. Coarse tuning is effected by varying the length 
and tension of the suspension wire ; fine tuning by altering 
the width of the gap in the electro-magnet. The sensitiveness 
is inversely proportional to the square of the frequency, and 
at 100 cycles per second is quoted as 70 mm. per microamp. at 
1 metre; Wellsf has shown that the deflection is proportional 
to the voltage and shows how the deflection varies with the 
suspension length when a current of constant frequency flows 
in the coil. 

Drysdalef has designed a galvanometer for use at low fre- 
quencies (see Fig. 43 (d) ). The moving system consists of a 
light mirror carrying a soft iron needle, the whole being sus- 
pended by a taut silk thread in the field of a powerful permanent 
horse-shoe magnet. Behind the moving needle the deflecting 
coil is situated so that the deflecting field is perpendicular to the 
control field and, hence, sets the needle into vibration. Since 
the natural frequency of the suspended needle is proportional 
to the square root of the control field, tuning is effected by 
altering the field due to the permanent magnet by the expedient 
of sliding an iron keeper along the magnet limbs. A range of 
frequencies between about 40 and 160 is thus covered. The 
deflecting coils are interchangeable and can be chosen to have 
an impedance suitable for the work in hand. The damping is 
very slight, resulting in sharp resonance. At 50 cycles, the 
current sensitivity varies between 1 mm. and 70 mm. per 
microamp. at 1 metre when coils having impedances between 
1*26 and 6,000 ohms are used. The corresponding voltage 
sensitivities are 0-8 to 0*012 mm. per microvolt. 

A galvanometer identical in principle with that of Drysdale 


* M. Wien, “ Ueber die Erzeugung und Messung von SinusstrCmen,” Ann. 
der Phys., Bd. 4, pp. 425-449 (1901). 

t R- T. Wells, “ Note on the vibration galvanometer,” Phys. Rev.. Vol. 23, 
pp. 504-506 (1906). 

t H. Tinsley, “ A magnetic shunt vibration galvanometer,” j When.. Vol. 69, 
pp. 939-941 (1912). 
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has been described by Blondel and Carbenay ;* in it the con- 
trolling field is produced by a pair of coils carrying a direct 
current instead of by a permanent magnet. The instrument 
is tuned by adjustment of this current, and has a range up 
to 1,500 cycles per second. 

Agnewf has designed a galvanometer on a new principle, 
shown in Fig. 43 (e). The moving system consists of a fine steel 
wire attached to one pole of a permanent magnet by one of 
its ends ; the other end vibrates in the field of an electro- 
magnet whose winding carries the alternating current. The 
vibration of the wire is observed by a microscope mounted 
above it. With 270 ohm coils and a magnification of 50/100, 
0*05 microamp. can be detected. The frequency to which the 
instrument responds is varied by changing the vibrator ; fine 
tuning is secured by screwing an iron rod nearer to or farther 
from the lower magnet pole. The instrument is sturdy, and 
very quickly responsive. 

Disadvantages of Moving Magnet Galvanometers . Moving 
magnet instruments are much affected by stray magnetic 
fields of the resonant frequency and must be set up at some 
distance from the bridge. They are also very susceptible to 
disturbance by mechanical vibrations of the appropriate fre- 
quency, and are best arranged on some form of anti-vibration 
support. 

33. Moving Coil Vibration Galvanometer. The moving coil 
vibration galvanometer is really a d’Arsonval of short periodic 
time, arranged with a small fight coil of few turns mounted 
on a suspension which can be tuned by alteration of its length 
and tension. The coil stands in the field of a permanent 
magnet and vibrates when the alternating current to^ be 
measured is passed through it. The amplitude of the oscilla- 
tion is observed in the usual way by reflecting a beam of light 
to a distant scale from a mirror carried by the coil. 

The development of the m.c. instrument is due to Campbell , % 
who has designed various types of galvanometer, some being 
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* A. Blondel and F. Carbenay, “ Analyse harmonique des differences de 
potential alternatives par la resonance mechanique d’un barreau de fer 
aimantb,” Annales de Phys., t. 8, pp. 97-158 (1917). 

t P. G. Agnew, “A new form of vibration galvanometer. Bur . bids. 
Scientific Papers, JSTo. 370, pp. 37-44 (1920). , , . 

t A Campbell, “ On the measurement of mutual inductance by the aid ot 
a vibration galvanometer,” Proc. Phys . Soc., Vol. 20, pp. *•«_***-«■■■*■ 
also Dictionary of Applied Physics, Vol. 2, pp. 964-965. 
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shown in Fig. 44. In the original type the coil is suspended 
by a silk thread above and bifilar suspensions below, and is 
tunable over a range from 50 to 800 cycles per second. The 
modern long-range pattern has metal bifilars both above and 
below, and is tunable over a range from 40 to 1,000 cycles per 
second ; the short range type, on the other hand, is provided 
with unifilar strip* suspensions, originally introduced by 
Hausrath,f and covers a range from 10 to 400 cycles per 
second. 

The instrument is capable of very high sensitivity, especially 
at low frequencies ; Campbell J has produced a galvanometer 
giving 400 mm. at 1 metre per microamp. at 10 cycles per 
second. The curves given in Fig. 44 for a typical Campbell 
bifilar galvanometer show the sensitivity of the instrument 
when tuned to respond to different frequencies. The sensitive- 
ness falls inversely as the frequency for lower values, but much 
more rapidly at higher frequencies owing to the enormous 
increase in the damping with short suspensions. The effective 
resistance varies between about 500 ohms and 35 ohms over 
the range of frequency, 50 to 1,000 cycles per second. 

The damping is chiefly due to elastic hysteresis in the suspen- 
sion strips, which are usually of phosphor bronze. The small 
TOlue of damping is indicated by the sharp resonance curves 
shown in Fig. 46, p. 169. Owing to the narrow range of high 
sensitiveness, moving coil galvanometers must be used with a 
constant frequency source ; moreover, in common with other 
tuned detectors, they show great frequency selectiveness. 

An ordinary bifilar oscillograph of the Duddell pattern can 
be used as a vibration galvanometer by removing the oil 
damping ; it is applicable at frequencies above about 2,000.§ 


trol ''c? n galvanometers with unifilar torsional con- 

Proc - Phys. Soc., Vol. 25, pp. 203-205 (1913). A. Campbell, “ On 
tro* 120-1 f et< n S effective resistance,” Proc. Phys. Soc., Vol. 26, 

PP; i? 0 ^ 26 J? oth types are made by the Cambridge & Paul Co. 

„J, H ^ rath ; Die methoden zur Eisenuntersuchung bei Weehselstrom 

ZUr dynamischer Hysteresiskurven,” Phys. 

Zeits., 10 Jahrgang, pp. 756-762 (1909). 9 

t A. Campbell, Proc. Phys. Soc., Vol. 31, pp. 85-86 (1919). For other 

Voi e \°l f ^n'ffi 1 ^ 1 S fiL I> ; l m^ gne -S andF - :B - Silsbee ’ Trans. Amer. I.E.E., 
v?iL.+*’ PP ’i 1635-1644 J 1912 ) >' H. Zellich, “ Ueber ein hochempfindliches 
Sf s® 1 ? niedrige Frequenzen,” Arch. f. Elek., Bd. 3, 

PP S Mfihlfnhftvi 5 5 rA B / l0 . r ' de1, .jr nnales de Phys-’ t- 10, pp. 195-354 (1918). 

§ MuhleifiiOver, Dissertation, Munster i. W. (1905). E. Giebe and H 
Diesselhorst, Zeits. j. Instk., 26 Jahrgang, p. 151 (1906). 
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Duddell,* by re-designing the instrument, greatly increased 
the sensitiveness and extended the range downwards. In his 
galvanometer the current passes through a loop of fine bronze 



Fig. 44. — Moving Coil Vibration Galvanometers 

or platinum-silver wire stretched by means of a spring over 
two ivory bridges which determine its vibrating length. The 
wires lie in the strong field of a permanent magnet, and carry 
a small mirror at the middle of their length. Rough tuning 

* W. Duddell, “ On a bifilar vibration galvanometer,” Proc. Phys. Soc., 
Vol. 21, pp. 774^787 (1910). 
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is secured bv changing the distance apart of the bridges, which 
can be moved simultaneously by a right and left-hand screw, 
so that the mirror is always midway between them, bine 
tuning is done by altering the tension of the loop. Instruments 
of this pattern cover a range from 100 to 1,800 cycles per 
second and have an effective resistance of about 250 ohms. 

The sensitivity is high, being about 50 mm. at 1 metre per 
microamp. at 100 cycles per second, and falls off inversely as 
the frequency, provided the loop is not too short. Haworth 
has shown how the sensitiveness, especially to applied voltage, 
may be further increased by the use of an electromagnet and 
by using the instrument in vacuo. In the latter case an in- 
crease of 30 per cent is obtainable, since a large part of the 
damping is due to air friction. 

Sphering and Schmidtt have constructed a galvanometer 
of Duddell’s pattern having wires as long as 100 cm. and 
extending the frequency down to 25 cycles. At 50 cycles, 
10 mm. per microamp. at 1 metre was obtained. 

34. Vibration Electrometers. Small condensers possess very 
large impedance when used in a.c. circuits at low frequencies. 
When measured in a bridge they form branches of high 
impedance, and to secure sensitiveness the impedance of the 
detector must also be high. A vibration electrometer is, 
therefore, useful in such cases and was first employed by 
Greinacher. J His instrument was developed from the ordinary 
Wulf electrometer. 

Curtis§ has designed an instrument by means of which 
condensers of 10‘ 3 [x F can be measured at 50 cycles with ten 
times the accuracy attainable with a vibration galvanometer. 
It consists of an aluminium vane mounted vertically upon a 
tunable bifilar suspension, the vane corresponding to the 
“ needle ” of a quadrant electrometer. Four rectangular 
plates are placed two in front and two behind the vane, and 


* H. F. Haworth, 14 The maximum sensibility of a Duddell vibration 
galvanometer,” Proc. Phys. Soc Vol. 24, pp. 230-237 (1912) ; <c Vibration 
galvanometer design,” idem , Vol. 25, pp. 264-272 (1913). 

t A. Schering and R. Schmidt, “ Ein empfindliches Vibrationsgalvanometer 
fur niedrige Frequenzen,” Arch. f. Eleh. t Bd, 1, pp. 254-258 (1913), 

t H. Greinacher, “ XJeber die Verwendung des Vibrations-Elektrometers 
in der Wheatstoneschen Briicke,” Phys. Zeits, 13 Jahrgang, pp. 388-389, 
433-434 (1912) ; “ Ueber das Vibrationselektrometer und dessen Verwendung 
bei Wechselstrommessungen,” Arch. /. Eleh., Bd. 1, pp. 471-476 (1913), 

§ H. L. Curtis, “A vibration electrometer” Bull. Bur, Stds., Vol. 11, 
pp. 535-552 (1915). 
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are connected diagonally. The vane is charged at a high, 
steady potential; the two pairs of plates are connected to 
the bridge. The suspended vane is tuned to resonance with 
the applied p.d. and, to reduce damping, the whole instrument 
is enclosed in a glass bell-jar, from which the air is exhausted 
to a certain degree. The sensitivity is of the order of 10,000 
mm. at 1 metre per microamp., the deflection being read by 
reflected light from a mirror carried by the vane. The 
instrument is not suitable for frequencies over 100. 

35. Method of Using Vibration Galvanometer. Before 
endeavouring to balance the bridge in which a vibration 
galvanometer is to be used, the instrument must be tuned. 
To do this a small current is passed through it, frequently by 
connecting the galvanometer into the unbalanced bridge and 
heavily shunting it. The length and tension of the suspension, 
or other tuning adjustment, is then varied until the band of 
light on the scale attains its maximum breadth ; the moving 
system is then in resonance with the applied current. The 
bridge may now be balanced, the galvanometer shunt being 
gradually removed to give increased sensitiveness as the 
deflection is reduced to zero. 

Great care should be taken to see that the spot of light 
reflected from the mirror is quite sharp when no current is 
applied to the instrument. The mirror should be a good one, 
and should give a good image of the lamp filament or the 
cross-wire used to show the deflection. A “ PointVlite 
lamp forms an excellent source of illumination, especially for 
instruments of the Duddell pattern in which a very small 
mirror is used. The instrument should be set up so 
that it is free from mechanical vibration and is unaffected 
by stray alternating magnetic fields of the resonance 
frequency. 

For an additional adjustment, possible in some instruments, 
for greatest voltage sensitivity, see page 173. 

36. Theory of the Vibration Galvanometer. Owing to the 
importance of the vibration galvanometer as a sensitive 
detector in bridge work and in other classes of measurements, 
e.g. testing of current transformers, the analysis of alternating 
wave forms, etc., it is of interest to examine the theory of 
the instrument to find the best conditions under which to 
use it and also to determine data for design. The theory 
of apparatus working in mechanical resonance with a periodic 
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current has been known for a long time,* but the application 
to the theory of vibration galvanometers has only recently 
been made. 

For the purposes of theory vibration galvanometers may 
be divided into two classes, according to the possible number 
of degrees of freedom possessed by the moving system. The 
first class includes instruments of the moving coil or the 
suspended magnet type where a bifilar or a flat strip suspension 
is used ; the system has only one degree of freedom, namely, 
rotation about the axis of suspension, provided that the moving 
system is symmetrically mounted on the axis and that the 
latter possesses lateral rigidity. In the second class, repre- 
sented by the Duddell string type of galvanometer, there is 
an infinite number of degrees of freedom. 

The theory of galvanometers with one degree of freedom 
has been given by Wenner.f His terms and theory will be 
adopted here, but his analytical methods will be superseded 
by the symbolic vector method as worked out by Butterworth $ 
and extended by him to cover the case of instruments with an 
infinite number of degrees of freedom. 

37. Vibration Galvanometers with One Degree of Freedom. 
General. In order to fix ideas, let the theory of the widely- 
used Campbell galvanometer be considered. In this instru- 
ment a moving coil vibrates in a magnetic field and is controlled 
by a bifilar suspension, the length and tension of which can 
be varied. With obvious modification of detail, the theory 
will also apply to moving magnet instruments and also to the 
acoustic telephone. 

When at rest the coil of the galvanometer lies with its plane 
in the direction of the magnetic field. Suppose the field to 
have strength H, and that the plane of the coil has area A . 
If the coil has N turns and carries a current whose instantaneous 
value is i, the couple deflecting the coil from its initial position 
will be HANi cos 0, where 0 is the angle between the field and 
the plane of the coil. When 0 is small, the deflecting couple 
is> Ver y nearly, HANi = Gi ; G is called the constant of 
displacement. 


pp* 39^400 ^1 g z 5 0n the Sensations of Tone , 2nd edn., Appendix 8, 

ex P erimental study of the vibration 
galvanometer. Bull. Bur. Stds., Vol. 6, pp. 347-378 (1910). 

D° n vibration galvanometer and its application to 
inductance bridges,” Proc . Phys. floe., Vol. 24, pp. 75-94 (1912) 
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The deflecting couple is opposed by three retarding couples — 

(i) A restoring couple, due to the elasticity of the suspension, 
proportional to the displacement. If c is the constant of 
restoration , the couple is cd. 

(ii) A damping couple due to air-friction, imperfect elasticity 
of the suspension, etc. It is usual to take this couple as 
proportional to the angular velocity of the coil. If b be the 
constant of damping , the couple is b * ddjdt. Blondel and Car- 
benay* have described a moving magnet galvanometer in 
which it was necessary to assume the damping proportional 
to the square of the velocity ; other workers have also made 
this correction to the theory of oscillating bodies, especially 
in cases where air-damping at high velocities is involved. 

(iii) A kinetic reaction couple proportional to the angular 
acceleration of the coil. If a be the constant of inertia of the 
coil, the couple is a * d 2 6Jdt 2 . 

The equation of motion is obtained by equating the total 
resisting couple to the deflecting couple, i.e. 

d 2 6 , . dd 

a w + b dt + cd ~ Gu ■ 

The quantities a , b , c, G are expressed in absolute units, and 
are called by Wenner the intrinsic constants of the instrument. 

Two distinct problems now arise : (i) the conditions of 

motion of a tuned galvanometer carrying a current i—ijcoscotf ; 
(ii) the behaviour of a galvanometer when connected in a 
circuit, such as a bridge network, which contains an alternating 
e.m.f. The first problem is concerned with the current sensi- 
tivity of the galvanometer, and is similar to the theory of the 
oscillograph worked out so thoroughly by Blondel. f The 
second problem involves# the consideration of the effect of 
the voltage induced in the galvanometer coil as it swings in 
the magnetic field, since this back e.m.f. will have an important 
influence on the voltage sensitivity of the instrument. 

38. Vibration Galvanometers with One Degree of Freedom. 
Current Sensitivity. Let the galvanometer carry a current 

* A. Blondel and F. Carbenay, “ Analyse harmoniqne des differences de 
potentiel alternatives par la resonance mechanique d’un barreau de fer 
aimantd,” Annates de Phys., t. 8, pp. 97-158 (1917) ; see also B. O. Pierce, 
Proc. Amer. Acad., Vol. 44, pp. 63-88 (1909) ; and B. Grammel, Phys . 
ZeiU., 14 Jahrgang, pp. 20-21 (1913). 

t A. Blondel, “ Thdorie des oscillographes,” Eel. Elec., t. 33, pp. 115-125 
(1902), and t. 36, pp. 326-346 (1903). 
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i = i x cos co t represented by a vector i. Then the complete 
solution of the equation of motion consists of the sum of 
two parts: (i) a transient portion, representing the natural 
free motion of the coil, involving the initial conditions of the 
moving system at the time of switching on the current ; 
(ii) a periodic forced oscillation corresponding to the steady 
vibratory motion of the coil after the initial disturbances 
have subsided. It is with (ii) that we are chiefly concerned, 
but a few words are first necessary regarding (i). 

The transient part of the solution, 0 T , is obtained by solving 


the equation 


d 2 6 , Wl « A 

a + h-r. + c6 = 0 . 


By the ordinary theory of differential equations if the roots 
of the auxiliary equation 

aa; 2 + bx + c = 0 


are m x , m 2 = ) - b ± Vb 2 - iac ( /2 a = — a zk 
the solution is 

6 t — As™ 1 * -j- Be™* 1 = e~ at \As^ t -f- Bs~P t | 

provided b 2 > 4oc ; 

or 0 T = s~ ai \A + Bt\ 

when b 2 — &ac ; A and B are found from the initial conditions. 

Hence owing to the factor e~ at the transient part of the 
solution is gradually damped out. In vibration galvanometers 
b is usually small, so that 4ae is greater than b 2 ; in this case 



C cos 


V 4ac ~ h \ + A 

2a Y . 



G and <f> are again determined by the initial conditions. The 
free galvanometer system thus performs damped natural 
oscillations of frequency ( V 4 ac - b 2 )j4:7Ta. If the system had no 

damping the undamped natural frequency would be f 0 
or co 0 = Vcja. 


_JL Ii. 

2 nh/ a ’ 


When the damping is such that the system just ceases to 
be capable of free oscillations /? = 0 and the galvanometer is 
critically damped. The appropriate value of b is b „ = 2 Vac. 
This degree of damping is approximately that aimed at in 
oscillographs, but is not nearly approached in vibration 




Chap. Ill ] 


APPARATUS 


165 


galvanometers ; it is useful, however, to express the actual 
damping in terms of the critical value, i.e. bjb c is the degree 
of damping. 

The effect of the transient oscillations of the coil is to 
produce initially when the galvanometer is switched into 
circuit an unsteady motion, beats being observed between the 
free and forced oscillations. These beats gradually die out 
until the instrument is in a steady state of forced oscillation 
corresponding to the current i, as the records of the motion of 
a moving coil galvanometer obtained by Zollich* clearly show. 

Hence for the present purpose the transient part of the 
motion may be neglected, attention being confined to the 
forced periodic motion of the coil. 

The periodic forced oscillation is obtained by solving 

cos a> t = cos tot. 

Clearly 6 must be a periodic function of cot ; let it be represented 
by the harmonic vector 6. Then by the methods shown on 
pages 25-32 

£ (c - aco 2 ) + jcob]0 = Gi, 

Gi £ / ta „-i 0} b . 

(c — aco 2 ) + jcob V(c- aco 2 ) 2 + oo 2 b 2 # — c- aco 2 
from page 36. 

Hence the amplitude of the motion of the coil is 
Gi ± V2GI 


1 V(c-aco 2 ) 2 + co 2 b 2 Va 2 (co 0 2 
the, motion lagging in phase by an angle 

cob 

w = tan -1 « ; 

• r * — n * 


co 2 ) 2 +co 2 b 2 


i.e. 6 = 0 X cos(cof - f). 

Tor a given value of the current I it is required to make the 
amplitude of the motion as large as possible. Clearly, is 
proportional to G — HAN ; since the area and turns of the 
coil are fixed, the amplitude increases as the field in which 
the coil lies is made stronger. Hence the magnet should be 
powerful and can be an electromagnet (see, however, p. 173). 

* H. Zollich, “ tlber ein hoehempfindliches Vibrationsgalvanometer fur 
sehr niecLrige Frequenzen,” Arch. /. Elek., Bd. 3, pp. 369-383 (1916). 
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Further increase of amplitude is secured by “ tuning ” the 
instrument. As Max Wien has pointed out, there are two 
ways of tuning a galvanometer to resonance with a source of 
supply : (i) by adjusting the frequency of the source ; (ii) by 
adjusting the constants of the galvanometer until resonance 
is attained. 

Frequency Tuning. Let the galvanometer be such that a, 
b, c, and G are fixed, and let <x> be continuously varied ; then 
will be a maximum when co reaches the value given by 


i o / = 


a 


1 / b X2 
'2 U 


2 1 ( b ' Z 
”2 (a 


the amplitude then being 

2 V2GaI V2GI 

b V{4:ac-b 2 ) bct) n 

since the natural damped frequency of the galvanometer is 
obtained from 


4ac - b 2 


4a 2 


c 

a 


l( b - 

4 a 


= co 


, 2_I 

0 4 


b \ 2 
a 


This shows that for the greatest sensitiveness, the damping b 
and the natural frequency of the instrument must be low ; 
resonance then occurs when the frequency of the source 
<*>/ = w n = oo 0 , since b is negligible. 

Frequency tuning is easily studied in a general way. Introducing 
the undamped natural frequency and the critical damping gives 
co 0 = Vc/a, b c — 2 Vca; the amplitude then becomes 




V2GI 


J(7^Y 7 A ITZ* 

a*) +4 V'< 


When the frequency is very low, i.e. co 
then if 

^ applied fre quency 


0, the amplitude is V 2 G I /c ; 


and 


co 0 

b 




undamped natural frequency 
damping constant 


critical damping constant 
Amplitude 


Amplitude for zero frequency 
tan = 2y<5/(l - y 2 ). 


degree of damping , 
1 


V(l-y *)« -f 4y 2 <5 2 
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Fig. 45 shows these ex- 
pressions plotted as a func- 
tion of y for various degrees 
of damping. When the 
damping is equal to or in 
excess of the critical value, 
gradually raising the ap- 
plied frequency continually 
reduces the amplitude of 
motion. When the damp- 
ing is less than critical, 
the amplitude attains a 
maximum for some value 
of frequency less than the 
undamped frequency of the 
moving system, diminish- 
ing again as the frequency 
is still futher raised. The 
maximum amplitude is 
greater as the damping is 
reduced, and occurs more 
and more nearly at the 
value of applied frequency 
equal to the undamped 
frequency of the system. 
Hence the great import- 
ance in vibration galvano- 
meters of reducing the 
damping as much as pos- 
sible. At the same time 
these curves show the selec- 
tive sensitiveness of the 
galvanometer for currents 
of the resonating frequency 
and its insensitiveness to 
all other applied frequen- 
cies, e.g. to harmonics in 
the deflecting current. 

[Referring to the curves 
illustrating the phase of 
the motion, it is clear that, 
whatever be the degree of 
damping, the deflecting 
couple and the resulting 
motion will be in phase 
when the frequency is very 
low. As the frequency is 
increased, the motion lags 
behind the deflecting couple 
until, when the applied fre- 
quency and the undamped 


Amplitude in terms of 
Amplitude for very slow movement 
J’Ol 1 h — — , 


T 



1 

\ 1 
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\ 




< 

< 





Amplitude of 
displacement 
as a function 
of frequency 
for various 
degrees of 
damping. 
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Fig. 45. — Frequency Tuning of a 
Vibrating System 
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natural frequency are equal, they are in quadrature. Thereafter the 
phase-angle increases until, whatever be the damping, the couple ant 
the motion are in opposition of phase when the frequency is infinite. 
A careful study of these curves, which apply to all cases of forced 
oscillations in mechanical systems, is recommended to the student.* 

Control Tuning. In most bridges, tests are to be carried 
out at a definite frequency, so that co is fixed. Hence the 
timing is more usually done on the galvanometer itself, thereby 
enabling one instrument to cover a range of frequencies. It is 
not easy to produce a continuous variation of the moment of 
inertia a ; the damping b is seldom sufficiently adjustable to 
serve as a means of tuning. Thus, tuning is effected by 
alteration of c by variation of the length and tension of the 
coil suspension. 

With co, G, a and b fixed, 6 1 will be a maximum when 
c = aco 2 ; that is, when co 0 — co, the undamped natural 
frequency of the moving system being equal to the fixed 
applied frequency. The amplitude has the maximum value 

VzGI/cob 

and the motion is n/2 later than the applied current. For 
the greatest sensitivity the magnetic field should be strong, 
the damping slight, and the applied frequency low. 

To illustrate the control tuning of a vibration galvanometer, 
curves are plotted in Fig. 46 for a Campbellf instrument in 
which a = 6-9 X 10 -6 , b = 23-2 x 10' 6 , G = 585, giving the 
amplitude in arbitrary units in terms of the control constant c 
when applied frequencies of 50 and 100 are used. Resonance 
occurs when the applied and undamped frequencies are equal, 
and the extreme sharpness of tuning is to be noted, showing . 
the selective frequency property of the galvanometer due to 
its slight damping. For a frequency of 100, c = 2-72, so that 
b c = 2 Vac = 8-68 x 10 -3 ; hence b/b c = 0-0027. 

To show how much more sensitive the galvanometer is to 
currents of the frequency to which it is tuned, consider the 
response of an instrument to the wbh harmonic when tuned 
to the fundamental. The amplitude due to the fundamental 
is V2GI/cob, since co 0 is tuned to equal co. With co 0 at this 

* C. C. Hawkins, The Dynamo, pp. 116-126, 6th edition. A. Blondel, 
loo. cit. 

t Dictionary of Applied Physics, Vol. 2, p. 974. 
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value, let co be changed to nco in the general equation for the 
amplitude, p . 165 ; then the amplitude due to a current of n times 
fundamental frequency is, for the same current strength, 
V2 CIj\V a 2 (co 2 - n 2 co 2 ) 2 ■+ w 2 6 2 co 2 | . Neglecting the damping 
term, this is V 2GI/co 2 a(n 2 - 1) ; hence 

Sensitivity to fundamental I sensitivity to nth harmonic 
== coa(n 2 - 1 )jb. 

Amplitude Amplitude 



Fig. 16. — Control Tuning of a Vibration Galvanoimeter 


In the case of the Campbell instrument treated above, when 
tuned to resonate at 100 cycles per second the ratio works out 
to he 1,495 when n= 3 ; i.e. the galvanometer is 1 ,495 times more 
sensitive to the fundamental than it is to tlm third harmonic, 
and the ratio is considerably greater for higher harmonics. 
Hence it is not necessary to supply absolutely pure wave forms 
of current to bridges in which a vibration galvanometer is used, 
since the sensitiveness of the instrument is so much greater 
for current of fundamental frequency than it is for the 

39. Vibration Galvanometers with One Degree of Freedom. 
Voltage Sensitivity. In its usual application to a.c.^ bridges, 
the vibration galvanometer is used to detect small differences 
of potential between the branch points of the bridge. Its 
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voltage sensitivity then becomes important, and will now be 
investigated.* 

When the coil of the galvanometer is vibrating, it cuts the 
field issuing from the magnet, and therefore has an e.m.f. 
induced in it. The current passing through the coil is thus 
determined in part by the back e.m.f. appearing in the coil 
due to its vibratory motion in the field, this e.m.f. opposing 
the alternating p.d. applied to the circuit in which the 
galvanometer is placed. 

If the plane of the moving coil makes an angle 0 with the 
direction of the field H, the flux through it will be II A sin 0 
and the linkages will be HAN sin 6 = G sin 0. When 0 is 
small the linkages are GO, so that the back e.m.f. is 



Since 0 is a periodic function of cot, can be represented by 
a uniformly rotating vector e„ = -jcoGO. 

Suppose the galvanometer to be inserted in a circuit to 
which an electromotive force e = e x cos cot is applied. If the 
entire circuit, inclusive of the galvanometer, has resistance R 
and reactance X, its impedance operator will be R -f- jX. 
If e be the vector of applied e.m.f ., the current is given by 

i = (e + e & )/(-R + jX) == (e/z) - ( jcoGo/z ) . (a) 

Prom page 165, the symbolic equation of motion of the 
galvanometer is 


| (c — aco 2 ) -|- jcobjO = Gi ; . . . .(b) 

substituting for the current from above expresses 0 in terms 
of e, 

^(c-aco*) +jco(b = % 

Inserting z = R + jX, and simplifying, gives 

\ [R(c - aco 2 ) - co&X] + j[X (c - aco*)+co(bR + G 2 ) ] \ 0= Ge- 
so that . 

0 = 0i cos (cot — yi), . . . . -(c) 

* y. Wenner, loc. cit. ; S. Butterworth, loc. cit. ; H Zellich Jnr rit 
See also for a very full discussion, A. Blondel, “ Sur lAnalyse harmoriaue 

taWn,,! 6 ” de J C °“ antS alteruacifs P a r resonance mechanique 

electnque, Annales de Phys., t. 10, pp. 195—334 (1918). ° 
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61 ~ VCB(c - aoP) '~ o^xJ+[X^aoPj+^W+^) l 2 ’ 

and the phase 

X(c - aco 2 ) + co(bR + <? 2 ) 
tan ^ = R(c-aoP)-cobX ’ 

E being the effective value of e = e x cos cot. 

Alternatively, elimination of 0 gives the relation between 

e and. i, thus, 

G 2 i 

zi = e -jw • ^ 5 _ aa)2 ^ + 


or e 




^R + jX + ju>G 2 1 _ 

co 2 G 2 b 


(c - aco 2 ) -jcob 
aco 2 ) 2 + o 2 f> 2 5J 


1, 


* + ■ 


= (E'+jX')i . • 

so that 

«i 


>1 


co6r 2 (c-<m> 2 ) V 
^ (c-aco 2 ) 2 +o 2 ^ 2 ; 


i, 

(«0 


4 = 


= cos (cot - <f>), where tan <f> = X'fR'. 


VR' 2 +x r 

R’ is called the effective resistance of the galvanometer circuit 
and X' the effective reactance. 

Control Tuning. The conditions for maximum sensitivity 
of a vibration galvanometer when used as a voltmeter are 
quite different from those applying to its current sensitm y. 
Referring to Equation (c) above, let a, b, and co be fixed and, 
for the present, let G, R, and X be fixed also. Then let c be 
adjusted until the amplitude d 1 has a maximum value, this 
will be found to occur when 

coXG 2 

(c — a co 2 ) — > 

the value of the amplitude when the instrument is tuned is 

V 2GE 


(e) 

hR 


m\b{R 2 + X 2 )* + G 2 R{R 2 + *»)'*] 

The phase of the motion is then tan f = Rj- X or rp = n -tan 
When the circuit has zero reactance, e.g. as is very nearly the 
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case when the galvanometer alone is in circuit, then the 

amplitude is V 2GEjco(bR + G 2 ). 

Optimum Sensitivity. The maximum amplitude obtained 
by tuning the galvanometer in the above manner does not 
represent the greatest sensitiveness which is possible. The 
expression ( e ) can itself be made to attain a maximum value 
by adjustment of either of the quantities G or X . In both 
cases the optimum sensitiveness of the instrument as a 
voltmeter is secured when 


b/R=G 2 l(R 2 + X 2 ). 
The optimum amplitude is then 
a/2j Ej2coVbR 


When the galvanometer has been control tuned and has 
then been adjusted to the optimum condition by alteration 
of its magnet field, or by varying the circuit inductance, 
or by the use of an interbridge transformer, it is of 
interest to examine the resulting current and the back 
e.mi. in the coil. Beferring to Equation ( d ), let the 
conditions (c - aco 2 )/ooX = - G 2 /{R 2 + X 2 ) = - b/R be inserted ; 
then the effective resistance R' = 2R and the effective reac- 
tance X ' = 0. Hence, i = {e 1 /2R) cos cot, or, in r.m.s. values, 
I = E 1 2R. Thus, when a vibration galvanometer- is used as 
a voltmeter and is adjusted to optimum sensitiveness, the 
effective resistance of the galvanometer circuit is twice its 
d.c. resistance, and the current through it is in phase with 
the applied voltage. 

When the galvanometer is so adjusted, it is easy to show that 


the back e.m.f. in the coil is given by e & /e = -^1 
If the reactance is negligible, as, for example, when the 


galvanometer alone is in circuit, then e 6 /e = Thus, when 

the instrument is used in a bridge and is adjusted to the 
optimum conditions, the back e.m.f. in the coil is half the 
applied voltage and is in opposition of phase therewith. 
Under these conditions, half the power supplied to the instru- 
ment is dissipated in heat and half in mechanical work, the 
latter maintaining the motion of the moving system as a 
synchronous motor. This condition is well known, and can 
be realized in practice by adjusting the strength of the 
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galvanometer field Tby the use of an electromagnet, as has 
been shown by Haworth* and later by Zollich. After control 
tuning has been effected, the optimum is attained by adjusting 
the electromagnet ; the effective resistance of the instrument 
is then 2 i?, as is shown by the curves of Fig. 47, taken from 
a paper by Zollich. 


wm, per microvolt. 
0-8 * — 



0 0 


100 150 200 250 

Magnet excitation jn AT 


Fig. 47. — Voltage Sensitivity, Current Sensitivity, and 
Effective Resistance of a Moving Com Vibration Galvanometer 
Plotted as Functions of the Strength of the Magnet 


An electromagnet has the disadvantage that it and its 
associated battery may produce large electrostatic capacity 
effects when the instrument is in an a.c. bridge. The battery 
supplying the magnet should he small and well insulated. 
The trouble can he completely overcome by using a permanent 
magnet of adequate strength provided with a mapetic shunt. 

Another way of avoiding the troubles due to an electromagnet 
is to adapt the instrument impedance to that of the network 
bv connecting it to the bridge through a transformer of suitable 
ratio. This method was described by Wenner and provides 
a simple means of attaining optimum sensitivity. _ 

Motionae Resistance and Reactance. Referring to 
Equation (d), suppose the galvanometer only to exist m the 


* H. V. Haworth, “The rna^mum sensibility of a Duddell vibration 
galvanometer,” Proc. Phys. Soc., Vol. 24, pp. 230--37 pai-h 
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circuit, R being its resistance and X its reactance. Then the 
effective resistance R' is composed of the d.c. resistance of the 
instrument and a term, called its motional resistance , arising 
from the movement of the galvanometer coil. Similarly, the 
effective reactance X' consists of X together with the motional 
reactance of the coil. The quantities R' - R and X' - X have 
been investigated in a number of cases by Kennedy,* and are 
shown to have interesting physical properties. 

In most galvanometers the inductance is very small, so 
that X is negligible ; the effective reactance of the instrument 
is then equal to coG 2 (c - aco 2 ) J[(c ~ aco 2 ) 2 + co 2 6 2 ] its motional 
reactance. If the galvanometer is tuned so that c/a = co 2 — co 2 , 
the reactance is zero and the galvanometer behaves as if it 
were a non-inductive resistance R + ( G 2 jb .) If the frequency 
be lower than this value, i.e. co < co 0 , the instrument has 
positive reactance and behaves as if it were inductive. On 
the other hand, when co > co OJ the reactance is negative and 
the instrument acts as a condenser. f 
40. Vibration Galvanometers with an Infinite Number of 
Degrees of Freedom. Asymmetric Systems. Galvanometers 
of the bifilar loop or Duddell pattern do not behave according 
to the theory just laid down for a moving coil instrument. 
The stretched wires carrying at their mid-point a load in the 
shape of a mirror, perform oscillations in the same way as the 
vibrating string of a monochord when centrally loaded. They 
have, therefore, an infinite number of normal modes of vibra- 
tion, the relations between which are determined by the 
relative masses of the mirror and the wires. 

Butterworth J has worked out the theory of such instruments 
and has shown how to find the infinite number of resonance 
frequencies. He points out that if the mirror be fairly heavy 
in comparison with the vibrating loop, the damping of the 
higher harmonics is large and the instrument acts as if it had 
only one degree of freedom. With too fight a mirror, the 
frequency selectivity of the galvanometer is spoilt. The wires 
can then vibrate in some complex manner, and the spot of 
fight, instead of moving in a straight fine across the scale, 

* A. E. Kennelly and G. W. Pierce, Proc. Amer. Acad., Vol. 48, p. 113 
(1912); A. E. Kennedy and H. 0. Taylor, Proc. Amer. Phil Soc., Vol. 55, 
p. 415 (1916). 

. t Zddich, loc. cit. ; also see S. Butterworth, “ On a null method of testing 
vibration galvanometers,” 'Proc. Phys. Soc., Vol. 26, pp. 264-273 (1914). 

t s * Butterworth, Proc. Phys. Soc., Vol. 24, pp. 75-94 (1912). 
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will describe closed curves resembling Ldssajou’s figures. 
Similar effects will occur if the two sides of the loop do no 
come into resonance together, due to inequality of tension or 
to unsymmetrical mounting of the mirror upon them. 

It has recently been shown* that multiple resonance is not 
confined exclusively to instruments of the Duddell pattern. 

A vibration galvanometer of the moving magnet or moving 
coil type may exhibit more than one point of resonance, since 
the moving system may possess more than one . degree of 
freedom arising from the imperfect lateral rigidity of the 
suspension and from the fact that the axis of suspension does 
not pass through the centre of mass of the moving system. 
Rosa and Groverf some years ago showed a resonance curve 
for an instrument of the Rubens type possessing two degrees 
of freedom, the curve having two well-defined resonance peaks 
separated by a region of low sensitiveness. Prof. LI. Jones 
in the paper cited has satisfactorily worked out the theory 
of such double resonance and has shown how to deduce the 
mechanical constants from the resonance curve. The theory 
is analogous to that of coupled electric circuits. 

41. Measurement of the Sensitivity of a Vibration Galvan- 
ometer. The vibration galvanometer possesses several charac- 
teristic properties which are used to compare its sensitiveness 
with other detecting instruments. Moreover, these quantities 
can be used to determine the value of the intrinsic constants 
in the equation of motion for use in design. 

(i) Alternating Current Sensitivity. Referrmg to Fig. 44, let 
the galvanometer be connected in series with a high resistance, 
so that the back e.m.f. in the instrument can be neglected, 
and tapped across a known low resistance carrying alternating 
current which is accurately measured by a dynamometer. 
The in strument is tuned to be in resonance with the supply, 
which should be taken from a source of constant frequency. 
From the value of the current and the resistances, the current 
through the instrument is calculated ; the total width of the 
resulting band of light (proportional to twice the amplitude) 
on the scale is observed ; then a.c. sensitivity =?= width of 
band in mm. at 1 metre scale distance per microampere. 

(ii) Alternating Voltage Sensitivity. The high resistance is 


* R. Ll. Jones, “Vibration galvanometers with asymmetric moving 
systems,” Proc. Phys. i$oc., Vol. 35, pp. 67-80 (1923). 
f See Bull. Bur. Std&., Vol. 1, p. 298 (1905). 
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cut out, the current from the source being much reduced. 
The p.d. across the instrument is then known, and the a.v. 
sensitivity — width of hand in mm. at 1 metre scale distance 
per microvolt. 

(iii) Direct Current Sensitivity. Beverting to the connections 
in the figure, let the alternator he replaced by a battery, and 
let the direct current through the instrument be calculated, 
the single deflection being observed. Then, in the usual way, 
d.c. sensitivity = single deflection in mm. at 1 metre per 
microampere. The ratio a.c. sensitivity /d.c. sensitivity is 
called the resonance magnification and should be as large as 
possible. 

(iv) Resonance Frequency. The frequency of the source to 
which the instrument is tuned is measured by some suitable 
means. 

(v) Resistance. The galvanometer resistance should be 
obtained in a Wheatstone bridge. 

For the manner of deducing the intrinsic constants from 
these five quantities, and for typical values, see Dictionary of 
Applied Physics , Vol. 2, pp. 972-974. 




1. Introduction. The reader approaching the subject of 
alternating current bridge measurements for the first time 
will be impressed by the very large number of networks which 
have been proposed by various writers for use in practice ; 
and he may find some difficulty in choosing from the profusion 
of methods at his disposal, the one best suited to the measure- 
ment of a given quantity. It is the object of this chapter to 
present a concise description and classification of bridge 
networks, together with a summary of the literature concerning 
them 

Since a given network may be of service for the measurement 
of more than one quantity, it is clear that confusion may arise 
by attempting to classify bridge methods according to the 
quantities which they are designed to measure. _ It is simpler, 
for the primary classification developed in this chapter, to 
consider the networks according to the arrangements o 
resistance, inductance, and capacitance which compose the 
balanc ing branches of the networks, and which enter into the 
balance conditions. It is proposed, therefore, to examine the 
construction of each bridge network and to classify it m the 
manner just suggested. The balance conditions can then be 
worked out, the vector diagram drawn, and the conditions 
for sensitivity deduced. The purposes to which each network 
can be put will be referred to, and, so far as possible, 
experimental results of the use of each bridge will be given. 

The bridge networks having been classified in this chapter 
with respect to the way in which they are built up, it will be 
easy to show in Chapter V how to choose the network most 
suitable for a given measurement, and to point out the practical 
precautions which it is necessary to observe in order that 
reliable results may be secured. 

In Chapter I the reader has been shown that modern alternating 
current bridge methods for the measurement of induction coefficients 
are the direct result of applying an interrupted current and a telephone 
to the old ballistic bridges. It will be of service in the present classi- 
fication to make a few observations upon these old methods, irom 
which so many of the present-day methods are derived. 

In the use of a ballistic method a suitable network is arranged and 
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adjusted, so that the galvanometer in the bridge conductor remains 
undeflected when steady currents flow in the branches, i.e. the ordinary 
Wheatstone bridge relation among the branch resistances is first 
obtained. Then, without interfering with this condition, such adjust- 
ments are made in the constants of the branches that the galvanometer 
remains undisturbed when the source of current is applied to or removed 
from the network, i.e. the second condition for balance is that no 
ballistic effect is exerted on the galvanometer. 

Now a ballistic galvanometer can remain undeflected under either 
of two conditions : (i) when the aggregate quantity of electricity passed 
through the instrument during the continuance of the transient con- 
dition in the network is zero ; or (ii) when the current in the galvano- 
meter is zero at every instant. Obviously, if condition (ii) be satisfied, 
the first condition is automatically fulfilled ; the converse is not 
necessarily true. Assuming steady current balance to be first secured, 
balance for the transient state can be obtained by imposing in addition 
one or other of these conditions (i) and (ii). Ballistic bridges are 
thereby divided into three definite classes* which have aggregate balance , 
continuous balance , or conditional continuous balance ; according as (i), 
(ii), or (ii) with further conditions is satisfied. 

For example, Bimington’s method [see p. 214) for comparison of a 
condenser with a self -inductance essentially has aggregate balance 
under condition (i), and cannot be balanced if (ii) be imposed. On the 
other hand. Maxwell’s method (p. 180) of comparing two self -inductances 
can be balanced by means of condition (ii) and has continuous balance. 
Again, such a bridge as Carey Foster’s method (p. 258) for the com- 
parison of a condenser and a mutual inductance is primarily balanced 
under condition (i), but, by imposing a further condition, balance can 
be obtained under (ii), giving conditional continuous balance. 

Now if such bridge networks be supplied with alternating current, 
the detecting instrument is essentially some form of current-measuring 
or detecting device, such as a telephone or a vibration galvanometer ; 
hence, as has been shown in Chapter II, the condition for balance is 
that there shall be no current in the detector at any instant. It follows, 
therefore, that any ballistic bridge which has continuous balance can be 
used without modification with alternating current, provided that the 
battery be replaced by an alternator and that a telephone or vibration 
galvanometer be substituted for the ballistic galvanometer. By this 
means a large and important class of alternating current bridges is 
obtained. 

It will be obvious that a ballistic bridge which has aggregate balance 
cannot be balanced by the use of an alternating current.- If, however, 
the steady current or ’Wheatstone bridge condition be abandoned, it 
becomes possible to use such bridges with alternating current. Balance 
is usually obtainable only at one frequency, and the use of such 
networks is limited, owing to their practical inconvenience. 

Ballistic bridges of the class which may be made to have conditional 
continuous balance can be adapted to alternating current at once by 
adopting the slight modification necessary to make the balance 
continuous. 

* In this connection see a paper by A. O. Allen, “On measurements of 
inductance,” Phil. Mag., 6th series, Vol. 25, pp. 520-534 (1913). 
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In addition to these alternating current adaptations of old ballistic 
methods, there is a large class of methods specially developed as the 
result of alternating current practice. These methods are either 
modifications of the old ballistic bridges d evised to simplify the practical 
procedure of securing balance ; or they are entirely new methods 
developed in the course of research work for the purpose of some 
special measurement. One of the two balance conditions is not 
necessarily the ordinary Wheatstone bridge resistance relation, and 
a knowledge of the frequency of the alternating current may enter 
explicitly into the balance conditions. 

As will be shown later in this chapter, the two conditions of balance 
deduced on page 44 for an alternating current bridge may be functions 
of the frequency of the current applied to the. network. When 
these conditions are independent of frequency, either a telephone 
or a timed detector may be employed, since the bridge is balanced for 
currents of all frequencies simultaneously. It is, moreover, not 
important that the wave-form of the applied potential difference be 
sinusoidal, since the adjustment balancing the fundamental of the wave 
balances simultaneously the harmonics. On the other hand, when the 
balance conditions involve the frequency of supply, this frequency 
must be independently measured, and the knowledge of it becomes, as 
it were, a third condition of quantitative measurement. Moreover, if 
in such a case the applied wave of potential difference be impure, the 
use of a telephone will be inadmissible, since, although the condition 
of balance appropriate to the fundamental of the wave be satisfied, 
balance for the harmonics is not simultaneously secured, and silence in 
the telephone will be impossible. In such cases the use of a tuned 
detector, the response of which is small to harmonics of the frequency 
to which it is tuned, is essential. This is usually a simpler expedien 
than that of purifying the wave-form in order that a telephone may 
be used. 

The first classified collection of a.c. bridge networks was 
published by Max Wien,* in 1891, a number of old ballistic 
bridges being adapted for use with alternating current and 
certain new networks introduced. H. Rowland, “j* in 1898, col- 
lected together the circuit diagrams and balance conditions of 
some 27 bridges, and added others in later papers. In 1908 A. 
Campbell^ published a collection of bridges in which mutual 

* Max Wien “ Messung der Jnductionsconstanten mit dem ‘ optische 
Telephone ” Ann. der Phys Bd. 44, pp. 689-702 (1891). For a collection 
of the old ballistic methods, see W. E. Sumpner, Journal S.T.E. , Vol. , 

pp. 344-379 (1888). . A . 

+ H. Rowland, “ Electrical measurements by alternating currents, Amer. 
J. Sc., 4th series, Yol. 4, pp. 429-448 (1897); also Phil Mag., 5th series, 

Vol. 45, pp. 66-85 (1898). , „ . 

H. Rowland and T. D. Penniman, “ Electrical Measurements, Amer. 

J. Sc., 4th series, Vol. 8, pp. 35-57 (1899). „ D ,. 7 

t A. Campbell, “ On the use of variable mutual inductances, Phil Mag., 
6th series, Vol. 15, pp. 155-171 (1908) ; Proc. Phys. Soc., .Vol. 21, pp. 69-87 
(1910). Also, “Inductance measurements,” Elecn., Vol. oO, 

(1908). 
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inductance occurs, the theory of these having been given by 
Heaviside many years previously. Two important summaries 
of bridge methods have recently been published by C. E. 
Hay,* in 1912, and D.I. Cone, in 1920.f The latter paper 
gives very useful and concise diagrams for a number of bridges 
used in modern practice. 

In the succeeding sections of this chapter, a large number 
of bridge networks are passed in review and classified according 
to the way in which they are constructed. It is found that 
the networks fall under the following headings — 

(i) Containing Resistance and Self-inductance. 

(ii) Containing Resistance and Capacitance. 

(iii ) Containing Resistance, Self -inductance, and Capacitance. 

(iv) Containing Resistance, Self-inductance, and Mutual 

Inductance. 

(v) Containing Resistance, Self-inductance, Mutual 

Inductance, and Capacitance. 

NETWORKS CONTAINING RESISTANCE AND 
SELF-INDUCTANCE 

2. Maxwell’s Method. In the second volume of his Treatise 
on Electricity and Magnetism ,% Maxwell describes a simple 
method for comparing the self-inductances of two coils by the 
use of a ballistic galvanometer and a battery. Max Wien,§ 
in 1891, appreciating that the method possesses continuous 
balance, adapted it to alternating current. 

In Eig. 48 (a), let L ± and L 2 be the two self -inductances, the 
branches of the network in which they are connected having 
resistances P and R respectively. A resistance r is arranged 
so that it may be included at will in P or in R. The remaining 
branches are composed of resistances Q and S, frequently coils 
in a ratio box. The branch impedance operators are 

= P jwL i, z z = Q } = S 3 = R -f- jooL z , 

* C. E. Hay, “ Alternate current measurements, with special reference to 
cables, loading coils, and the construction of non -reactive resistances,” 
Journal P.O.E.E., Vol. 5, pp. 451-4=54 (1913); also Professional Papers, 
No. 53. 

f D. I. Cone, “Bridge methods for alternating . current measurements,” 
Journal Amer. Vol. 39, pp. 640-647 (1920). 

t 1st Edn., p. 357 (1873). See also M. Brillouin, “Comparison des coeffi- 
cients d’induction,” Ann. de V Ecole normale , tome 11, pp. 339-424 (1882). 

§ Max Wien, “ Messung der Inductionsconstanten mit dem ‘ optische 
Telephon,’ ” Ann. $er Phys Bd. 44, pp, 689-712 (1891), 
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where P or R includes r according to the needs of the experi- 
ment. Then, for a four-branch network, the balance condition 
is (p. 43), 

ZlZ 3 = z 2 z 4 , 

or S(P -f - jcoLV) = Q(R j<oL 2 ) ; 


whence, by separating the two components, 

Lj. _ P _ Q 

L 2 ~ R~ S 



Fig. 48. — Maxwell’s Method for Comparing Two 
Self-inductances 


are the two conditions which must he satisfied if no current 
flows in the detector. Since the conditions do not involve o>, 
the bridge can be balanced even when the wave form of 
applied potential difference is impure, and a telephone can 
be satisfactorily employed to indicate balance. 

In practical working, the following procedure will be found 
convenient. Adjustment of the bridge will be most easily 
attained if the standard inductance , L 2 , he of the tyjpe in which 
the inductance can he continuously varied without alternation 
of resistance.* As a preliminary, the resistance of the unknown 

* For example, the Ayrton-Perry Inductance or other forms shown on 
pp. 94-98. 
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inductance L x should be found by means of a Wheatstone 
bridge, the value obtained acting as a guide in deciding where 
to connect the resistance r. A suitable arrangement of the 
apparatus is shown diagrammatically in Fig. 48 (6). The in- 
ductances L x and L z are arranged at some distance from one 
another, so that the mutual inductance between them may 
be negligible ; they are connected to the remainder of the 
network by bifilar leads, so that errors due to inductance of 
the leads may be a minimum. The branches Q and S are 
shown as separate resistance boxes, but it is often convenient 
to combine them in some form of ratio box. The connections 
from the source of current and to the detector are preferably 
of twisted wire ; in general, care should be taken to avoid 
loops of any considerable area in the connections used in the 
bridge by arranging that the leads are grouped in pairs. By 
such means, stray inductance errors are minimized as far as 
possible. A three-point plug serves to connect the alternator 
terminal A to one or other end of the resistance r ; this resis- 
tance may be composed of a dial or plug box in combination 
with a fine-adjustment rheostat* or slide wire for the purpose 
of securing accurate balance. 

Assuming the value of L x to be entirely unknown, balance 
may be found by a process of methodical trial and error. 
Start by making Q/S = 1, setting the resistance r in AC or in 
AD, so that PjR is about 1 also. Then, by successive adjust- 
ment of L 2 and r, endeavour to obtain balance. Clearly, if 
A. = or < L 2 , balance may be at once secured, but if it be not 
within the range of the standard inductance, a second trial 
is necessary. Observe at which end of the range of L 2 the 
indication of the detector is least; then alter the ratio Q/S 
to bring the balance point within the values obtainable in L 2 . 
Re-adjust r to make P JR about equal to the new ratio, and 
then obtain balance by alteration of r and L 2 in successive 
steps. 

Should it be found that the alteration of L 2 over its whole 
range makes no appreciable difference to the indication of the 
detector when Q = S, a considerable alteration in the value 
of Q/S is requisite, say to 10 or to 1/10. An attempt to 
balance should then be made by the procedure just described. 
It is always best, wherever the available standards render it 
possible, to work with Q = S, and to extend the range of a 

* Of constant or calculable inductance, pp. 83-85. 
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small variable inductance by means of additional fixed induc- 
tance standards connected in series with it. Such extra coils 
should obviously be put at some distance from the variable 
inductance and from the coil under test, so that there shall be 
no errors due to mutual actions between them. By using 
Q = S, any residual errors and slight inequalities which they 
may possess can be eliminated by re-balancing the bridge 
when Q and S are interchanged and averaging the two results.* 

If only fixed inductance standards are available , balance must 
be secured by successive adjustment of Q/S and r. After a 
preliminary trial has indicated the order of magnitude of L ± , a 
standard L 2 of about equal magnitude should be chosen. The 
resistance boxes Q and S are then preferably connected by a 
slide wire, the point B being the sliding contact thereon ; the 
final precise adjustment of Q/S can then be easily obtained. 

It is worth while to notice at this stage two artifices which may be 
of service in adapting the bridge to work with available standards. 
Properly, these artifices constitute separate methods and will be 
considered in detail in their proper place. Suppose that X x is much 
larger than any available standard X 2 . Connect in the branch, AC a 
condenser of capacitance C ; then the apparent inductance of the branch 

is which by suitable choice of C may be brought within 

the range of the standard L z . It should be noticed that the frequency 
must be constant and known. Again, suppose that Z x is much smaller 
than the standard Z 2 . Connect a resistance R 2 in parallel with the 
branch AD. Then, referring to the table of operators given in Fig. 10 
and to page 91, the apparent inductance of the branch is 

( R + jK 2 ) 2 + co 2 LA 

which can be made as small as is desired by suitable choice of li & . 
This in effect is the Wien-Dolezalek method described on p. 191. In the 
use of both these artifices such magnitudes of C or of R 2 should be 
chosen as will convert the bridge into one with equal ratios, in order 
that residual errors may be reduced to a minimum. 

Experimental Examples. The following typical examples will serve 
to illustrate the balancing procedure described above — 

(i) The various branches were made up as follows. AC, a coil L x 
of nominally 40 millihenrys inductance and 5 ohms resistance in series 
with a decade resistance box and constant inductance rheostat (r, in 
Fig. 48(a) ). AD, an Ayrton-Perry variable self -inductance X 2 of 43 
millihenrys maximum value, and R — 10*69 ohms. Q and S were equal 
coils in a ratio box, and were set at 10 ohms each. The source was a 
valve oscillator working at a frequency of 459*3 ; the detector a tuned 

* See Chap. V for further precautions in precise work. 
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Duddell vibration galvanometer Balance was secured by successive 
alterations of r and X„ the balancing values being 5*50 ohms and 
“X: respectively. Hence X, 40-72. wfmmi. »"<' 
the effective resistance of L x is 10-69 - 6- 50 — 5 19 ohms. 

(ii) In a second test made on a coil of about 0-6 henry, Q was set at 
1,500 ohms and S at 100 ohms, these now being coils m separate decade 
boxes, r was included in the branch with the unknown coil. The 
settings of r and X 2 at balance were 65-15 ohms and 40-40 „ millihenry* 
respectively, so that X, = 15 X 0-04040, = 0-6060, henry and its 
effective resistance is 15 X 10-69 - 65-15 = 95-20 ohms. The frequency 
in this test was 407*1. 


3. The Vector Diagram for Maxwell’s Method. The vector 
diagram for the balanced bridge is drawn in Tig. 48 (c). Since 
the points 0 and D are always at the same potential, and the 
branches CB and DJB are pure resistances, the currents passing 
the branch points C and D must be in phase. Then if AB be 
the vector of potential difference, e, applied, between the ter- 
minals A , B , the remaining vectors are easily constructed as 
shown. Relative to A, the common potentials of G and I) are 
represented by coincident points (7, D, i.e. z x i 0 = i D . To 
these must be added Qi G = $i D to give the vector e. From 
the geometry of the figure it is easily seen that Pi 0 = Ri^, 
Ljic — and Qi c = Si D ; hence L X IL 2 =P/R = Q/S. 

4. Sources of Error in Maxwell’s Method. The method 
described above in its simplest form is, in practice, subject to 
various sources of error, which will now be examined. 


Eddy Current Effects. It is to be noted that although the balance 
conditions given in the above do not involve the frequency, it does not 
follow that balance obtained at one frequency will be retained at any 
other. This is due to the fact that the quantities involved are effective 
inductances and resistances, the values of which are different with 
alternating current from the values with direct current, owing to the 
effects of eddy currents in the resistances and the standard coils. 
With properly constructed resistance boxes and well stranded induc- 
tances, the effect of eddy currents can be reduced to a very sin all 
amount, the alternating and direct current values being practically 
identical. Thus, if three branches be made up of standard apparatus, 
as free from eddy current effects as possible, the bridge serves to find 
the inductance and the effective resistance of a coil at a given frequency. 
It has been applied by Dolezalek* in this connection to measure the 
additional resistance in alternating current apparatus due to the effect 
of eddy current losses ; this investigator has also described self- 
contained bridges capable of measuring an inductance of 10" 7 henry 
with an accuracy of 1 or 2 per cent (Fig. 48 (d)). 

* F. Dolezalek, “ Messeinrichtung zur Bestimmung der Induktionskon- 
stanten und des Energieverlustes von W echsel stromapparaten.” Zdts. f. Inst.. 
2a Jahrgang, pp. 240-248 (1903). 
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Mutual Inductance. In arranging the apparatus for the simple 
bridge just described, the two coils have been placed so that the mutual 
Inductance between them is very small. This can be secured by 
putting them at some distance apart, with their planes perpendicular. 
However, in precise work, the mutual inductance effect, though small, 
may not be negligible, and it becomes necessary to examine the way 
in which it modifies the balance conditions. 

Let M be the mutual inductance between the coils in branches 1 
and 4. Then, in the expression given on page 52, put all the mutual 
operators zero except m 14 = jcoM, giving a = 0, ft — 0, y = jcoM, 
S = 2 jcoM. Then 

(SP-QR) + jco{S(L 1 + M) - Q(X a + M)} = 0 ; 
whence balance occurs if 


Z 1 ±M P__<2 
R~~ S’ 


remembering that M may be positive or negative. 

If the coils to be compared are equal, i.e. if L x = X 2 , then the above 
equation is independent of M. Then P ~ R and Q = S. Thus, 
in an equal ratio bridge balance is unaffected by the mutual inductance 
between the coils, so that it is not necessary in this case to go to any 
trouble to reduce mutual action to a minimum. 

Residual Errors in the Ratio Branches. It has been assumed that 
the resistances Q and S are perfect, i.e. they contain no residual 
inductance or capacity. Now, although this is very nearly true in 
the case of resistances specially constructed for alternating current 
work, the small residuals may have an important effect, especially in 
bridges where the ratio is such that Q and S are very unequal. If these 
coils are of low value the residual inductance may preponderate ; if of 
high value, the residual self capacity may be important. In any case, 
the effect can be represented by writing Q + jcoX for Q and S + jcoy 
for S where I and ju are the residuals (see p. 59). 

The balance condition for the bridge is then 

(P + jcoLJ ( 8 + jcoy) = (R + jcoZ 2 ) (Q + jcoX), 


which, on separation of the two components, gives 
L x Q ( Py - Rk \ Q 

Z 2 S \ Z 2 S / 8 1 

P Q t . L 2 X\ Q 

and B = 8 + “■ V RS J ~ S 


+ &2 


as found by Giebe.* . . _ 

To show the importance even of small residuals, consider a bridge y 
in which L x = 0-1 henry, P = 20 ohms, Z 2 = 0*01 henry, R = 2 ohms, 
S = 5 ohms. Then if Q and S are free from residual effects, Q must be 
50 ohms for balance. Now let A = 0 and fi — 0*25 microhenry, then 
the second equation gives Q = 45*57 ohms when the frequency is 


* E. Giebe, “ Messung induktiver Widerstande mit hochfrequenten Wechsel- 
strdmen. Method© zur Messung kleiner Selbstinduktionskoefficienten., A.nn. 
der Phys., Bd. 24, pp. 941-959 (1907). _ _ . 

y From an example given by E. Orlich, Kapazitat und Induktimtat , p. Z6<o. 
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3,000 cycles per second. Hence, the value of Q requisite for balance is 
reduced by 4*43 ohms or 8*86 per cent. If the residual inductance had 
been neglected and LJL % calculated from the observed Q/S, the result 
would have been in error by 8*86 per cent, which is a considerable 
amount. 

Error due to these residual effects can be avoided in three ways : 
(a) By making the bridge symmetrical, so that Z x = X 2 , Q = S , and 
P = R. Any slight difference between Q and S is eliminated in the 
mean of the values obtained for balance when tlaeir positions are 
interchanged. Or by means of a small auxiliary inductance in Q or S, 
make Q/S = X/ fi, so that the residuals of these branches are proportional 
to their resistances. Then LJ Z 2 = Q/S — P/R as if residuals were 
not present. With an equal ratio bridge, let balance be secured in the 
ordinary way. Then alter the small auxiliary inductance and the 
other adjustments of the network until, on reversing the positions of 
Q and S, balance is not disturbed. (6) By a substitution method. 
The bridge is balanced with the unknown coil in position, and then 
re-balanced when the coil is replaced by one of the same resistance and 
calculable inductance. The adjustable rheostats in the branches 
should be of constant inductance, and the substituted coil should be 
as nearly equal to the unknown coil as possible. This procedure 
(since the balanced bridge is only very little disturbed from its initial 
state), entirely eliminates residual errors, and determines with high 
precision the difference between the unknown and the standard. 
Grover and Curtis* have employed it to measure the inductance of 
low value resistance coils, (c) By the use of a specially constructed 
bifilar bridge in which the residuals are calculable. 

This third method has been developed by Giebef for the precise 
comparison of two inductances on a bridge of large ratio. Ills arrange- 
ment is shown diagrammatically in Pig. 49 (a) for a bridge in which the 
ratio is 10, and forms an excellent illustration of the care which must 
be exercised when precision is desired. The two coils to be compared 
were wound with carefully stranded ware, their induct an' es and resis- 
tances being Z 2 = lO^ cm>> R « 2*84 ohm, L x = 10 8 cm., P x = 18*77 
ohm. They are connected to the rest of the bridge by bifilar leads 
about .1 metre long, so that mutual inductance between the coils and 
the bridge may be neglected. 

The four branch points A , B , C, D are arranged to be as close 
. as P oss it)le, the telephone or galvanometer being connected 

to and the alternator to AB, each by a pair of bifilar leads. The 
pomts A, C, D are represented by pins fixed in a piece of ebonite, 
soldered connection being made at them to the other branches of the 
network. The point B is represented by a knife-edge contact moving 
on a mangamn wire about 2 cm. long and 0*36 inm. diameter for fine 
adjustment of the ratios, f 

The ratio branches Q and S are resistances designed so that their 

* F. W Grover and H. L. Curtis, “ The measurement of the inductances of 
resistance coils, Bull. Bur. Stds., Vol. 8, p. 463 (1913). 

t E * ^fbe, loc. cit. ; also “ Priizisionsmessungen an Selbsinduktions- 
normalen, Zeits. f. IrV$t. y 31 Jahrgang, pp. 6-20, 33-52 (1911) 

+ For detailed drawings of a bifilar bridge, see W. Hiiter’ “ Kanazitats- 
messungen an Spulen,” Ann. der Phys Bd. 39, pp. 1350-1380 (1912) 
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residuals may be readily calculated.* Each is composed of a pair of 
parallel, bare manganin wires stretched out on a suitable board, and 
bridged at the ends remote from the branch points by the short- 
circuiting xneces K 2 , K z . If l be the length of the wires, a the distance 
between their axes, r their radius, the seif -inductance of such a parallel 

wire resistance is L = j^4 log + 1 J Z. cm. The dimensions and 

approximate constants of these resistances are 




Fig. 49. — Giebe’s Bifilar Bridge and Electrostatic 
Screening Arrangements 


r mm. 
a mm. 

1 cm. 

Resistance 

Inductance 


Q 

0*025 
1*3 
102*4 
390 ohms 
1,720 cm. (A x ) 


S 

0*075 

1*3 

87*1 

39 ohms 
1,080 cm. {fi) 


Now, referring to the balance conditions, if Q and S are such that 
Q/S = A//*, then the equations reduce to LJ Z a = Q/S = P/R just as if 
there were no residuals present. Hence, to ensure that this condition is 
approximately fulfilled, a coil of inductance A' — 9,870 cm. is connected 
in series with S. Thus, A = A x *+- A' = 1,720 + 9,870 — 11,590 cm., 
so that [i /A = 1,080/11,590 = 1/10. The resistance of A' is negligible, 
it being a copper coil. It should be noticed that the correction term 7c z 
can be kept small by keeping the radius of the wire of which S is 
composed as small as possible ; as the radius is reduced, S increases at 
a greater rate than fx, so that Jc 2 is diminished. 

A bifilar resistance r is included in series with B 1 for purpose of 
adjustment. Balance is secured by successive alterations of r and of 
the slider B. The movement of the latter allows of a variation of 
ratio of about 2 per cent ; further adjustment can be obtained by 
movement of the bridges IT 2 , K z . The following table shows how 

* See p. 80. 
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%t!» 

accurately , with such precautions, a bridge of ratio 10 can be balanced 
at various frequencies when the residuals are allowed for 

. fcjL = 0*000006 


Frequency. 

QIS 

r 

-Pi 

P 

R 

&2 

Observed 

P/jR 

Calculated 

P/P = f- + *2 

50 

10-000 

9-6 3 

18-77 

28 -4 0 

2-84 

0 

10-00 

10-00 

2,040 

10*026 

9-6 9 

18-77 

28-4 

2-84 

-0-01 2 

-0-02* 

10-02 

10-01 4 

3,035 

10-053 

9-5® 

18*77 

28-2® 

2-84 

9-97 

10-02 ? 


It will be seen that the values of P/E directly observed and those 
calculated from the corrected value of Q/S are in very close agreement. 
The discrepancies are discussed by Giebe. 

Self capacitance of L x . Self capacitance* in the coil under test, 
especially if it has a great number of turns, will introduce an error 
at higher audio frequencies. It has been shown on page 90 that the 
effect can be represented by a condenser C in parallel with the coil, the 
combined impedance operator being (P x -f jcoZ x )/{( 1 - co 2 CL 1 )+ jco CPJ, 
so that the effect of self capacitance is to increase the resistance of the 
coil to 

PV= (1 + 2 m*Z x C)P 19 
and its inductance to 

Z'r= (1 + <o*Z x C)Z x . 

These values must replace P x and Z x in all the preceding expressions. 

The value of C can be found by measuring Z\ at two frequencies, 
and its effect can be allowed for. For example, in Giebe’s bifilar bridge 
described above, the value of Z x i§ 10 8 cm., and C is 0 *000 1 6 microfarad. 
The values of P\ and L\ at two frequencies are 

Frequency 2,040 cycles /second 3,035 cycles /second 

P'i 18*86 ohm 18*97 ohm 

Z ' i 1*0025 X 10 8 cm. 1*0055 X 10 8 cm. 

from which an idea of the magnitude of the effect can be obtained, 
remembering that P x = 18*77 ohm at low frequency. 

Earth Capacities , Considerable' error may arise in measurements 
at high frequencies when the earth capacities are neglected, and without 
making some compensation for them, balance may be difficult or 
impossible to obtain. The general question of earth capacities will be 
discussed on page 285, but it will be well to mention at this stage 
the general nature of the effects involved. 

Every branch of the network has electrostatic capacity with respect 
(a) to surrounding earthed objects, and (6) to every other branch of 
the network. To a first approximation the earth capacities (a) may 
be represented by condensers connected between the branches and 
earth ; and in a similar way the intercapacities (5) may be considered 
as a set of condensers joining the several branches. These condensers 
constitute, as it were, branches additional to those forming the original 

* See E. Giebe, loc. cit. ; also Max Wien, Messung der Induct ionsconstan- 
ten mit dem 4 optische Telephon,’ ” Ann, der Phys ., Bd. 44, p. 711 (1891), 
and F. Dolezalek, “ TJeber Prazisionsnormale der Selbstinduktion, Ann, der 
Phys ., Bd. 12, pp. 1142-1152 (1903). 
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network, and by their presence the balance conditions may be pro- 
foundly affected. Naturally, the effects will be more pronounced at 
high frequencies than at low, since the reactances of the capacity paths 
connecting the branches to one another and to earth become less as 
the frequency is raised. 

In order to make the effect of earth and inter capacities as small and 
as definite as possible, it is necessary to screen the several branches 
from one another by enclosing them in metal boxes or shields, the 
potentials of the latter being maintained at definite values with respect 
to earth and to the branch points of the network. 

Fig. 49 (b) shows diagrammatically the screening arrangements ad opted 
by Giebe for the bifilar bridge. The inductive coils L 19 L.> are enclosed 
in metal boxes maintained at the potential of A. The bifilar ratio 
resistances Q, S are earthed at the branch-point B, screens connected 
to B rendering the capacitance of the boxes definite with respect to 
earth. 

A further important capacitance effect when a telephone is used as a 
detector is the capacitance between the observer and the telephone. 
Though at balance the potentials of the points CD are identical, it 
does nob follow that their common j>otential will be the same as that- 
of the observer. A capacity current will flow from the branch points 
through the telephone to earth, via the observer, and silence can not be 
secured unless the capacitance effect be eliminated. Several devices for 
securing this result are described in the next chapter. Giebe’s arrange- 
ment is to enclose the telephone in a metal case connected to the 
branch-point C, an earthed screen making the capacitance definite. 
The observer applies his ear to a tube of insulating material projecting 
through the walls of the metal case. 

5. Giebe’s Modification of Maxwell’s Method for Small Inductances. 
Giebe* has shown that Maxwell’s method can, by means of a simple 
modification, be used for the measurement of small inductances which 
have a large resistance ; as, for example, resistance coils. Briefly, the 
principle is to use as the ratio branches coils of high inductance and low 
resistance ; it is then easy to show that residual errors in the bridge, 
when used to compare two small inductances of comparatively high 
resistance, are very small and can be allowed for experimentally. 
By this means Giebe was able to measure inductances of the order of 
500 cm. with time constants as low as 10” 8 second. 

Referring to Figs. 48 and 49, the following procedure is adopted. 
L l and X 2 are known large inductances of relatively low resistances. 
In Giebe’s arrangement, X x is nominally 0*1 henry and X 2 0-01 henry ; 
self capacitance is important in the case of X x , altering its inductance to 
X'i =s (1 + o) 2 LiC)Li and its resistance to P\ — (1 + 2co 2 Z 1 C)P 1 at 
frequency co/2tt. 8 is a high resistance of which the small inductance, 
ft, is to be measured; Q is a parallel wire resistance of which the 
residual inductance may be calculated. Let a bifilar bridge be set up, as 
in Fig. 49, balance being secured by adjustment of the sliders K l9 K % , and 
B. Then, from the balance equations on p. 185, balance is attained when 
P't+r 2 (i> 1 W) 

R ~ s + c ° RS 

* Loc, cit 
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Now re-balance the bridge with direct current by adjustment of r 
only, the balance value being r' ; then 

(Pi + r')/R = Q/S, 

assuming Q, R, and S do not vary appreciably with frequency. 
Subtracting the two equations and solving for /(, gives 

PKP'i-Pi) + (r-r')l , Lt , 

**“ ^ 

Substituting for P'j gives, 

_ S[r-r' + 2a) 2 X 1 G l P 1 ] Z 2 
~ + Z' x ’ 

all the quantities on the right-hand side being known. 

To show the degree of precision attainable, Giebe compares two 
parallel wire resistances of calculable inductances. The observed 
values for the two balances were as follows, Z x = 0T henry, X 2 ~ 0*01 
henry, C *== 0*00015 microfarad, L\ = 0*10017 henry, P l = 18*77 ohm, 
r == 11*95 ohm, r' — 9*59 ohm, co — 2tz x 2,010, & == 2*01 ohms. The 
first term on the right-hand side is then equal to 303 X 10“ 9 henry. 
Hence, 

Measured value of ju - -yr X = 303 cm. 

X j, 

The calculated values of fx and X were 380 cm. and 744 cm. respectively ; 
so that the calculated value of the above quantity is 380 - x 744 

i-e., 306 cm ; agreeing with the observed value to within 1 per cent. 


6. Wien’s Methods. Max Wien* has described a modi- 
fication of Maxwell’s method by means of which a self-induc- 
tance can be found in terms of resistance and frequency. 
Two arrangements are shown in Fig. 50. The first is that 
described by Wien in 1891, L 1 and L % being unknown induc- 
tances, P t , P 3 , and r rheostats, and Q, S the ratio branches 
joined by a slide wire. The second gives Wien’sf bridge of 
1896, as used by him for the measurement of standard induc- 
tances of 0-001, 0-01, and 0-1 henry respectively. This 
arrangement differs from the former in the omission of the 
rheostat P z , and in this form has been used by Dolezalekt to 
investigate the influence of stranding on the errors in standard 
inductances. A. Campbell, || in 1905,. has described the use 

dem ‘°p ti8che 

Bi 5^pp.753-563fm 6 e ) ltSr0llen ** Selbstblducti °*>” Ann. der Phys., 

rlyl: BA e it e pp. ‘iu2 te n 5 P 2 ato°3r 0rmale d “ Selbsti ^tion,” Ann. der 
I! A ‘ Cam PbeU, Proc. Phys. Soc., Vol. 19, pp. 171-172 (1905). 
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of the method to measure inductances of the order of 100 
microhenry’s. 

In practical working, L x is the unknown inductance ; L z is 
an adjustable inductance which need not be known. Balance 
is attained by first fixing P 2 and L z , and then adjusting succes- 
sively the ratio Q/S and the rheostats P 3 and r. In using the 
second method of connection, it may be necessary to include 
a rheostat in P x . 



Fra. 50 . — Wien’s Methods for the Determination of 
Self-inductance 


Referring to the more general arrangement, put P 2 + r = R ; then 
the impedance operators for the branches are 

r , , PziPi+jcoLJ „ „ „ . . ^ 

Z 1 " ”3 + ip'p" jp jwL ’ = Q, H = S } z 4 = R -f- jcdL 2 . 

Substituting in the balance equation 

« 1«3 = 

and collecting terms 

S{P*(Pi + P,) + PiPz) + QioPLxLz - B{P 1 + P 2 )} 

+ jcolZmPz + P.) - QR}~ UQiPi + Pa)l = 0. 

P P 

Now the total resistance of the branch AC is P = P 3 -f ; 

Jr i “T R 2 

substituting in the above equation and putting the two components 
separately equal to zero, gives 

’ oPL x L 1 - (P x + Pi) (QR-SP)/Q, 


Q(Pi + Pt) 

X 2 5*(P, + P t )-Q« 


and 
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for the balance conditions, from which L x or X 2 can be calculated 
independently. 

In the case of the more commonly used Wicn-Dolezalek 
bridge, shown in the right-hand diagram, these conditions 
reduce to a simple form. Put P 3 = 0 in the above equations, 
then the balance conditions reduce to* 

^L 1 L 2 = B{P 1 + P i )~P 1 P 2 f 


and 


Li QjP. + P,) 

L 2 SP 2 - QR 
Solving these equations for the value of L lt gives 
P 1 P 2 S 


(a) 


B- 


« 2 V= (Pi+P 2 ) 2 


(Pi+P z)Q 


(b) 


from which L x can be found in terms of resistance and 
frequency. Wien has shown how, in practice, the knowledge 
of all these separate resistances can be avoided by making 
two additional measurements with direct current. After 
balance has been secured with alternating current, apply direct 
current and a reflecting galvanometer to the bridge. Then 
the resistance r must be adjusted so that the branch AD falls 
in resistance by an amount 

y = t> PJPz S 

(Pi+Pt)'Q- 

,, re raove the inductive coil L 1 ; the resistance r must 
then be adjusted so that the resistance of AD increases by 

r =p *q~ r - 

makes 8 theS6 obserV ' ed alter ations of r in the above equation 


l R. 1 

1 Q a) V r" r' + r" 


• ■ • (c) 

wnX iS n°T neces f r v. fco determine the best arrangement of the net- 
and denominator bo°th “tj 

“ *>» ph- -y M—k 



BRIDGE NETWORKS 


193 


Ihccp . IF] 


:£i/r\ orxly be expected, therefore, if P 2 be chosen so that these differences 
\zxD\r <3 reasonably large values. Following the usual practice, put 

2 / *S Y 1 Equation (a) and find i 2 , P in terms of X 15 P x and P 2 ; 

salting expressions are 


i rt<3L 


R 

Z 2 


P ^i 2 + Pi(A + P,) 

a 0)*!^ + (P l + P 2 )2 

X 

^•V+fPx+P ,) 1 



STow- X> u ^ those values in the numerator of Equation (&) ; then if P 2 
s compared with a)I l5 it is easy to show that the numerator is 

3b if 

P . 2 = cdL v 

[■n. a, {similar manner, insertion of these values in the denominator will 
show bhat the latter increases with P 2 , attaining neither a maximum 
tox* i\, minimum ; it has, however, a sufficiently large value if P 2 = coL^ 


In practice, therefore, the following procedure may be 
conveniently adopted — 

(i ) Measure approximately the values of L x and P x . 

(ii ) Set up the bridge, making Q *== S and P 2 about equal 
to coA. 

(iii ) Calculate from Equations (d) the values of JR and JS 2 , 
setting the rheostat r and the variable inductance in AD to 
these values. 

(x/v ) Attain balance by adjustments of the slider B and L 21 
nothing their positions. 

(v ) Measure the frequency, / = 

(vri) Make the two measurements with direct current 

0 ox * jto spending to Equation (c). 

"Wlxen. the above procedure is adopted, accuracy of about 

1 in 1,000 is obtainable. 


The bridge should be used only at relatively low frequencies, say 
400 bo 500 cycles per second, since, on account of the skin-effect at 
ixi|glx frequencies, the two direct current balances will not bear any 
simple relation to the values which the resistances will have with 
altomating current. Moreover, owing to these eddy effects the bridge 
current will no longer be sinusoidal, and the use of the telephone 
becomes inadmissible. It then becomes necessary to use the vibration 
g^lvauxro meter, the sensitivity of which is greater at lower frequencies 
blx&bxx $hh high (see p. 166). 

E 3CJ3 eriment al Example. The following figures were obtained in a 
t>o«b a/fc 459*3 cycles per second on a coil, L x , of about 40 millihenrys. 
TT&ingg’ the above procedure, P 2 was set at 100 ohms, which is appro xi- 
xinuvfcely the value of a>L v To enable the d.c. balances to be made, a 
resistance of 20 ohms was included in series with L t , thus making P x 
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about 25 ohms. Using these values in Equations (d) makes JR = 51 
ohms and L 2 == 15*6 millihenrys ; the latter was an Ayrton-Perrv 
variable inductance of resistance R t = 10-69 ohms. The resistance r 
was a decade box in series with a constant inductance rheostat, and in 
the a.c. tests was set at 40-0 ohms to make R of about the required 
value. Q and S were decade resistances, the former being in series 
with a low reading rheostat. The a.c. balances were obtained by 
adjustments of Q and L, for various fixed values of S, using a Duddell 
vibration galvanometer and a valve oscillator. The d.c. balances 
were made by reading the changes in the setting of r, using a cell and 
reflecting moving coil galvanometer. 


s 

ohms. 

Q 

ohms. 

P, 

ohms. 

r' 

ohms. 

r" 

ohms. 

L i 
mH. 

30 

34-03 

100 

32-86 

37-55 

40-59 

60 

68-10 

100 

32-86 

37-55 

40-56 

90 

102-10 

100 

32-86 

37-55 

40-58 






Average 

40-58 mH. 


NETWORKS CONTAINING RESISTANCE AND 
CAPACITANCE 

7. De Sauty’s Method. The simplest way to compare two 
condensers is to make use of the method introduced by Mr. 
De Sauty,* of the Eastern Telegraph Co., and first applied to 
alternating current measurement by Max Wien,f in 1891. 

Referring to Fig. 51, C\ is the condenser to be tested, (7, a 
suitable standard condenser; Q and S are non-inductive 
resistances. The branch impedance operators are % = 1 \j<oC x , 
%2 Q > %3 S, z 4 = I/jcoC 2 ; so that balance occurs when 

8/joC \ = Q/jcoG z , 

Ci fO t = S/Q. 

The usual two balance conditions thus coalesce and become 

P *62 L a87lT Eof+hTh ,r 0 + be ^ -1 ab ‘ ne ’ Electrical Tables and Formulae, 
P ' + ..t 1 ! 6 balllst \ c ^idge, see W. E. Smnpner, loc. cit. (1888). 

Telenhnn .» l T’ ^ es *ung der Inductionsconstanten mit dem ‘ optisehe 
Tdephon, Ann. der Phys., Bd. 44, p. 697 (1891). J. Hanauer, “ Ueber die 
^dihangigkeit der Capacitat ernes Oondensators von der Erequenz der benutzen 
Wechsehtrome,” Ann. der Phys., Bd. 65, pp. 789-814 (1898) The folWnc 
Z!^!f w%r re ., Und f t -? k6n ^ tbe aid of an electrodynamometTaf 
+ r ; r i°^ d an< ^ *J- bf- Oates. “ On the application of alternating 

current to the calibration of capacity boxes, and to the comparison of eanaci. 

E^M^er^^Iwi?’” Ph . il ‘ Ma 9-> 6th series, Vol. 6, pp. 707-720 (1903)- 

VOIDS’ 19^i97 e (r9“ 0n * ^ *J,’ 


or 
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one. In practice, Q is fixed and S is adjusted until the 
detector indicates zero. 

The vector diagram for the balanced bridge is easily drawn, 
and is practically self-explanatory. 

It is interesting to note the effect of residual inductance in the 
resistances Q and S upon the accuracy of the measurements. If X 



De ■ Sgut yji 
Method 



Senes 

Resistance 

Method 



Xj V 

l c \(L 

vk .Jh ' 


Fig. 51. — De Sauty’s Method and the Series Resistance 
Method for Comparing Two Condensers 


and fi be the residuals, the operators for Q and S become Q + ju>X and 
8 4- jcofi respectively. The conditions for balance are then 
CJC Z = 8 IQ = ii IX. 

Hence not only the resistances but the residuals also must be in the 
ratio CJ C 2 * It may be necessary in this case to include in series with 
S or Q a small variable self-inductance in order that the second con- 
dition may be fulfilled. The bridge then becomes a variant of Grover’s 
series inductance method discussed on page 231. 

It is pointed out on page 54 that De Sauty’s bridge has the 


greatest sensitivity when C 1 


and, therefore, Q 


With a vibration galvanometer as detector, the frequency 
should be low for great sensitiveness ; hence, if C 1 and C 2 
are small, the impedances of the branches in which they lie 
will be very large. Hence, when condensers are tested at low 
frequencies (say, less than 0*1 microfarad at 100 cycles per 

J4 — (5225) 
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SancT rati ° b r ches slonId » M?1 

imSw :i b "* 3 ™ r “ “d detector ohould be ol l,ijh 
thef source and rW ^ ?° 1 iT” l i e,lt m such a case to connect 
formers.) Thfs rule Ts V * S ® thr ° Ugh Step ' Up traris ' 

•***' - «- wt ;*£,2rssi^ 

C^™Slf““?ondm S ^J h oL 1,300 ° yCleS Per seeond > ^ 

compared. O was fixed at in ^ lmUm ™ lue s were to be 

To allow for the effects of wvih adjusted for balance, 

vided with a screen that of C . apa ?^ an !: e i eac]l condenser was pro- 
A to D. In addition ll’w^ J011le * to the P°^t <7 and that of 
was applied z beintr a • ^ a » ner earthing device ( see Pig. 73) 

a variable resistance SuTcetiv M J. 00 “ den f r screened) and z B 
v-arying £) an d of fho. essive adjustment of the main bridge (by 

balance 5 ThJ det ec tor ^ Se , (b7 V&Iyhl « ** a « d 4 gave 

C 2 = 1-240 muE e ^ g } resistance telephone. Then with 

value of % T o- 96 m/p u ^ 7>™ ol ““. 80 ttat the apparent 
branchpoint 1 baL™; Bemo ^ the lead joining C, to the 
S and the ausilia^bridgT betnsZor ^ siting C„= 0-16, mpF, 

S = 2,000 ohms 1 T^£ ?i? g succ .f sivel y adjusted as before, giving 

c, » STc .^ oTZr 01 “ e •“* «• 

can no longer beoSST therean > and the condensers 

rough teftf istdf i P6rfeCt - What is done in ordinary 
deSo^is a ^^ St ® ° r / the indication of the 

similar qualitv a -m* ’ -ui W ^ en ^ wo condensers are of 

If the absorption he verT diLS°f h ^ nc f can be obtained, 
minimum is^ bv no mesl :ffer ® nt 111 tlie two condensers, the 

5 S£T defi “ d; 

4he Toita ®' ‘pUM “> “ 
’I** i{ is ^ aw 

Then, as shown on page 116 P +h Se - dlffer f nce of the condenser, 
replaced by a nerfeet f-n-nri ’ tbe imperfect condenser can be 
P to account for the losses and wv la series wi tb a resistance 
0 = tan 1 coCp. Md to § 1Ye the ^ phase-difference, 

it x ° Ph ^ e ^ pT m #07-2i4 Tmn c T cities 
**-■ V °l- 24,’pp. 120-mf 19 “7t hOd f0r com P^ou of 



Chap. I V] 


BRIDGE NETWORKS 


197 



The unsuitability of the above-mentioned minimum balance in 
accurate work is best realized by the examination of a numerical 
example.* Suppose C x is a paper condenser of 1 microfarad having 
= 30' corresponding to — 14-545 ohms. A mica condenser 
C o = 1*05 microfarad having 0 S = 1' and p 2 = 0-462 ohm is used as a 
standard. S is fixed at 1,000 ohms. A potential difference of 100 
volts is applied to the points AB, the frequency being 600/271. The 
detector has a resistance of 200 ohms. If the condensers had been 
perfect, sharp balance and zero current in the detector would have 
been secured when Q = 1,050 ohms. Making use of these figures in 
the equations given on page 42, the current in the detector is found 
to have the following values as this ideal value of Q is approached, passed 
through and exceeded. 


Q ohms. 

Detector current in microamperes 

1045-0 

20-184 

1049-0 

14*506 

1049-75 

14-336 

1049-9 

14-325 

10500 

14*323 

1050-1 

14-324 

1050-25 

14*333 

1051-0 

14*502 

1055-0 

18-870 


From this table it is seen that the current in the detector is never 
zero, but the value of Q corresponding to minimum current is the same 
as if the condensers were perfect However, the minimum is so flat that, 
with a telephone as detector (sensitive, say, to 1 microampere), settings 
could hardly be made closer than to the nearest ohm, i.e. to about 
1 part in 1,000. With a vibration galvanometer the state of affairs is 
little better, a precision of about 5 in 10,000 being possible. 

If, however, the phase differences of the condenser branches 
can be adjusted while, at the same time, the ratio of Q to S is 
varied, the points C and D of De Sauty’s bridge can be brought 
to the same potential and phase. This can be secured in a 
variety of ways, one of the simplest being to join in series 
with the condenser which has the lesser absorption an adjust- 
able resistance of known value. The bridge is then referred 
to as a Series Resistance Method (Fig. 51). 

Since it may not be known beforehand which of the 
two condensers has the smaller absorption, it is usual, in 
practice, to join a resistance in series with each condenser. 
Thus, C t , px, and C' 2 , p 2 , are the two imperfect condensers to 
be compared, adjustable resistances P x and R x being connected 
in series with them as shown. If Q and S be non-inductive 

* F. W. Grover, “ Simultaneous measurement of capacity and power factor 
of condensers,” Bull . Bur. Stds. t Vol. 3, pp. 375-376 (1907). 
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resistances, P = P ± + Pl and R = R t -f Pi , balance will be 
secured when 

s ( p+ ii)=°( J!+ i4) 

i.e. CJC, = S/Q = R/P. 

The practical process is to make successive adjustments of 
Q or S and P 1 or P x until true balance is attained. 

If the phase-difference of the condenser C 2 be known, this 
bridge provides a ready means of finding the phase-difference 
of C\. From the balance condition, 

@i{P 1 + Pi) = C z (R t -f- p 2 ), 
whence coC lPl - coC 2 p 2 = coC^ - mC 1 P 1 

i.c. tan tan 6 Z = coC z ^ R-i — ^P^. 

Since the phase-differences are usually small, this equation is, 
very approximately, 

tan (6,-6,)= coC^-^P^, 
from which 6 1 can he found. 

Experimental Example. The following results were obtained at a 
frequency of 407*1 cycles per second, the detector -being a Duddell 
vibration galvanometer. C 1 was a paper condenser whose capacitance 
and series resistance p x were to be determined ; the resistance P x was 
Tinoo^ e ^ raGCil contained a mica condenser of capacitance 
C 2 — 0*334 6 pF , having a series resistance of 0*30 ohms ; R x was a low 
reading variable resistance. Q was a resistance fixed at various values 
balance being obtained by successive adjustments of S and as 
shown m the table. 


s 


R 

C J 

ohms. 

ohms. 

pF. 

4785 

5*9 0 

+ 0*3 0 

0*400 3 

2392 

5*9 0 

+ 0*3 0 

0*400 2 

1196 

598*4 

239*4 

5*9 0 

5*9 0 

5‘9 0 

+ 0*3 0 
+ 0*3 0 
+ 0*3 0 

0*400 2 

0*400 4 

0*400 4 



Average 

0 - 400 3 pF. 


5*1 7 ohms 


~~~ giVC-U. 

coC iPi = tan 0 2 = 0-00025 7 = 0 2 = 53' ; 
hence for the condenser under test, 

tan 0 X = coCjiJj + tan 0 2 = 0-0052. = 0, 
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As in the case of De Sauty’s bridge, and following the usual 
principle, it is best to arrange for an equal ratio network ; 
possibility of error is thereby minimized. The method is 
subject to several sources of error,* which must now be briefly 
noticed, as it is particularly necessary to take precautions to 
eliminate errors when tests are being made on condensers 
in which 6 is very small and also' in the case of capacitance 
measurements on condensers less than about 0*1 microfarad. 

Residual Inductance in Q and S. If A and p be the residuals in Q 
and S, it is easy to show that the balance conditions become 

C 1 (o^C.P co^C 2 R1 

0 2 ~ Q L 1 + £ " Q J * 

and tan (0 X - 0 2 ) = <oC 2 -&i - coC^ L + <o 

Grover works out a . case in which C x = C 2 — 1 microfarad, p L = 49 
ohms, p 2 — 5 ohms, Q — S '== 1,000 ohms. A is taken as - 0*00004 
henry and (x as - 0*0015 henry, i.e. residual capacitance is the prepon- 
derant residual. With P x — 1 ohm and R ± = 45 ohms, balance is 
attained at a frequency of 100 cycles per second. With these figures the 
correction to be applied to the capacitance ratio is only 3 parts in 10 5 
On the other hand, tan {6 1 -d 2 ) — 0*0276-0*00092, an error of over 
3 per cent. 

This example serves to show that not only should an equal ratio 
bridge be arranged, but the branches Q, S should be similar in make-up, 
so that they have similar residuals. If then a second setting be made 
with them reversed in the bridge, the mean of the two balances will be 
little affected by residual errors. The coils should be well adjusted so 
that error in the ratio of Q and S is inappreciable. 

Residuals in P x and R x . Assuming an equal ratio bridge, the above 
equation shows that for a given value of d 1 - 0 2 the difference between 
R x and P x will be larger the smaller the value of the capacitance becomes. 
Since in small condensers quite large values of 0 are found, this may 
necessitate the inclusion of high resistances in series with the condensers. 
It has been shown on page 59 that such high resistances may have a not 
inconsiderable equivalent capacitance, represented by a condenser 
joined in parallel with the resistance. The introduction of these capaci- 
tances into the condenser branches will, therefore, introduce an error in 
the capacitance ratio and in the determination of phase-differences. 

* For a full discussion of the sources of error and for applications of the 
bridge to tests on condensers, see F. W. Grover, loc. cit ., pp. 378-389 (1907) ; 
H. L. Curtis, “ Mica condensers as standards of capacity,” Bull. Bur. Stds ., 
Vol. 6J pp. 431-488 (1910) ; F. W. Grover, “ The capacity and phase difference 
of paraffined paper condensers as functions of temperature and frequency,” 
Bull Bur. Stds., Vol. 7, pp. 495-578 (1911) ; K.W. Wagner, “ Zur Messung 
dielektrischer Verluste mit der Wechselstrombriicke,” Elekt. Zeits., 32 
Jahrgang, pp. 1001-1002 (1911) ; <e Die Messung der dielektrischen Ableitung 
und Kapazitaten mehradrigen Kabel mit Wechselstrom,” Elekt. Zeits., 33 
Jahrgang, pp. 635-637 (1912). 
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Grover ( loc . cit.) shows that the correction due to the capacitance of 
the series resistances is negligible when the condensers under comparison 
are large, and, in general, will be unimportant whatever the value of 
the condensers, provided that they have nearly equal capacitances and 
phase differences. With small condensers (< 0*001 microfarad) of 
quite different power factors the corrections may become extremely 
important. It is with the object of overcoming this source of error 
that the Series Inductance method (p. 231) was suggested by the late 
Prof. E. B. Rosa. 

Earth Capacities. Particularly when testing small condensers, the 
electrostatic capacity of the branches to earth may prove troublesome. 
Assuming that balance can be secured (in this connection, see p. 286), 
the method of substitution removes almost completely any troubles 
due to this cause. 

Neglecting residuals, etc., the process is as follows : Let balance be 
secured with the unknown condenser in the bridge. Then CJC^ S/Q 

and tan 0,— tan 0 2 = — P , the two condensers being as 

nearly equal as possible, so that a symmetrical network is obtained. 
Now replace the unknown by a standard condenser C\ of nearly equal 
value and phase difference 6\, re-balancing the bridge by adjustments of 
A to P\ and Q to Q', all else being undisturbed. Then C'JC 2 = S/Q' 

and tan Q\— tan 0 2 — (oC 2 (pi — Subtracting the tangent 

formulae and dividing the capacitance ratios gives 

C x = C'xQ'/Q a,nd tan (d L - 0\) = coC\ (p\-~ P^, 

so that Co need not be known. Since the arrangement of the bridge 
is not disturbed between the taking of the two balances — except for the 
small alterations of P x and Q — earth capacity effects are eliminated. 
Moreover, the effects of residuals in the branches are also eliminated by 
the process, so that by using such a “ dummy balance ” on an equal 
ratio bridge, settings of very high precision may be obtained. 

Wagner and Wertheimer* have also used the series resistance method 
for the purpose of measuring the time -constants of medium value or 
high resistance coils. As the time-constant is usually a very small 
quantity, of the order of 10~ 8 second in coils constructed for bridge 
work, it is necessary to set up the network in a rather special manner. 
The condensers C, and C. 2 are air condensers, so that p, = = () ; 

Ci is adjustable in value. P x and P L are resistance boxes. Q is the 
coil whose time-constant T Q is to be found, and S' is a standard resistance 
of a value about equal to the resistance of Q. With the bridge arranged 
in this way, balance is secured by adjustments of C, and P L . The 
resistance Q is then removed and replaced by a standard of equal 
resistance whose time-constant can be calculated from its dimensions, 
T, say. Re-balance by adjustment of P 3 and C x to values P\, C\ 
Then it is easy to show that T q = V 4- PC, - P'C'. It is essential 

, * • K* Wagner and A. Wertheimer, l£ tTber Prazisionswiderstande fur 
hoch frequenten Wechselstrom,” Elekt. Zeits., 34 Jahrgang, pp. 613-616 (1913) 
K.W. Wagner, ibid., 36 Jahrgang, pp. 606-609 (1915). 

$ 
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to make allowance for earth capacities in measurements on such small 
quantities ( see p. 286 for the method adopted). 

9. Parallel Resistance Method. The parallel resistance 
method illustrated in Fig. 52 is sometimes of service for the 
comparison of fairly large condensers. Wien* was the first 
to describe alternating current measurements with the bridge. 
The two condensers C l9 C 2 are shunted by resistances P, R ; 



Fig. 52. — Parallel Resistance Method and Wien’s 
Method for Comparing Two Condensers 


Q and S are, as before, the ratio branches. The branch 
impedance operators are z x = 1/^p + , z. z = Q, z 3 = S, 


l/i-j- jcoC 2 ) ; and balance is obtained when 


> 


i.e. Cj/Cg = S/Q — RjP ■ 

* Max Wien, he. tit., pp. 696-697 (1891). See. also J. Hanauer, loc. tit. 
(1898)- and J. Cauro, “ Sur la capacity electrostatique des bobines, et son 
influence dans la mdsure des coefficients d’induction par le point de Wheat- 
stone,” Comptes Rendus, tome 120, pp. 308-311 (1895) for examples of the 
use of the method. For the parent ballistic bridge, see W . E. Sumpner, loc. at. 
(1888), and E. C. Rimington, “Note on comparing capacities, Froc. 1 nys. 
Soc Vol. 9, pp. 60-67 (1888). Eor an application of the bridge, see A. 
Campbell, Froc. Roy. Soc., Vol. 78, p. 196 (1906). " 
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The resistances Q or S and P or R are successively adjusted 
until the indication of the detector is reduced to zero. 

The construction of the vector diagram is obvious. When 
the bridge is balanced the currents passing the branch points 
C and D are clearly in phase with one another and lead on 
the voltage e applied to the points A, B. Subtracting from e 
the vector Qi c = Si D gives the vector e x , which represents the 
voltage across the branches AO and AD. The current through 
P is e x /P and through the condenser C\ is jmC^, their sum 
being the current > Similarly, the sum of eJR and jcoC^ 
is equal to i D . It is easy, from a comparison of the sides of the 
vector triangles, to verify the above balance conditions 

Trom the vector diagram, if coC, and o>C % are small compared 
with 1/P and 1/P, then the condensers contribute only a small 
component to the currents passing the branch points, jL andL 
coming .more nearly in phase with e. Hence if co, P, and R 
be fixed, G x and C z must be large for the method to be sensitive 
to their presence in the network. 

It has been shown on page 116 that the effects of absorption 
m an imperfect condenser may be represented by a perfect 
condenser in series with a resistance. Alternatively, it may be 
represented by a condenser in parallel with a resistance, the 
phase-difference in the two cases being the same Grover* 
has shown how the parallel resistance method may be used 
to find the equivalent capacitance and shunt resistance of an 
imper ect condenser. In general, the fictitious resistance in 
parallel with a condenser in which there are dielectric losses 
will have a very high value ; hence, the balancing resistance 
in parallel with the standard may be inconveniently large, 
lo avoid the use of such large resistances, an artifice due to 
Wien may be employed Let C\, C' 2 be the unknown and 
standard capacitances, their effective shunt resistances being 
*7 and 1x1 Parallel with C 1 put a resistance P, of a value 
relatively low compared with PF X , say 100,000 ohms or so 
according to the circumstances. An adjustable resistance 
P a f aUel C » wifi then be of a reasonable 
of , C p and G * should be approximately 
equal, and the bridge balanced by adjustment of P x and QjS. 

Using this notation, P = 1/^-+ — ) and R = 1 /(^-+ ^ 

* Loc, tit., pp. 393-396 (19C7). 
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From the balance conditions 

+ i L) 

- _J_ + P L. 1 

p.n ' w n — x> n ~ r txt~. 


i + JL 

R, ~ W 2 


p iCi W& r,c 2 + W 2 C 2 ■ 

Multiplying by 1/co, and remembering that the phase-difference 
oi a condenser G in parallel with a resistance W is given bv 
tan 6 — l/oCW, the relation becomes 

tan d x - tan 0 2 — — . 

coG z R 1 

Since the resistances P l9 R x are usually large, they will have 
self -capacitances c x and c z in parallel with them, and hence 
the second balance condition is 

<<?i + c 1 )/(G t + c 2 ) = S/Q. 

W^hen the unknown and standard condensers are similar, 
and c 2 will be nearly equal, and will be small, since P x and’ R x 
will be nearly equal. Error due to them can then be 
neglected. 

The method is subject to the same sources of error as the 
series resistance method, and accurate settings can be obtained 
by the use of the process of substitution. 

Experimental Example. An experiment was made at 407*1 cycles 
X>er second on the condensers previously tested by the series resistance 
method ( see p. 198). C 2 had a capacitance of 0*334 6 //F and an effective 
shunt resistance of W 2 = 4*56 megohm. The condensers C x and C 2 
by resistances P x and R x respectively, P x being fixed at 
1,000 ohms. Balance was secured by successive adjustments of Q , 
and JR 19 the values obtained being Q = 795*0 ohms, S = 951*5 ohms, 
22 1 = 1190*5 ohms. From these results 


hence P = QR/S = 994*5 ohms. 

Remembering that P = l/(jr + j^r). gives TF X =0-181 megohm. 

Again, C x = SC 2 /Q = 0*4C0 5 /iF . From the equations on page 117, 
the series loss resistance equivalent to W x is p x = W x /( 1 + co 2 C X 2 W X 2 ) 
or 5*2 0 ohms, which should be compared with the value found by the 
series resistance bridge. 

10. Wien’s Method. An important method for comparing 
two condensers was introduced by Wien,* and is illustrated in 
* Loc . ciL, pp. 704—707 (1891). 


ll ^k l + w) = llw ' 2 ohms ’ 


QR/S 


Remembering that 
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Tig 52 The unknown condenser C t is joined in parallel with 
a resistance P; the standard C t is provided with a series 
rheostat R, Q and S being ratio coils. The operators are 

* - 1 /(p + *. - «■ *. - 8. ’« = B + ^C, “ d the 

balance equation is 


S/l^+jcoC \ 


= Q [R 


Separating components, 

Ci_S~R 
C Q P’ 

and C X C 2 = 1 joo 2 PR. 

The vector diagram combines the features of the series 
resistance method with those of the parallel resistance method. 
The current in the branches ADB, i D leads on the voltage e 
applied to the points A and B. The vector difference between 

e and $i D is the voltage e ± — ^ R + which also acts 

on the branch AC (since C and D are at the same potential). 
The current i 0 is in phase with i D and is compounded of the 
vectors of current eJP and jcoCfa. 

The principal use of Wien’s bridge is to determine the equiv- 
alent capacitance C x and shunt resistance WYof an imperfect 
condenser, such as a sample of insulation or a length of cable. 
The resistance P in the diagram is then equal to W 1 ; C 2 is an 
air condenser in series with an adjustable resistance R ; Q and 
8 are resistance boxes. Balance is obtained by successive 
alterations of R and Q or 8. Solving the above equations, 
and putting P = 'W l9 gives 


W, = ■ 


’ (1 + co 2 C 2 2 R 2 ) 
(1 + a) 2 C 2 2 R 2 ) 
co 2 C 2 2 R 


Now W x is usually a large resistance and C 2 is an air condenser 
of relatively small capacitance. Hence, the ratio of Q to 8 will 
tend to become large. The network will have very unequal 
branches and will be very susceptible to error, due to unsyrn- 
metrically distributed earth capacities. The presence of such 
error can be detected by reversing the connections to the 
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alternator and noticing if the balance is disturbed. If the 
change in the adjustments then necessary to restore balance 
is small, taking the mean of the two results will largely elimi- 
nate the error. It is better, however, to eliminate earth 
capacity troubles by the Wagner earthing device described on 
page 286. 

When, as is frequently the case in the measurements to 
which the method is commonly applied, C x is small and 
becomes comparable with the air condenser C 2 , a more sym- 
metrical bridge may be secured by shunting C x with a resistance 
P x of a value small compared with W x . This resistance will 
have a known self capacity c x . Referring to the balance 
conditions, write C x + c x for C 1 and 1/P = (1/TT X ) + (1/Pi). 
Solving for C l9 W x gives 


x " Q (1 + co 2 C 2 R 2 ) x ’ 

IS co 2 C 2 2 R 1 
and W x Q * (1 + co 2 C 2 R 2 ) P x * 

Experimental Example. The condensers compared by the series 
resistance' method ( see p. 198) and by the parallel resistance method 
[see p. 203) were again tested by the Wien bridge. C x is the paper 
condenser whose shunt loss resistance W 1 is to be determined ; it is 
joined in parallel with a resistance P x = 1000 ohms. C 2 is the mica 
standard of 0*334- fl pF. ; R is composed of the series loss resistance 
p 2 — 0-30 ohms and a resistance box R x , so that R = R x + 0-30. 
Q is fixed at 400 ohms, balance being found (at 407-1 cycles per second) 
by successive adjustments of S to 940 ohms and of R x to 1147-5 ohms. 
A Duddell vibration galvanometer was used. Then, from above, 


P _« (i + usci&) /i n 

P “ S ■ co 3 6VB ~ 994 57 ~ 1/ ^W 1 + iy ’ 

whence W x = 0*18 3 megohm. Also, neglecting the capacitance of P x , 

C x — 0-400 2 (IF. The series resistance p 1 corresponding to W x is, from 
the equation on page 117, 5*2 2 ohm, which checks with the values 
previously found. 

In a second trial with P x — 10,000 ohms, Q = 500 ohms, S — 604-3 
ohms, and R x = 119*9 ohms. From these values W x = 0-18 9 megohm, 
p x = 5-0 8 ohms, and C x = 0-400 2 ^F., which checks with the above 
test. 

This method has been used in some important researches on the 
properties of imperfect condensers, particularly to find the loss-angle 
for the dielectric of a high voltage cable. Hanauer,* in 1898, measured 
the change in C x and W x with frequency for a number of solid and liquid 
dielectrics. Monasch,f in 1907, carried out an important and elaborate 

* Loc. cit., 1898. 

f Bruno Monasch, “ Ueber den Energieverlust in DielektnJ&nj®£l$r; 
selnden elektrischen Feldem,” Ann. der Phys., Bd. 22, pp. 942. *)v / I ; > , 
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investigation of the law connecting the dielectric loss in a cable with 
the applied voltage. High voltages, ranging from 1,000 to 9,000 volts, 
were used on the bridge, the detector being an optical telephone. 
Tests were made on quite small samples of cable, having capacitances 
of the order of 0*001 microfarad ; the standard was a cylindrical air 
condenser specially constructed to withstand the high voltages used, its 
maximum capacitance being about 230 Allowance was nia-de for 

the capacitance of the resistances and for that of the bridge with 
respect to its surroundings. The point B was earthed. Wien’s method 
has also been used by Campbell and Eckersley,* in 1910, to test the 
variation of with frequency for some common dielectrics. 

• Rosenf has recently made an investigation of the losses in the 
dielectric of single core and multicore cables at voltages up to 30 kilo- 
volts using a modified form of Wien’s bridge. He uses the conjugate 
arrangement with the alternator across CD and the detector across A B. 
By choice of a suitably large value for Q/8, the voltage across C 2 is 
reduced and this condenser can now be an ordinary variable mica 
standard instead of being a special air condenser suitable for extra 
high tension. It is now necessary to construct the ratio resistances 
to withstand the high testing voltage ; as these resistances are of large 
value, some error may be introduced by distributed self capacitance in 
them. Earth capacity effects at the detector branch points are 
eliminated by use of the Wagner earthing device (see p. 286). 

11. Hay’s Method. The late Mr. C. E. Hayf suggested the following 
modification of Anderson’s bridge (see p. 215) for the purpose of 
measuring the small residual capacity of resistance coils. Q is the 
resistance whose effective capacity C x is to be found ; C 2 is a standard 
condenser. The rest of the branches are composed of non-reactive 
resistances, as in Eig. 53. 

Comparing this diagram with Fig. 15, it will be seen that z x = P, 

= l/(^ + = s, z, = R, Z 6 = r, and z 7 = 1/jcoCj. Now, 

from p. 46, the balance equation for the network is 

z 7 (z L z s -z&t) = z z {z,(z z + z 4 ) + z 3 zj, 

i.e. 

sp Qj + 3^ c i) -R = jo)C,[r(R + S) + RS ]. 

Separating components, 

SP = QR, 

Ci= JJ>[r(R + S) + RS]. 


A. Campbell and J. L. Eckersley, “ On the insulation of inductive coils ” 
Elecn. Vol. 64, pp. 350-352 (1910). ’ 

• tA *! T ? e “ se °, f the Wien bridge for the measurement of the losses 
Rearf +v, at Pj lgh - V ,°c ages ’ ^ s P ecial reference to electric cables.” 

Read before the Physical Society of London in May, 1923, but not published 
at tne time ot going to press. * 

-JL5' " ^ t6mat 1 e current measurements, with special reference to 

1% th6 cons “ion of non-reactive resistances.” 

pr ' 4S ““ (1M ” j a. 
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In practical work it is best to make R = S and hence P=0 
Balance is secured by adjustment of P and r, the equation for C, 
reducing to 1 1 


Cl = y [2r + JR]. 

By ~ ancing with 22 and s interchanged and taking the mean result, 
small differences between them are eliminated. The effect of residuals 
m the remaining branches and of electrostatic capacity of the bridge 
to earth may be eliminated by the process of ' 

substitution or “ dummy ” balance. After 
balancing with the unknown in position, a 
new balance is obtained when the unknown 
is replaced by a standard equal in resist- 
ance to Q and having calculable residual 
capacity. The difference between the un- 
known and the standard is thus found 
with a high degree of precision. For 
further details, reference should be made 
to the discussion given on page 223 of a 
similar process applied to resistance coils 
which have residual inductance. 






12. Schering and Semm’s Method. 

In modern high voltage technology it 
is commonly required to measure the Pig. 53.— Hay’s 
dielectric losses in cables and in insula- Method for 

tors when subjected to the working Measuring the 
voltage. On page 206 methods have ance" 

been described which are applicable to Resistance Coil 
such tests. More recently, Semm* 

has devised the following method, which is intended for use 
at extra high voltages. 

Referring to Fig. 54, O x is the effective capacitance and p x 
the equivalent series resistance of the imperfect condenser to 
be tested. C 2 is a special cylindrical air condenser having a 
capacitance of about 50 cm. and capable of withstanding 
voltages up to 100 kilovolts. This condenser is provided with 
guard rings, which are earthed. 0 3 is a mica condenser of 
adjustable value lying between 1 and 2 microfarads. Q and S 
are non-reactive resistances, the former being fixed at a value 
of 200 ohms. Balance is secured by adjustment of S and C 3 . 


* A. Semm, “ Verlustmessungen bei Hochspannung,” Arch. f. Elelct 
Bd. 9, pp. 30-34 (1921) ; “ Tatigkeitsbericht der Physikalische Technische 
Beichsanstalt,” Zeits. /. Inst., 40 Jahrgang, p. 124-125 (1920). See also 
H. Sobering, ibid., p. 124 (1920), for the original suggestion of the method. 
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Writing down the branch impedance operators z x = p x + T 


= Q, z 3 = 1 1 + jcoC^J 




Fig. 54. — Semm’s Method for 
Tests on Dielectrics at 
High Voltages 


0 uv/jl a f*-y J— - ^=Y J 

1 ljcoC 2 , the balance eqn. is 

-A~\ — q(— i Y 

n J — ^ \ n a h 


whence Pi = tt 

S 

and C 1 = ^^ 2 - 

From this the phase-difference 
0 X of the tested condenser is 

tan 6 1 = coCipx = a)SC 3 , 
from which the power factor 
may be easily calculated. 

The bridge has recently been 
used* in an extensive and 
precise research on the losses in 
condensers at ordinary lab- 
oratory voltages. Standard 
mica, fixed and rotary air 
condensers were tested by a 
process of substitution in a 
bridge sensitive enough to 
enable a phase-difference so 
small as 1" to be detected. 
The bridge is arranged in a 
symmetrical way with bifilar 
leads and suitable screening 
devices. 


13. Fleming and Dyke’s Method. On page 196 it has been 
pointed out that for sensitivity the ratio branches of a simple 
condenser bridge must have high resistance, since the 
impedance of the condenser branches is high, especially 
when small condensers are to be tested at low frequencies. 
For example, suppose C 1 and C 2 in Fig. 51 are each of the 
order of 0-001 microfarad, and the frequency is about 1,000 
cycles per second. Then the impedance, 1/co C, is of the 
order of 150,000 ohms. For a sensitive arrangement, therefore, 
* E. Giebe and G. Zickner, “ Verlustmessungen an Kondensat bren , ’ ’ Arch 
Eleh, Bd. 11, pp. 109-129 (1922). 
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Q and S must each be of the order of 100,000 ohms or so. 
Now it is far from easy to produce resistances of tins magnitude 
which will be free from the effects of residual inductance or 
capacitance, so that the theory of the bridge becomes compli- 
cated by the consideration of the residuals in the ratio branches. 


However, it is quite easy to 
make variable air condensers of 
small capacitance (about 0-002 
microfarad), and as these are 
free from absorption, they may 
be used as high impedance 
ratio branches in a condenser 
bridge without introducing any 
residual error. 

Fleming and Dyke* have 
applied this artifice to the Wien 
bridge of Fig. 52 in a research 
on the alternating current 
conductivity of dielectrics, their 
arrangement being drawn in 
Fig. 55. The branch AG con- 
tains the imperfect condenser 
which is to be tested, C 1 being 
its effective capacitance and P 
its effective shunt resistance. 
The branch AD contains a vari- 
able air condenser in series with 
a small adjustable resistance R. 
6 f 2 and G z are variable air 
condensers to act as ratio 
branches. 



Fig. 55. — Fleming and Dyke’s 
Four Condenser Bridge 


The impedance operators are z x = 1 = l/jco(7 2 , 

z 8 = 1 jjcoC z , z a = R +J~(T ; and the balance equation 

t 

a>(7 4 y 


c«/c» = (a-4)(i+>4 


* J. A. Fleming and G. B. Dyke, “ On the power factor and conductivity 
of dielectrics when tested with alternating currents of telephonic frequency 
at various temperatures,” Journal, I. E. E., Vol. 49, pp. 323-431 (1912). 
The idea of a four condenser bridge seems to be due to Nernst, Ann. der Phys 
Bd. 60, p. 600 (1897). For its use at radio -frequencies, see Dictionary of 
Applied Physics , VqJ. 2, p. 132. 
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Separating components, 

C 1 _C 1 _R 

G, C 3 P’ 

and C^i = 1 1 co 2 PR. 

The vector diagram follows at once from that for the Wien 
bridge, as a comparison of Kgs. 52 and 55 will show. 

Solving these equations for C x and P gives, 

n __ Gj Cj 

1 Gi ' 1 + co*CSR* 
p _G 3 l + tfC*R* 

C 2 ' oPCJiR * 

Hence the frequency must be known and constant, and the 
wave form must be pure if telephones are used to detect 
balance. 


In practical working, the condensers C v C 2 , C 3 , C t are 
arranged to be as nearly equal as possible. A suitable value 
°f r< c ^ osen ’ balance is secured by successive adjustments 
of 0 2 jC 3 and R. The condensers should not he too close 
together or mutual capacitances will exist between them and 
vitiate the results. Nor must the body of the observer be 
brought too near the condensers when balance is nearly 
obtained. All connections should be made of fine wire, so 
that capacitance in them is reduced to a negligible amount. 


•n Example. Fleming and Dyke describe the following 

l us ra ive experiment carried out at 4,400 cycles per second, a high 
resistance telephone being used to find the balance point. An air 
condenser C, of 430 np.F. was shunted with a resistance P = 2-15 
megohm. At balance, C\ = 476 W iF., C 2 = 1130 /xjuF., C\ = 1216 
At F., and R - 2975 ohms. Using these values, C, = 443 /i/iF., and 
, i megohm, which are in good agreement with the actual 

a ues. number of tests on small imperfect condensers are 

details 6d ** their paper ’ to which the student is referred for further 


If a symmetrical bridge be arranged, as suggested, the 
eltects of earth capacities between the branches and earth will 
be small. After balance has been obtained, the connections 
to the alternator should be reversed. Balance will, in general, 
be shghtly disturbed and should be restored by small adjust- 
ments of C 2 /C 3 and R. The mean of the two settings may 
be taken as the correct result. ' 

In accurate tests, C 2 . C 3 , and C' 4 should be provided with 
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screens. The resistance R should then be connected in the 
branch AD on the detector side of 0 4 , not on the alternator 
side as shown in the figure ; the screen of <7 4 should be joined 
to one terminal of the resistance R, whose other terminal is 
joined to D. The screens of C 2 and G 3 should be connected 
to G and D respectively. G x should, if possible, be provided 
with a screen joined to the branch point C. Earth capacitance 
effects at the points CD are eliminated by the Wagner 
earthing device (p. 286). These precautions of screening 
should be taken in the case of any bridge in which small air 
condensers are used. The detector should have a high impe- 
dance or should be connected through a step-up transformer 
to the bridge (see p. 151 and p. 173). 

Fleming and Dyke carried out an extensive research by this method. 
Their source of current was a 900 cycle Crompton alternator with 
a very impure wave form. Pure waves were obtained for use on 
the bridge by means of a “wave filter” which resonated a chosen 
harmonic in the alternator wave. By this means a range of 900 to 
5,000 cycles per second was covered. As the tests had reference to 
telephonic work, low voltages were used on the bridge (4 to 5 volts). 
The detector was a high resistance telephone. Very consistent results 
were obtained, their paper being well worthy of study by those intending 
to make power factor measurements on small condensers, especially 
at high frequencies. 


NETWORKS CONTAINING RESISTANCE, SELF- 
INDUCTANCE, AND CAPACITANCE 

14. Maxwell’s Method. A large class of networks, in which 
self-inductance and capacitance are compared, is developed 
froma ballistic method introduced by Maxwell.* Pig. 56 shows 
Wien’sf arrangement of the Maxwell bridge for use with 
alternating current. 

The branch impedance operators are z 1 = P + ju>L, z 2 = Q, 
z 3 = S/{1 -f jwCS), z 4 = R, so that balance occurs when 


S 


(P +jcoA) 
(1 + jcoCS ) 


-QR 


0 ; 


i.e. when 

SP — QR — L/C. 

* A Treatise on Electricity and Magnetism, 1st Edn., Vol. 2, pp. 377-379 
(1873). For further descriptions of this ballistic method, see E. C. 
Rimington, “Self-induction and its measurement,” Tel.J., Vol. 21,^(1887). 
W E. Sumpner, “ The variation of the coefficients of induction, Proc. 
Phys. Soc., Vol. 9, pp. 235-259 (1888). A. Russell, “ Measuring coefficients 
of induction,” Elecn., Vol. 33, pp. 5-6 (1894). 

t Max Wien, ** Messung der Inductionsconstanfcen mit dem optische 
Telephon,’ ” Ann. der Phys Bd. 44, pp. 689-712 (1891). 
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These balance conditions are illustrated by the vector diagram, 
the construction of which is self-evident. 

In practice, Q } R , and S are non-inductive resistances. 
If L and C are both fixed in value, balance must be secured 
by successive adjustments of Q/S and R. As these two 
adjustments interfere, balancing the bridge is often a tedious 

process. Considerable simplifica- 
tion results if the branch AC 
contains a variable inductance 
or if the condenser be sub- 
divided. It is then possible to 
fix two of these resistances and 
to balance by successive adjust- 
ment of the third resistance and 
either the inductometer or the 
condenser, as the case may be. 

Experimental Example. The follow- 
ing results were obtained in a test at 
407T cycles per second in which a 
mica condenser C of 0-334 8 piF was 
compared with a coil of about 40 mil. 

A resistance of 350 ohms was joined 
in series with the coil, balance being 
obtained by successive adjustments of 
Q, S, and JFt, using a Duddell vibra- 
tion galvanometer as detector. The 
values found were Q = 346-7 e ohms, 

£ = 342*3 9 ohms, and It = 350-5 0 
ohms, whence L = 40*66 7 mil. Also, 
-P= 354*97 ohms, so that the effective 
resistance of the coil is 4*97 ohms. 



Pig. 56. — Maxwell’s Method 
for Comparing Self-induc- 
tance with Capacitance 


C. E. Hay,* in England, and H. 
Curtis and F. Grover, f in America, 
have described the use of Maxwell’s 
method to measure the small residual 

S5SS3 '/> 

being the resistance whose residual inductance L is to be measm^d IlaV’s 
procedure is then as follows. Let R and 8 be ratio cXha^ng eoual 

Q to be a constant inductance 
Then replace X 'Vw ^ ^ nd . ge ’ h ^ce by adjustment of C and Q. 
, c ?V « I by a Standard of nearl y equal resistance and 

cables; loadfng colls and with 8 P ecial reference to 

Journal P. O.E E Vol 5 m Ain-i.uln’ai o?^ n ° n -reactive resistances,” 
No. 53, pp. 19-22. ' 5 ’ PP ' 451-454 ( 1913 ) J also Professional Papers, 

VoL h 8, p! TealTm) of the inductanoe s 
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calculable inductance L\ e.g. a parallel wire resistance, re-balancing 
by adjustment of C and slight alteration of Q to a value Q\ Then it 
is easy to prove, since the inductance of the branch CB remains 
unchanged, that L — L' C'Q f ) ; or assuming the standard 

to have a resistance exactly equal to that of the coil under test, 
L = V + QR{C- C'), to a very high degree of approximation. 
Residual effects are thus very nearly, if not entirely, eliminated. 



Maxwell. 


Anderso n. 

(d) 


Butter worth. 

(e) 


Fig. 57. — Modifications of Maxwell’s Method for 
Comparing Self-inductance with Capacitance 

Grover and Curtis slightly modify this procedure by fixing the 
resistances Q, R, and S. A rheostat is then included in the branch A C, 
the bridge being balanced by successive adjustments of this rheostat 
and the condenser. If AC be the change of capacity necessary to 
secure balance when the test coil is substituted for the standard, and 
/\l be the change of inductance corresponding to the adjustment of 
the rheostat in the branch AC, then L — L f + QR . A O — A A 
15. Modifications of Maxwell’s Method. The apparatus required for 
the measurement of a self -inductance by Maxwell’s method is simple 
and would be found in any laboratory. If, therefore, some means 
could be devised to remove the troublesome interference of the balance 
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adjustments, the method would have great practical convenience. In 
Fig. 57 several modifications of Maxwell’s bridge are shown, having for 
err common . object the simplification of the balancing procedure. 
It is proposed m succeeding sections to describe each of these bridges 
m detail, and to point out their particular advantages. 

• 3 j -^unington’s Method. The arrangement shown in .'Pig. 57 (b) was 
introduced independently by E. C.. Rimington* and C. Niven t in 1887 
as a modification of Maxwell’s ballistic bridge. Their procedure is to 
balance the bridge for steady current, so that SP = QR, and then to 
adjust the tapping on the resistance S until the bridge is also balanced 
r-^w 811 !— When this ballistic balance is secured, then 
. T CI r-/S. Rimington has shown that the balance obtained in this wav 
is or aggregate zero quantity through the galvanometer, so that the 
method is not primarily suitable for alternating current 

It has recently been shown by Dalton J that Rimington’s method can 
be used with alternating current, provided that the initial steady current 

be abandoned - Let -P. Q, and S be fixed, balance 
being obtained by successive adjustments of R and r. Then, writing 

Z - - Q> = (S-r) + [r/( 1 + jcoCr)], s 4 = R, the 


balance equation is 

(P+jcoL) | (5 -i 

Separating the components gives for the balance conditions, 

SP-QR 
co*r(S~r) 9 


~ T) + 1 +j(oCr\ ~ QR 


LC 


L/C = -{Pr- [SP-QR)}, 

whence i may be found in terms of the resistances and ®. A knowledge 
wh Jrf f r ®fi uen cy b ®?9mes necessary, and it should be observed that 
when i, C, and all the resistances are fixed, balance is only possible at 
one frequency. The method is not convenient in practice. 

• dt A S Se ®. n the above equations why the condition SP=QR 

From t +^ d TT ble A 6n the bridge is uSed with alternating current. 
From the first equation, if SP = QR then a* = 0 ; so that balance is 
only possible for very slow alternations, i.e. ballistically. The second 
equation then gives L/C = PP/S. If, in addition, S = r , the Zt 
equation is satisfied whatever be the value of «, provided SP-1 QR 

p 1 ^s: tt ra7/ h c“l s ?r n ' , • ta "' h “ <—*• - -2S 

17. Hiovici’s Method. A modification of Maxwell’s method 
having some resemblance to Rimington’s arrangement, is 

the c °’ efficie ° nt 
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shown in Fig. 57 (c) . This network has been introduced inde- 
pendently by Iliovici,* * * § Butterworth,i* Orhch,f and Dalton|| 
at various dates between 1904 and 1914. 

Comparing this diagram with Fig. 15, Iliovici’s method is 
seen to be a six-branch network for which the balance equation 
is given on page 46 as 

-Z 2 Z 4 ) = Z z {z 6 {z 3 + Z 4 ) + Z S Z 4 J. 

Substituting z x = P -f- jcoL , z%= Q, z 3 = 1 jjcoC, z±= R~r, 
Zfi = r, z 7 = 5, gives 

S[P + +io>Cr(P-r)|. 

Separating components, 

£P = QR, 

and L — ^ (R -r) (S + r) 

are the balance conditions. These do not interfere with one 
another and are free from the objections to those of Rimington’s 
method. 

In practice, it is best to use an equal ratio bridge, setting 
P = Q and S = R. Balance is obtained by adjustment of 
the condenser tapping r and small alteration of S or Q. For 
rapid work, the resistance R should be a slide wire, upon 
which the position of tapping r can be conveniently adjusted. 

Experimental Example. An experiment was made using the coil 
and condenser compared by Maxwell’s method ( see p. 212), the detector 
and frequency remaining the same. The branch AD was made up of 
two decade resistances joined by a short slide wire, the total value of R 
being 2,000 ohms. Q was fixed at 1,000 ohms and a resistance of 910 
ohms was joined in series with the coil L. At balance, r = 1935*6 ohms 
and S = 2185*3 ohms, so that L — 40*63 5 mH. Also, P = 915*2 ohms, 
which makes the effective resistance of the coil equal to 5*2 ohms. 

18. Anderson’s Method. Of all the modifications of Max- 
well’s method that introduced in 1891 by A. Anderson§ is the 

* M. Iliovici, “ Sur une mdthode propre k mesurer les coefficients de self 
induction,” Comptes Rendus, tome 138, pp. 1411-1413 (1904). 

j- S. Butterworth, “ On the vibration galvanometer and its application to 
inductance bridges,” Proc . Phys. Soc., Vol. 24, pp. 75-94 (1912). 

J E. Orlich, Kapazitdt und Induktivitat, p. 260. 

|| J. A. Dalton, loc. cit. 

§ A. Anderson, “ On coefficients of induction,” Phil. Mag., 5th series, 
Vol. 31, pp. 329-337 (1891). 
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most important and the most useful. Originally used ballis- 
tically, H. Rowland,* in 1898, adapted the method for use 
with alternating current, the arrangement of the network 
being shown in Figs. 57 (d) and 58. 



lc 

Fig. 58. — Anderson’s Method for Comparing Self- 
inductance with Capacitance 


Anderson’s method appears to have been first used for the accurate 
0f lnduct f nce by Pl ' of - J- A. Fleming and W. C. Clinton, f 
m 1903. These investigators employed a commutator arrangement 
oi the secohmmeter type, supplying the bridge with interrupted current 
i ^ ng j a balhstic galvanometer to detect balance. Prof. Fleming- 1 
on descnbed experiments in which inductances of the order of 
"0 “MbJbenrys were measured, the source of current being an electro- 
magnetic buzzer and the detector a telephone. In both these uses of 
the bridge the supply of current is of an irregular wave form and is 

isti? S? alt T ating °r ent - As “^ioned above, H Rowland! in 
1S08, had used a regular alternating source of supply, his detector 

Alndlr^hir^ gating currents,” 

Vol. 45, pp. 66-8 5 (1898). 48 (1897) , Phil. Mag., 5th senes, 

ca^-aSdu 8 cC|e S ^o C C . 

capacities, andTa tZd“'P ^1 inductLe^ and 

pp. 160-172 (1905). U ductanc e, Proc. Phys. Soc. t Vol. 19, 
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being an. electrodynamometer. W. Stroud and J. IT. Oates,* in 1903, 
using similar apparatus, recorded measurements of inductance lying 
between a few millihenrys and about a henry. The full advantages of 
Anderson’s bridge were not realized, however, until 1905, when E. Rosa 
and F. W. Grover, t of the U.S. Bureau of Standards, applied the 
vibration galvanometer to the network, thereby converting it into a 
method for measuring inductance with very high precision. The 
discussion of the bridge which follows is largely adapted from their 
paper on the subject and from other publications of the Bureau. 

Referring to Pig. 58, let the impedance operators of the 
various branches he z 1 = P + jcoL, z 2 = Q, z 3 = S, z 4 = R, 
z e = z 7 = 1/jcoC. Putting these values in the balance 
equation on p. 46 gives, as the symbolic condition for balance 

SP — QR + jcoLS = ja>CQ\r(S + R) -f- SR\. 

Separating the components, there will he no current in the 
detector when 

SP = QR, 

L = ^1 + • . . (a) 

Making use of the first of these conditions in the second, the 
inductance is given by 

L = C[r(Q + P) + QR], • . . (6) 

when the condenser is perfect and the resistances are free 
from residuals. The bridge can be balanced by independent 
adjustment of one of the branches (P, Q, R, or S) and r. 
Moreover, the range of L covered by a given bridge and 
condenser is very considerable, since r may have any desired 
value. 

The vector diagram for the balanced bridge is easily con- 
structed. In Fig. 58 let the vector AB denote the voltage e, 
across the points A and B. In the branch A CB a current i c 
is flowing, of magnitude and phase given by i c = e/z AB , so that 
e = (P + jcoL)i 0 -j- Qi c * The potential of the point C is thus 
represented by the point C on the diagram of vectors ; and 
since no current flows in the detector, C is also the potential 
of the point D\ The potential difference across the condenser is 

* W. Stroud and J. H. Oates, “ On the application of alternating currents 
to th© calibration of capacity boxes, and' to the comparison of capacities and 
inductances,” Phil. Mag., 6th series, Vol. 6, pp. 707-720 (1903). 

■f E. B. Rosa and F. W. Grover, “ Measurement of inductance by Anderson’s 
method, using alternating currents and a vibration galvanometer,” Bull. Bur. 
Bids., Vol. 1, pp. 291-336 (1905). 
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<2x 0 , so that the current flowing through it must be i r = jcoOQ L. 
lhis current also flows in the resistance r, producing a drop 
of potential ri r ; the vector difference between this and 
the vector Qi 0 = i r /jcoC being the potential difference across 
the resistance S. Thus the magnitude and phase of the 
current i s is determined, and the rest of the diagram may be 
easily completed. J 

In setting up Anderson’s bridge, it is desirable to arrange 
the various resistances so that the greatest sensitivity is 
attained. Assuming the bridge to be adjusted so that it is 
nearly balanced, and- that a vibration galvanometer is used, 
Mr. Butterworth* has shown that, for the greatest sensitivity 
o a change in r, the resistances should be arranged so that 
Q P, s=R = %P and LjC = 2P 2 . At the same time, 
the frequency should be low to allow the galvanometer to 
work at the most sensitive part of its range. Thus, the 
conditions for best sensitivity of Anderson’s bridge make it 
an equal ratio method, which is precisely what is required to 
reduce residual errors to a minimum. 

A convenient practical arrangement of the necessary appar- 
atus is shown m Fig. 58. The branches R and S are equal 
coils in a ratio box, and are connected to the bridge through 
a reversing switch, so that, by taking two balances with their 
positions interchanged, any small differences of the residual 
inductances of R and S may be eliminated in the mean, 
the resistance Q is composed of a non-inductive box, and 
is set to a fixed value ; the rheostat r consists of a resistance 
box and a fine adjustment rheostat. The condenser may be 
a suitable mica standard and, as will be shown later, need 
only be fairly good, provided that its calibration with alter- 

tbe^Sl C n U f rre £ t , b ® knc T n ' The remaining branch contains 
the coil of winch the inductance is to be determined, together 

rheostat^ PM an ^Tt ° x 11 sim ^ ar . to Q and a fine adjustment 
adopt " following is then the best procedure to 

(i) Choose a reasonable value of C, so that DIG makes 
F ° f reasonable magnitude. Set Q to this value. 

( 11 ) Make S = R = JP = 

(iii) Adjust successively the resistances P' in the inductance 
branch and t until balance is attained. 
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(iv) Calculate L . Since P = Q, Equation ( b ) gives 

L= CQ[R + 2r]. 

(v) Repeat with the positions of R and S interchanged ; 
re-calculate 1 L, and take the mean of the two values as the 
true inductance of the coil. 

It may be found in practical working that the resistance r 
has a fairly large value. As this resistance lies in the detector 
circuit, it may, when large, considerably reduce the sensitivity 
of setting. In such a case the sensitiveness can be increased 
by interchanging the source and detector and increasing the 
voltage applied to the bridge in order to allow for the effect 
of r, which will then lie in series with the source. This 
modification is virtually that introduced by Stroud and Oates.* 

Experimental Example. The coil previously tested by Maxwell’s 
and by Iliovici’s methods was compared with a mica condenser of 
0*334 6 /xF. capacitance at a frequency of 407*1 cycles per second, using 
a Duddell vibration galvanometer and an arrangement of app aratus 
similar to that shown in Fig. 58. Since L is about 40 mH, Q = V i/2 C 
must be about 240 ohms to satisfy the sensitivity condition. Hence, 
Q was set to values of 200, 250, and 300 ohms ; R = S were kept at 
100 ohms each. For each value of Q balance was found by adjusting 
successively the resistance r and the resistances P' in series with i. 
After each balance the ratio coils were reversed in the bridge, but it 
was not found that any change in balance was caused thereby. The 
observations are given in the table — 


Q 

ohms. 

r 

ohms. 

P' 

ohms. 

L 

mH. 

Efl. res. of Coil 
ohms. 

200 

253*9 0 

194*8 7 

40*67 5 

5*1 3 

250 

1 93* 1 o 

244* 9 2 

40-67J. 

5*0 8 

300 

152*6 7 

294*9 X 

40*68 8 

5*0 9 



Average 

40'67 g mH. 

5*1 0 ohms 


19. Sources of Error in Anderson’s Method. Anderson's 
method is particularly applicable to precise measurements 
of inductance ; as the method is largely used for such measure- 
ments, it is important to examine the various possible sources 
of error and to determine their effects upon observations 
obtained from the bridge. 

Residual Inductance or Capacitance in the Resistances. The various 
resistances used to make up the bridge may have slight residual induc- 
tance or capacitance, and error in the measurement of L may be introduced 

* Loc. cit. 


220 


A.O. BRIDGE METHODS 


[Chap. IV 


thereby. If R and S be made equal, slight differences in their resis- 
tances or their residuals can be eliminated in the mean of* two balances 
obtained by reversing their positions in the bridge. However, differ- 
ences between P and Q can not be so eliminated, since these branches 
are not made up in a similar way ; P is composed of the resistance of 
the coil to be measured and a resistance box, whereas Q is merely a 
resistance box. Hence only the non-inductive part of P can balance 
the residuals of a corresponding number of similar coils in Q. Moreover, 
the resistance of L is that of a copper coil, whereas the rheostats in P 
and Q are usually of manganin ; hence there may be a drift in the 
balance due to temperature differences. Butterworth* has overcome 
the difficulty of balancing the residuals of P and Q, and also the effects 
of temperature by making up the branch Q of a rheostat exactly 
similar to that in P, together with a non-inductive copper coil equal in 
resistance to the inductance L. The latter and the balancing coil are 
enclosed in a wool-lined box so that they may have the same temperature. 

The residual inductance of a resistance may be positive or negative; 
according to whether inductance or capacitance effects predominate. If 
hi hi hi hi and l r be the residual inductances (plus or minus) of P, Q, 
R, S } and r, it is easy to prove f that 

X = CQ [r (l + |) + z] + t IhQ - hS-hP + l q Rl . . .(c) 

to 2 C . 

[r? Q (Z R -f 7 S )+ Q{hh + V t t* hh) + &h (h + l r ) + Rl q(?s + Z r )] 

Comparing the first term with Equation (a) it will be seen that it 
represents the value obtained for the inductance when all the resistances 
are assumed perfect ; call it £ 0 . Then, if a and be written for the 
corrections introduced by the residuals, 

L = Lq -f- a — (3. 

It is found in practice that (3 is negligible, except at the highest 
frequencies ; hence, since fi alone contains l r , a small residual in 
r does not introduce any important error. The correction a includes 
two terms, namely, (l q R - l F S) and (1 R Q - 1 S P). If R and S be made 
equal and reversed, the second term is eliminated from the mean 
leaving a correction a = Z Q - Z P . Hence the make-up of Q and P should 
be as nearly the same as possible, so that a is a very small quantity. 

Rosa and Grover have calculated the magnitude of the errors to be 
expected, the results being tabulated on opposite page. 

The preceding theory shows that — 

(i ) Residuals in R and S are eliminated by making them 
equal and reversing them in the bridge. 

error ^ Small residual inductance in r produces an inappreciable 


Butterworth, “ On the use of Anderson’s bridge for the measurement 
frequency, 1 ’' of a c0 . ndenaer 

» Lt pp - 3M - S1 '■ Th * ““<■«* 1.1«. 
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(iii) The difference "between the residuals of P and Q should 
be made as small as possible — especially when measuring low 
inductances — by making up these branches of similar coils. 


Inductance 
to be 
Measured. 

c 

& 

II 

Cq 



JP=Q 

h 

h 

r 

a 

Milli- 

henry's. 

Micro- 

farads. 

Ohms. 

Micro- 

henry’s. 

Micro- 

henrys. 

Ohms. 

Micro- 

henry's. 

Micro- 

henry's. 

Ohms. 

Milli- 

henrys. 

100 

10 

1 

01 

0-01 

1-0 

o-4 

0-1 

0*05 

0-02 

250 

100 

50 

20 

20 

4-2 
-HI 
-H 0-5 
4- 0*5 
4- 0-5 

-2 

-1-0 

-0-5 

-0-5 

-0-5 

250 

100 

100 

50 

20 

i i i i i 
OOHHtO 
did* 

4- 2 
4-1 

4- 1 

4- 0-5 
4-0*5 

75 

75 

25 

10 

2-5 

0-008 

0-004 

0-004 

0-0045 

0-002 


Experiments are also given to verify the results predicted by the 
theory. From this table it is clear that large errors may be introduced 
into the measurement of small inductances, unless the resistances are 
wound so that they have the smallest possible residuals. If the 
residuals of the rheostat in series with the inductive coil he known, 
accuracy can he attained by balancing the bridge with Q, &, and K 
fixed in value, (i) when the inductance is in place, and (ii) when it is 
removed and its resistance compensated for by a coil of known, residual 
inductance. The difference then gives the inductance of the coil to 
be measured. 

Errors Due to the Leads. The inductance or capacitance of the leads 
connecting L to the bridge will he included in the measured value of 
the inductance. In precise work, It is necessary to allow for the effect 
of the leads and to arrange them so that they introduce only a very 
small error (see p. 284). 

Self Capacitance of X. As shown on p. 188, the self capacitance of the 
inductance under test will affect the measured value by an amount 
depending on the true value of the inductance, its self capacitance, 
and the square of the frequency. In accurate work, it is necessary to 
make some allowance for the effect, more especially at high frequencies. 
For example, in a certain coil which has a true inductance of 1 henry 
and a capacitance of KT 10 farad, the measured value at 112 cycles per 
second will be 1*00005 henry, which is an inappreciable correction 
But if the frequency is 1,120, then the measured value becomes 1-005 
henry, which is an important correction. 

Imperfection of the Condenser C. In the above discussion, the 
condenser has been assumed perfect, i.e. its insulation resistance has 
been taken as infinite, and the current through the condenser has been 
assumed to lead on the applied potential difference by exactly a quarter 
of a period. h T ow, in practice, the insulation resistance of a condenser, 
though usually very high, is certainly not infinitely great. Moreover, 
in condensers which have solid dielectrics there is always a certain 
amount of energy absorption, so that the phase displacement is less 
than tt/ 2. It is necessary, therefore, to examine the errors which these 
two factors will introduce. 

Taking first the effect of insulation resistance, a leakage across the 


222 


A.C. BRIDGE METHODS 


[Chap. IV 


condenser can be represented by a resistance, R t , in parallel, with, the 
condenser ; R t is seldom less than 1,000 megohms in a good mica 
condenser. In the analysis preceding Equation ( a ) substitute for 
z, = 1 /jco C the term R t /(l + jmCRJ. Then the balance equation is 

R l {SP-QR + jtoLS) = Q{r(S + R)+SR} ■ {1 + jcoCR z }. 
Separating components gives 

SP = QR + ^-{r(S + S)+ SR}= QR + 

lA’l O XLjr 

and L = CQ [r (l + j) + r] = i 0 - 

The second balance condition is identical with that obtained when the 
condenser is perfect ; hence leakage has no effect upon the measured, 
value of inductance , and only a small effect on the measured value of JP. 

The phase displacement due to the absorption of energy in an 
imperfect dielectric can be accounted for by a resistance p in series with 
the condenser. In a good mica condenser the phase displacement will 
fall short of 90 degrees by a very small angle, so that p is a small 

resistance. In the analysis before Equation (a), put z 7 = p ^ ; 

the balance equation is ' 3°* D 

(1. + jcaCp) [ SP-QR + jcuLS] = jaiCQ[r(S +R) + SR]. 
Separating the components makes 
SP-QR = co 2 LCSp 

and L= CQ^r^l +^)+#]- Cp(SP-QR) 

In the second equation, the first term is the value of the measured 
inductance when the condenser is perfect, namely, L 0 . Substituting 
from the first equation in the last term of the second, gives 
L = L 0 - a> 2 C 2 p 2 L. 

Now the angle by which the phase displacement falls short of — /2 is 
6 = tan -1 co (7p {see p. 116) so that 

Z 0 = Z{ 1 + tan 2 6). 

The angle 6 is usually small, so that very nearly 
L = L 0 (1 — tan 2 0). 

If in a good mica condenser 6 were half a minute of arc, the correction 
would only amount to 2 parts in 10 8 ; it would be allowable for 0 to 
attain a value of 5 or 6 minutes without producing any marked error. 
Hence, absorption in the dielectric has usually a negligible effect. 

20. Special Uses of Anderson’s Method. As described above, 
Anderson s method has he.en treated as a means of measuring 
self-inductance in terms of capacitance. As such, it has a very 
large range, from the smallest to the largest inductance, 
depending entirely upon the choice of the various branches 
of the network. 
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IBy a suitable arrangement of Anderson’s bridge, the very small 
inductance of resistance coils can be measured.* It is essential in this, 
case to make some allowance for the residual effects in the bridge itself, 
these being of a magnitude comparable with that of the inductance 
under test. The procedure is as follows. A standard is first prepared 
having a resistance as nearly as possible equal to that of the coil to be 
tested ; this standard is made in a form such that its residuals may be 
calculated ( see p. 79). Inserting this standard in AC (Fig. 58) in 
series with a rheostat, and, if necessary, an auxiliary inductance (so 
that r may have a reasonable value), let balance be obtained by adjust- 
ment of P and r. Substituting the unknown for the standard, re-balance 
by adjustments of P and r as before. If A t be the change of r and i\l 
the alteration of inductance of the rheostat in AC, it is easy fco show 

that A L = 2 CQ Ar - A*,t 

where A L is the difference between the inductance of the standard 
and the unknown, the bridge having equal ratio branches, P = * S'. 

Eesi&ual errors are thus entirely eliminated. 

If a standard self-inductance is available., Anderson’s method 
"becomes a, very convenient way to measure a condenser with 
high precision. ButterworthJ has recently shown that the 
variation of capacitance and effective series resistance of a 
condenser with frequency can be determined from tests made 
in a specially arranged Anderson bridge. 

21. Butterworth. ’s Method^ A bridge which is very suitable 
for the measurements of small inductancesis shown in Kg. 57 (e), 
embodying the features of Iliovici’s method with those of the 
conjugate to Anderson’s method. The trouble experienced in 
Iliovici’s bridge is that the tapping for the resistance r, "by 
which inductive balance is secured, is made upon one of the 
resistances entering into the resistance balance, namely, R. 

Hence It is preferably a slide wire if rapid work is to he done. 

The nse of a slide wire can "be avoided if the Anderson principle 
he adapted to the "bridge, so that R may he an ordinary 
resistance "box. 

By putting cyclic currents in the four meshes of the network 

* F. W. Grover and H. L. Curtis, “ The measurement of the inductance of 
resistance coils,” Bull. JBur. JStds., Vol. 8, pp. 461—462 (1913). See also 
A. H. Taylor andE. H. Williams, “ Distributed capacity in resistance boxes,” 

Phys. Rev., Vol. 26, pp. 417-423 (1908). 

f The student should verify this result by reference to Equation (c), p. 220. 

| S. Butterworth, ” On the use of Anderson’s bridge for the measurement of 
the variations of the capacity and effective series resistance of a condenser 
with frequency,” JProc. Phys. Soc. 9 Vol. 34, pp. 1-7 (1921). See also B. V. j 

Hill, “ Tbe variation of apparent capacity of a condenser with the time of 
discharge and the variation of capacity with frequency in alternating current ! 

measurements,” Phys. Rev., Vol. 26, pp. 400-405 (1908). 

§ S. Butterworth, “ A method of measuring small inductances,” Proc. 

Phys . Soc,, Vol. 24, pp. 210-214 (1912). 
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and solving the resulting equations, no current will flow in 
the detector when 

SP = QR, 

and i = -^ : --[W + ^)D' + e(^ + r)]C. 

Thus, by choice of ( R - r), inductances of any value can be 
measured by means of a single condenser ; and also inductive 
balance is secured independently of resistance balance by 
adjustment of U . 

To determine the best conditions for working the bridge, 
let F be the total resistance of the source between the branch 
points A and B, and G that of the detector, reactances being 
neglected. Then Butterworth has shown that the condenser 
has little influence on the sensitivity, and that the best values 
of the branch resistances are approximately 

s = vm, Jpa-Z±r ! miR= / Jrv§±^, 

where U is included in V and, for greatest sensitivity, should 
be kept small (see page 54). 

In practice, R and S should be set to the values for maximum 
sensitivity, suitable values of P, C , and r being chosen. Balance 
should then be obtained by successive adjustments of Q and U. 
If a vibration galvanometer be used, the frequency should 
be low. 

Experimental Example. The following results were obtained at a 
frequency of 407*1 cycles per second, using a Duddell vibration galvano- 
meter. The coil L was joined in series with a resistance box, but in 
three tests P consisted of the resistance of the coil alone. S was fixed 
at .1,000 ohms throughout ; R consisted of a 4*08i ohm slide wire in 
series with a resistance box set to some definite value. The position of 
the slider was set to give a desired value of r. Balance was found by 
successive alterations of Q and U, using a condenser of 0*1010 uF . 
The results are tabulated below — 


R 

ohms. 

r 

ohms. 

P 

ohms. 

Q 

ohms. 

U 

ohms. 

L 

[iH.. 

4*08! 

4*08! 

4*08 x 

14*08! 

2- 72 t 

3- 49„ 

3- 49 8 

12-72! 

0*64 e 

0*64 6 

1*64 6 

0*64 e 

157 

157 

403 

45*9 

188 

615 

332 

315 

Average 

51*4 4 

5M 6 

51*2 6 

51*5 8 

51 - 4 s fiH.. 
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By this method, Butterworth has been able to measure 
a coil of 20 microhenrys with an agreement among 
several observations within 1 per cent of the mean at 
a frequency of 100, C being 0-1 microfarad. A Duddell 
vibration galvanometer for which G == 200 ohms was used. 

22. Hay’s Method for Large Inductances. When the time- 
constant of a coil is large it becomes a matter of difficulty to 
measure the inductance and effective 
resistance of the coil in an ordinary 
inductance bridge. For example, 
certain coils, called “ loading coils, 5 ' 
are used in telephony for the purpose 
of improving speech transmission. 

These loading coils are constructed 
so that they have a large induc- 
tance, although the amount of wire 
in them, and therefore the resist- 
ance, is maintained small. In a 
typical case, a coil which had an 
inductance of about 140 millihenrys 
had a resistance of only 6 ohms, 
the time-constant being about 1/40 
second. Coils of much higher in- 
ductance, sometimes up to 40 
henrys, are constructed for use in 
cable telegraphy, and have even 
larger time-constants.* 

C. E. Hay-f has devised a simple method for the determina- 
tion of the inductance and effective resistance of loading 
coils, the arrangement of the bridge being shown in 
Fig. 59. The branch AC contains the coil to be tested, CB 
and AD being composed of non-inductive resistances. 
The resistance S should be capable of fine adjustment, 
as also should the condenser C. The latter should be 
composed of mica condensers with a continuously variable 
air condenser in parallel with them for attaining final 
balance. 


c 



Fig. 59. — Hay’s Method 
for Measuring Large 
Inductances 


* In contrast, it should be noted that reactance coils used in power stations 
have time-constants as high as I second. 

f C. E. Hay, “ Measurement of self -inductance and effective resistance at 
high frequencies,” Elec. Rev., Vol. 67, pp. 965-966 (1910). 
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Taking the branch impedances as z x — P -j- ja>L, z z = Q, 

z 3 = S + , and z i = R, the balance condition will be 

jmo 


{ p+jcoL)(^S + ~j=QR; 

or L/C = (QR- SP), 

LC = P/co 2 C. 

Solving these equations for L and P gives 


C a) 2 G 2 S 

L = ® R {1+ oPC*S*y P = ®' R (1 -j- aPCW) ’ L l p== l l c ° ZGS ■ 

In practice, Q is fixed ; R, S, and, if necessary, C also, 
are varied until balance is secured. Since the results involve ct>, 
the frequency must be maintained constant and be accurately 
measured. If telephones be used to detect balance, the 
wave form must be pure. Insulation of the whole apparatus 
should be very good ; and capacitance errors should be 
avoided by suitable screening of the branches, and by taking 
the bridge current from a well-insulated transformer with an 
earthed screen between the primary and secondary windings. 

Experimental Example. Two sets of tests were made, (i) on a 
40 mH. coil of d.c. resistance 5*1 7 ohm at 15° C., and (ii) on a short thick 
coil of 0*6 henry and 54-1 ohm d.c. resistance at 15° C. In both cases 
a Duddell vibration galvanometer was used, current being supplied to 
the bridge at 407*1 cycles per second from a valve oscillator and screened 
transformer. L, P is the coil under test, Q a fixed resistance ; S and It 
are each composed of a resistance box in combination with a 1 ohm 
rheostat. C is a mica condenser of 0*334 6 fiP. capacitance ; its series 
loss resistance of 0*30 ohm is included in the tabulated values of S . 

(i) 40 mil. Coil 


Q 

ohms. 

R 

ohms. 

S 

ohms. 

L 

mH. 

P 

ohms. 

400 

304*6 5 

58*4 5 

40*67 4 

5*2 0 

500 

243* 7 3 

58*4 5 

40*67 6 

5*2 0 

600 

203*0 8 

58*4 6 

40*67! 

5*2 0 

700 

174*0 6 

58*4 5 

40*66 7 

5*2 0 


- 

Average 

40*67 2 mH. 

5*2 0 ohms. 
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The time-constant is thus 0*0078 second. 


(ii) 0*6 Henby Coil 


Q 

R 

S 

X 

P 

ohms. 

ohms. 

ohms. 

henry. 

ohms. 

700 

2599 

71*5 0 

0*606 5 

94* 9 3 

800 

2274 

71-5 0 

0*60 6 4 

94* 9 2 

900 

2021 

71*5 0 

0*606 3 

94*9! 

1000 

1819 

71*5 0 

0*606 4 

94* 9 X 



Average 

0*606 4 henry 

94* 9 2 ohms 


The time-constant of the coil is 0*0064 second. The very great 
difference between the effective resistance to a.c. and the d.c. resistance 
of this coil is particularly to be noticed. 


23. Series Condenser Methods. In the methods described 
above the inductance and condenser which are to be compared 
are situated in different branches of the network. A few 
bridges of minor importance will now be noticed, in which the 
inductance and condenser are put in series in the same branch 
of the network. 

Haworth* has introduced a bridge for the measurement of the 
equivalent capacitance and series resistance of an electrolytic cell 
(Fig. 60). In practical working, C x , P^are respectively the equivalent 
capacitance and resistance to be determined ; L x is a variable standard 
of s‘elf -inductance of the Ayrton-Perry type; Q, S, and r are non- 
inductive resistances, Q and S being made equal. To balance, the 
electrolytic cell is first short-circuited ; the inductance X 2 is inserted 
in AD to balance the minimum reading of L 19 and r is adjusted until 
the detector indicates zero. The cell is now inserted in AC, and 
balance is restored by adjustment of L ± and r. Assuming Q = P, it is 
obvious that P x is equal to the change in r, while C x = l/co 2 i, X being 
the change in value of X x . It is clear that the method is applicable to 
the measurement of the capacitance and series resistance of a condenser 
by using the same procedure. 

Haworth’s bridge is really a modification of the well-known 
resonance bridge']' (Kg* 60). In this, three of the branches 
are non-inductive resistances. The fourth consists of a 
condenser and inductance in series. When L , C , or a> are 
adjusted so that the condenser and inductance are in resonance 


* H. F. Haworth, “ The measurement of electrolytic resistance using 
alternating currents,” Trans . Far. Soc ., Vol. 16, pp. 365-391 (1921)^^ 
+ Griineisen and Giebe, Zeits. /. Inst., 30 Jahrgang, pp. 1 47 } , 

have used the method to compare an inductance with a stawrayd \a\i£. con- 
denser. See also D. I. Cone, “Bridge methods for alternatirig.current 
measurements,” Journal Amer. Vol. 39, p. 643 (192 Ob' 

1 6 — ( 5225 ) * "* 
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a>L — 1/coC and the branch AC is non-reactive. If then 
SP = QR the bridge is balanced. The method can be used 
to measure with considerable accuracy and sensitiveness the 
effective resistance of a coil or condenser. In practice, Q and 
S are equal ratio coils and I? is a fixed resistance. The branch 
A C contains the inductive coil L x , P 1; in series with an 
adjustable self-inductance l of the Ayrton-Perry type, a 



Fig. 60 . — Series Condenser Methods for Comparing Self- 

INDUCTANCE AND CAPACITANCE ; HAWORTH’S METHOD AND 

the Resonance Bridge 


resistance box r and the condenser 0 , the series loss resistance 
of the latter being p. With L x and G short-circuited, l and r 
are adjusted to values l 0 and r 0 to secure balance. (If l does 
not go down to sufficiently low values it may be necessary to 
insert a small balancing coil in AD, as in Haworth’s modifica- 
tion.)- L x and 0 are now unshorted and balance is restored 
by alteration of the adjustments to values Z l5 r x . Then 

+ P = r 0 - r x 

and (L x + l x -l 0 )Ca>* = 1. 

Thus if P x be known, then p can be found, and conversely. ■ 

In both these methods* it is essential that the frequency be 


T .* Fo f, an additl £ n !i modification applied to this bridge for tests on electro- 
5ee /’ H * Ta ^: C A method for the determination of electrolyth, 
^^0^1907^1 ^ c^rents,» Phys. Rev., VoL 24, 
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constant and known. A vibration galvanometer forms the 
best detector, though telephones can be used if the wave form 
of current in the bridge be pure. 

Experimental Example. Following* the procedure just described, 
the bridge was used to compare a coil and condenser at 407*1 cycles per 
second using a Duddell vibration galvanometer to detect balance. 
As the lowest reading of the variable inductance was 3 mil., a coil of 



Methods 


about 4mH. was included in AD. Q and S were 100 ohms each, 
It was set at 101*2]; ohms, and C was 2*103 8 \i F. The following readings 
were obtained. r 0 = 90*33 ohms, l 0 — 4*35 mil., = 83*83 ohms, 
l x = 36*35 pH. Thus L x + l 1 - Z 0 = lfCw % = 72*65 mH., whence 
L x = 40*6 5 mH. Also P x ■+ p = 6*50 ohms ; since p was known to 
be 1*31 ohms, P x = 5*1 9 ohms. 

24. Parallel Condenser Methods. The resonance principle 
can be applied to a bridge which has three non-inductive 
branches by a parallel connection of the inductance and 
condenser in the fourth branch. 


One of the oldest methods in this category is Pirani’s bridge {Fig. 61), 
originally devised for ballistic use. In Pirani’s method* the inductance 

* O de A. Silva, 44 Sur la method© de Pirani,” £cl. J&lect., tome 50, pp* 
113-116 (1907) ; C. H. Lees, 44 On Vaschy’s or Pirani’s methodof comparing 
the self -inductance of a coil with the capacity of a condenser,” Phil Mag., 
6th series, Vol. 18, pp. 432-436 (1909) ; J. P. Kuenen, 44 On Pirani s method 
of measuring self -inductance,” Phil. Mag., 6th series, Vol. 19, pp. 439-441 
(1910) * E C. Snow, 44 On Pirani’s method of measuring the self -inductance ot 
a coil,’’ Proc, Phys. Soc., Vol. 21, pp. 634-640 (1910). 
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is connected in series with a shunted condenser. When the constants 
of the various branches and the frequency are adjusted to values which 
will make the branch A C non-reactive and at the same time balance* 
the bridge, then 

L P. 2 r P- 1 

C = (1 + co 2 C 2 P 2 2 ) and S L Pl + 1 + £o 2 C' 2 P 2 2 J = Q B ‘ 

The frequency must be accurately known when X and C are under com- 
parison. With a known inductance and capacitance, the bridge can be 
used for frequency measurement. As in the case of Rimington’s method 
(p. 214), it will only be possible to use the bridge ballistically if the resis- 
tance balance be obtained with direct current, i.e. if ^(Pi-f P 2 ) = QR 
be enforced, then go = 0 of necessity. 

In a method introduced by Niven, f and used with alternating 
current by Max Wien,J the condenser is shunted across the branch A C 
as in Fig. 61. If P = P x + P 2 be the total resistance of AO, it is 
easy to prove that balance will occur when 



and L/C = PQR/S. 

From these equations L and C may be independently found in terms 
of resistance and frequency. j[ Balance is attained by adjustment of 
the rheostats in the four branches, such values being chosen as will 
make the bridge approximately of unity ratio, i.e. P *== R, and Q == S. 

In a practical example, Wien compares an inductance, nominally 
of 0*2 henry, with a condenser of about 1 microfarad. The frequency 
being 249 cycles per second, balance was secured when P = 381*9 ohms, 
Q = 570 ohms, P = 23*503 ohms, S = 20-887 ohms. Solving the 
-above equation, it is found that X = 0*1993 henry and C = 0*992 
microfarad. 

Dongier§ has shown how the measurement of X in terms of C can 
be made by a combination of Pirani’s and When’s methods in which 
frequency is eliminated. Let Pirani’s bridge be balanced, so that 
X = <7P 2 2 /( I + oo 2 C 2 P 2 ), by adjustment of P 2 , R and S. Now change 
the connections of C so that it shunts th e whole of the branch A C , 
as in Wien’s method. Adjust P 2 , P, and S until balance is secured ; 
then, if P be the resistance of AC, the above equations give 
X — C{P 2 + co 2 X 2 ). Eliminating go 2 gives X = CPP 2 . 

* j ^ > * ^ >a ;^ on » a new continuous balance method of comparing an 
inductance with a capacity,” Phil. Mag., 6th series, Vol. 27, pp. 37-44 (1914). 

f C. Niven, “ On some ^methods of determining and comparing coefficients 
of mutual induction,” Phil. Mag., 5th series, Vol. 24, pp. 225-238 (1887). 

| Max Wien, Messung der Inductionsconstanten mit dem * optischo 
Telephon, Ann. der Phys., Bd. 44, pp. 707-708 (1891); “ tlber einen 
zurn varnren der Selbstmduction,” Ann. der Phys., Bd. 57 p. 
257 (1896). 1 * * 

of this method whereby balance is secured inde- 
see W. E. Forsythe, “ On a method of comparing 
Phys. Rev., series 2, Yol. 1, pp. 463-465 (1913), 
mesure des coefficients de self-induction au moyen 
Eendus, tome 137, pp. 115-117 (1903). 


II For a modification 
pendently of frequency, 
inductance and capacity, 
§ R. Dongier, “ Sur la 
du telephone,” Comptes . 
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Experimental Example. The following results were obtained at 
407*1 cycles per second, using a Duddell vibration galvanometer and 
C = 0*334 6 jmF. In Pirani's method , with Q = 100 ohms, balance was 
found by successive adjustments of P 2 , Hr, and S to the values 
P 2 = 365*2 o ohms, R — 337*8 8 ohms, and S = 99*9 0 ohms. From 
these, L — 40*65 4 mH, and P x = 5*2 X ohms. In Wien's method , balance 
was secured when Q = 100 ohms, P 2 — 327*5 8 ohms, R = 363*0 8 ohms, 
and S = 99*4 4 ohms. Taking P x = 5*2a, ohms, P = 332*7 0 ohms, and 
hence L = 40*65 6 mH. Using this value of P and P 2 = 365*2 0 ohms 
in Dongier's method gives L = 40*66 s mH. 

25. Grover’s and Owen’s Methods. F. W. Grover* has 
described the method shown in Fig. 62, originally suggested 
by E. B. Rosa for the purpose of finding the power factor 
of a small imperfect condenser. f As shown on page 196, it 
is not possible to balance a simple De Sauty bridge when 
the condensers are imperfect— i.e. have dielectric losses — 
unless some means be provided to bring the potentials of 
the detector branch points into phase. Grover's method effects 
this by means of inductances in place of the resistances of 
the series resistance method. Since the condensers which are 
to bo compared stand alone in the branches CD and BD , and 
balance is secured by adjustment of the remaining branches, 
the process of balancing does not affect the capacitance of the 
condenser branches. Hence the method is suitable for tests 
on small condensers. 

Referring to Fig. 62 (a), L x and L 2 are standard inductances, 
either or both being of the variable pattern. If necessary, they 
are each connected in series with a suitable non-inductive 
rheostat. C x and C 2 are the unknown and standard condensers, 
p x and p 2 being their equivalent series resistances. Let balance 
be secured by adjustment of P or R and L x or L 2 . The branch 

j 

impedance operators being z 1 = P + jooL x , z 2 = p x 

j a) C 1 

z 3 = p 2 - — r , z 4 = R + ju>L 2 , balance will be secured when 

0)(y 2 

(P + jctiLJ^pz ^ + jct)P 2 ) 

* F. W. Grover, “ Simultaneous measurement of the capacity and power- 
factor of condensers,” Bull. Bur. Stds ., Vol. 3, pp. 389-393 (1907). H. L. 
Curtis, “ Mica condensers as standards of capacity,” Bull. Bur. Stds., Vol. 6, 
pp. 436-438 (1910). F. W. Grover, “ The capacity and phase difference of 
paraffined paper condensers as functions of temperature and frequency,” 
Bull. Bur. Stds., Vol. 7, pp. 498-499 (1911). 

t For application of this method at low frequency and at voltages up to 
10,000, see C. A. Butman, “ Flexible and accurate method for dielectric tests,” 
Elec. World, Vol. 71, pp. 502-506 (1918). 
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Grovers 

Method 

(a) 


Owen's 

Method 

P) 



Fig. 62. — Grover’s Method for 
Comparing Two Condensers, and 
Owen’s Method for the 
Measurement of Self-inductance 


Separating components, the 
two conditions for balance 


c t I i.aWi 

~Q = p 4 pT \~lp2 “ ^zPl) 
jLj L 2 

and JRp-^ ■* P 2 == ~q 

It is possible to show that 
if L 1} L 2 are not unduly 
large, the correction due to 
the second term in the first 
of these equations is very 
small, so that C 1 /C 2 = H/P 
to a high degree of approxi- 
mation. Substituting this 
condition in the second 
equation, and remembering 
that the phase difference 
of an imperfect condenser 
is coCp ( see p. 116), gives 
/ L x L 2 \ 

tan — tan 0 2 ~ J 


tan d^t&nd > 


Since 0 X and 0 2 are small, 
this can be written as 
tan 

(f > P and cj> R being the phase 
angles of the branches AC 
and AD . Hence the phase- 
difference of the unknown 
condenser is given in 
terms of the known phase- 
difference of the standard. 

This method is most 
conveniently used as a 
substitution method. The 


bridge is balanced with the 
unknown condenser C x and 
a standard C 2 ; the un- 
known being removed, an 
auxiliary standard C\ is 
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inserted in its place and balance restored by adjustment of 
L x and P, all else remaining unaltered. If d\ be the phase 
difference of the auxiliary standard, L\ and P\ the balance 
values, then 

fL L' \ 

tan0 1 -tan0' 1 = co ( j = tan 

By this process, residual errors in the various branches and 
errors due to earth capacities from the bridge to earth are' 
r eliminated. Settings of great precision can be attained. 

The method is most suitable for tests on condensers smaller 
than 0*01 microfarad at frequencies over 100 cycles per 
second, the difference between the unknown and the auxiliary 
condenser, 6 1 - being less than 1 degree. 

D. Owen* has recently shown that Grover’s bridge can be 
I modified in such a way that it becomes a very useful means 

of measuring self-inductance in terms of standard condensers. 
Referring to Fig. 62 (6), the inductance to be tested is put in the 
branch AC in series with an adjustable non-inductive resistance 
P 2 , the total resistance of the branch being P — P x + P 2 . 
The branch AD consists of a second non-inductive resistance, 

; R ; CB contains a condenser and a resistance box. The fourth 

branch is composed of a standard condenser (7 2 , assumed to be 
perfect. Comparing this diagram with that for Grover’s bridge, 
it will be seen that they are very similar ; in fact, P = P x + P 2 , 
p 1 = Q, p z 0, L 2 = 0 in Grover’s network will convert it 
into that of Owen. Putting these values in the balance 
equations gives 

C 1 (P 1 +P 2 )=C z R, 
and D\ = C Z QR 

* for, balance. 

The practical procedure is as follows : C v C 2 , and R being 
i fixed, balance is attained by successive adjustments of P 2 

and Q. The process is easy, since the two conditions of 
balance are independent and do not depend on frequency or 
wave form. An Experimental Example is given on page 234* 

The vector diagram for the balanced bridge is very simply 
constructed. The current ip in the branches ADB leads on 
the voltage applied to AB by an angle tan- 1 (l/co(7 2 P), the two 
components of e being Pi D and (l/ja)C 2 )i D . The vector Pip is 
also equal to the potential difference between A and <7, namely 

i » D (Wen “ A bridge for the measurement of self-induction in terms of 

capacity and resistance” Proc. Phys. Soc .. Vol. 27, pp. 39-55 (1915). 
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(P+jcoL)i c , where i 0 is displaced from e by an angle 
tan _1 /(P+ <2)J. Similarly, the vector (1 [jcoC^ij, 

is equal to (q - -~g- 

immediately follow from the geometry of the triangles in the 
vector diagram. 

Experimental Example. In a test at 407-1 cycles per second, the 
following values were obtained. The condensers had values C 2 =0-334, 
/jF. (mica standard) and Cq = 0-400 3 /i'F. (paper). The latter had a 
series loss resistance of 5-20 ohms, which is included in the tabulated 
values of Q. A. Duddell vibration galvanometer was used. 


R 

ohms. 

-p 2 

ohms. 

Q 

ohms. 

L 

mH. 

P 1 

ohms. 

100 

V8-3 9 

1216-2 

4O-60 4 

5*1 8 

200 

161-9 6 

608-0 

40-68 7 

5*1 7 

300 

245* 5 2 

405-3 

40*68 s 

5-l # 



Average 

40 - 68 , mH. 

5-1 8 ohms 


There are a variety of residual effects which may cause 
error in tests of high precision, especially on small inductances. 
Such errors can be very nearly eliminated by making use of 
an auxiliary balance with the coil L removed, as will now 
be shown. 

The sources of error are, briefly — 

(i) In AC ; residual inductance in P 2 and in the leads joining L to 
the bridge. These modify the operator for the branch to the value 
z x = P -f jeo(L + Z P ) where Z P is the residual. 

(ii) In CB ; residual inductance Z Q in Q and in the leads joining C x 
to the bridge, also loss resistance p x in the condenser. The operator is 

*t = Q + Pi-H(o>h-^). 

(iii) In BD ; residual inductance of the leads joining C t to the 
bridge, Z 2 . Resistance of these leads and absorption in the condenser 

represented together by p z , make the operator z 3 = p 2 + j (col 2 - 

(iv) In BA ; residual inductance Z R , making = B -f jool n . 

Using these values to calculate the balance conditions, it is easy to 

show that 

R/Ct — (P/C 2 ) + g> 2 Rr(Q + pi) + ZqP “ ^2-P] 

C&R = X + Z P J rC 2 {p 2 P-p i B)-h{C 2 /C 1 ) + co 2 U 2 [Z Q Z R - Z 2 (P + Z P )] 
in general. 



ji 0 . The above balance conditions then 
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Balance is obtained by adjustment of P 2 and Q. Let the coil L be 
short-circuited. Let the values of P and Q requisite for balance be P' 
and Q 0 , Z' p and Z' Q being the new residuals. Then, from the second 
condition, 

C 2 Q 0 R =Z'p+ 

Subtracting this from the equation obtained with L in place, 
t C 2 R(Q -Q 0 )= X + (Z P - Z' P )+ C 2 p 2 (P-P')+^C 2 [Z R (Z Q - Z'q) - Z 2 (Z P - Z'p) ]. 
Now in most cases the third and fourth terms on the right-hand side 
are of negligible value, so that 

L = C 2 R(Q — Q 0 ) — (Zp — Z'p). 

The correction term is easily allowed for if P 2 be a rheostat of calculable 
inductance. If P 2 be of constant inductance, then the correction is 
zero. In any case, if the time constant of L be > 10“ 4 the correction 
is negligible. It is essential, however, both to make this correction 
and also to make the auxiliary balance when small inductances are 
being measured. 

In practice, Owen has shown that the range of the bridge is 
very wide even with limited apparatus. Thus, with G x and 0 2 
each equal to ^ microfarad, and values of R ranging from 1 to 
200 ohms, a range of inductance between 2 microhenrys and 
0*5 henry can be satisfactorily covered. P 2 and Q should 
each contain fine adjustment — preferably constant inductance 
— rheostats. The bridge is extremely convenient to use. 
Turner* having devised a self-contained set for rapid measure- 
ments of inductance between 1/10 microhenry and 1/10 henry. 

NETWORKS CONTAINING RESISTANCE, SELF- 
INDUCTANCE, AND MUTUAL INDUCTANCE 

26. Felici’s Method for Comparison of Two Mutual Induc- 
tances. The most direct way to compare two mutual 
inductances is by means of the arrangement shown inFig. 63 (a). 
This circuit was used by R. Felici,f in 1852, as a null method 
for demonstration of the laws of mutual inductance, and is 
mentioned in this connection by Maxwell. J Heaviside, § in 
1886, drew attention to the excellence of the arrangement as 
a mutual inductance balance, using a telephone and interrupted 

* L. B. Turner, “ Everyday measurements of inductance and capacity in 
the wireless laboratory,” Rad . Rev., Vol. 1, pp. 585-590 (1920). The appara- 
tus is made by Messrs. Tinsley & Co. and was devised for use in the Services. 

t R. Felici, “ Mdmoire sur l’induction electrodynamique,” Annates de Ch. 
et Ph., tome 34, 3rd series, pp. 64-77 (1852). “ Nota sopra una osservazione 

del sig. A. De La Rive ad una esperienze fondamentali della teoria del 
l’induzione elettro-dinamica,” Nuovo Cimento, tome 9, pp. 345-347 (1859). 

t Treatise , 1st Edn., Vol. 2, Sec. 536, pp. 168-170 (1873). 

§ Electrical Papers, Vol. 2, p. 110 (1892). 
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current. Finally, A. Campbell,* in 1908, adapted the circuit 
to alternating current and a vibration galvanometer. 

Let Jf 2 be a mutual inductance standard which can be 
continuously adjusted ; and let M x be the mutual inductance 
to be tested, its value being not greater than the maximum 



Fig. 63. — Methods for the Comparison of Two 
Mutual Inductances 


obtainable in M 2 . Connect the primaries of the two induc- 
tances in series to a source of alternating current, and join 
the secondaries, with their windings in opposition, in series 
with a telephone or vibration galvanometer. Then, obviously, 
when no current flows through the detector, 

M 1 = M 2 

numerically, M 2 being adjusted until the indication of the 
detector is zero. 

* A. Campbell, “ On the use of variable mutual inductometers,” Proc. 
Phys. Soc., Vol. 21, pp. 74-75 (1910) ; Phil. Mag., Vol. 15, 6th series, pp. 
155-171 (1908). , 


il 





Chap. IV] 


BRIDGE NETWORKS 


Experimental Example. In an experiment at 407*1 cycles per second 
with a Duddell vibration galvanometer as detector, M x was a fixed 
mutual inductance of 0*01 henry nominal value. M 2 was a Campbell 
mutual inductometer' of 11 mH. range. The reading at balance was 
984 8 microhenrys, so that M x = 0 *00984 8 henry. 

This method has the advantage of quickness, one adjustment 
serving to secure balance ; it is, moreover, not necessary to 
know the values either of the self-inductances or the resistances 
of the coils. The value of M x which can be measured is, 
however, limited by the range of the standard M 2 > 

At high frequencies, the method is sometimes complicated by the 
effects of self capacitance and eddy currents in one or both of the 
mutual inductances being compared. Campbell* has shown that self 
capacitance of the secondary coil of the unknown inductance may be 
represented by a condenser C x connected across it, and can be balanced 
by joining an adjustable condenser C 2 in parallel with the secondary 
of M 2 . By successive adjustment of M % and <7 2 balance is secured. 
If Li, R x , X 2 , R 2 be the inductance and resistance of the secondary 
coils of the unknown and the inductometer, balance will occur when 
MJM 2 = R X C X /R 2 C 2 = (1 - L x C x a>*)/(l - X 2 C 2 o> 2 ) 

or very nearly M x == M 2 j 1 - oP C 2 ^ ^ 2 — X 2 ^ j- 

Campbell also shows how to deal with the impurity effect due to 
eddy currents. 

2 1. Taylor’s t Modification of Felici’s Method. If the mutual induc- 
tance M x be greater than that of the standard M 2 , a modification of 
the above method, shown in Fig. (53 (b)> may be used. The standard, 
M 2 , may now be fixed in value. 

Let a resistance be connected across the coil M x , the point of connec- 
tion of the detector dividing the resistance into two parts, r x and r a . 
Let z x be the impedance operator of the secondary of M x and z 2 of M 2 , 
z a being the operator for the detector ; then the mesh equations are 
(z z + z a + r 2 )i-r 2 v = -joM 2 u, 

- r 2 i + (z x + r x + r 2 )v= joM x \x, 

remembering that the secondaries are in opposition. If there is to be 
no current in the detector, then 

I - M 2 - r 2 == 0, 

I M x z x + r x + r 2 

so that 

M x r 2 ~M 2 {z x + r x + r % ) — 0. 

Now z 1 ~R>% + jo)L x , giving for the balance conditions 

M 2 L x = 0, 

M x r 2 = M 2 {R x + r x + r 2 ). 

* Dictionary of Applied Physics , Vol. 2, pp. 423-424 (1922). Also Proc. 
Roy. Soc. A., Vol. 87, p. 397 (1912). 

| A. H. Taylor, “ On the comparison of mutual inductances, Phys. Rev. f 
Vol. 20, pp. 393 (1905). 


238 


A.C. BRIDGE METHODS 


[< Chap . IV 


The first condition inches that L x = 0 ; hence balance cannot be 
secured unless the self -inductance of the secondary coil of M x is very 
small. The second condition is 


M i 


(^1 + 9*1 + ^ 2 ) jy- 


Taylor’s arrangement consists of a high resistance, say 5,000 to 
100,000 ohms, depending on the value of R l9 connected across the 
secondary of M x . Assuming L x to be negligible, and that R x is small 
compared to r L + r 2 , balance can be very nearly secured when 


M x 


r x + ?*2 
r* 


M 


25 


which is Taylor’s expression. 

In a similar way, the method can be used to reduce the effect of a 
fixed standard mutual inductance of too great a value. 


Experimental Example. The mutual inductance M x was that tested 
by Felici’s method (p. 237), the frequency and detector remaining the 
same. M 2 was a IT mil. Campbell mutual inductometer. The value 
of r L + r 2 was fixed at 2,000 ohms ; as the resistance and inductance of 
the coil shunted by it was very small, a good balance was secured with 
r 2 = 200 ohms and M % = 985 /dEL, so that M x = 0-00985 henry. In a 
second trial with r x + r 2 = 4,000 ohms, r 2 = 400 ohms, M 2 was again 
985 jllIL. leading to the same value for M x as before. 

28. Maxwell’s Method for Comparison of Two Mutual 
Inductances. The method described on page 236 is limited 
in its range to the maximum value of the available standard 
mutual inductance ; that discussed on page 237, while effec- 
tively extending the range of the standard, is only capable 
of giving approximate balance. Maxwell* has introduced a 
ballistic method for comparing two mutual inductances which 
is free from both these defects. The network, as arranged 
for use with alternating current by A. Campbell, f in 1908, is 
shown in Fig. 63 (c). 

The secondaries of the two mutual inductances are connected 
in series with resistances as shown, and, in addition, an 
adjustable self-inductance l is arranged so that it can be 
included in ACD or BCD at will. Care should be taken in 
arranging the network that all these inductive coils are placed 

* Treatise, 1st Edn., Vol. 2, Sec. 755, p. 354 (1873). M. Brillouin, “ Sur les 
m^thodes de comparison des coefficients d’induction,” Comptes Rendus, tome 
93, pp. 1010-1014 (1881) ; “ Comparison des coefficients d’induction,” Ann . de 
PEcole normals, tome 11, pp. 339-424 (1882). 

f A. Campbell, loc. cit., pp. 73-74, “Inductance measurements,” JElecn 
Vol. 60, pp. 626-627 (1908). Also see H. V. Carpenter, Phys. Rev., Vol. 10, p. 52 
(1900), for the adaptation of the conjugate to this method for the measurement 
of self -inductances. 
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well apart}, so that there can he no interference between them. 
Suppose R x and L ± are the total resistance and self -inductance 
of the branch DAG , and R 2 , L 2 the corresponding values in 
the branch DBC ; then, if z G be the impedance operator for 
the galvanometer branch CD, the two mesh equations are 

“ M + t®i + 3<*>L i)w = -JcolfiU, 

(i ?2 -f- + 2J G )i + C ®2 + jwir 2 )w — -jcoM 2 U J 

so that for i = 0 


R 1 J r jcoL 1 
AI 2 -^2 +Jcoi 2 

Evaluating and comparing components, 

jjjji -®i -^i 

Jf 2 “ jR 2 ~~ Z~ 2 * 


= 0. 


are the balance conditions. Hence, the rheostats and the 
mutual inductance standard must be adjusted to secure 
balance, while at the same time l is altered to keep the ratio 
L 1 /L 2 = M x /M 2 (see also page 53). 

When the current i is zero, the mesh equations given above 
admit of simple graphical interpretation as shown in Fig. 63 ( d ). 
In this the vector diagram of currents and electromotive forces 
in the balanced network is drawn, the impedance drop round 
each mesh being equated to the electromotive force of mutual 
induction in the mesh. Two similar triangles are the result, 
a comparison of their corresponding sides giving at once the 
relations proved above. 

Since it is immaterial which winding of a pair of coils be 
referred to as primary or secondary, it is clear that there are 
four possible groupings of the windings of M x and M 2 , . That 
arrangement should be chosen which makes L 1 jL 2 most nearly 
equal to MJM& However, if the resistances R x and R 2 be 
made large compared with the reactances <dL x and coL 2 , then the 
angle <j> will be small, and Ri/R 2 = Hence, balance 

can be very nearly secured without making any provision for 
adjustment of the self-inductances, provided the resistances be 
made sufficiently large. In order that R x and R 2 shall not be 
unduly great, and thereby diminish the sensitivity, it is as 
well to take as the secondary coil of each pair that having the 
smaller self -inductance. A further advantage of increasing 
the resistances is that the effect of temperature change . of 
resistance in the copper secondaries is swamped by the inclusion 
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of resistance coils of manganin or other material of low tem- 
perature resistance coefficient, and greater permanence of the 
balance is thereby secured. 

Experimental Example. The mutual inductance tested by Feliei’s 
and by Taylor’s methods was compared with an 11 mH. Campbell 
mutual inductometer at 407-1 cycles per second by Maxwell’s method, 
using a bridge of ratio about 2. The inductance l was included with 
the secondary (low inductance coil) of M x , and was about 18 mH. in 
value to balance the inductance Z 2 of the fixed winding of the Campbell 
standard, the latter being about 9 mH. The resistance boxes in the 
two meshes were set in the ratio of 2 to 1, the true value of 
being measured on a Wheatstone bridge after the a.c. tests were com- 
pleted. Balance was found by adjustment of M 2 and l, the following 
results being obtained — 


*1 

ohms. 

R 2 

ohms. 

m 2 

juH. 

herniy. 

211*2 0 

106-0 2 

494 3 

0*00984 7 

411*1 4 

206*0 4 

493 6 

000984 7 

610-7 9 

306*0 0 

493 s 

0*00984 6 



Average 

0*00984 7 henry 


29. Campbell’s Modification of Maxwell’s Method. In the preceding 
method the coils M x , M 2 were supposed to be separate pairs. A. 
Campbell* has shown, however, that the method can be applied to the 
rather more general case of a primary with two secondaries, such as 
would be encountered in the process of adjusting to equality the various 
sections of a stranded mutual inductance standard. 

Let there be mutual inductance M 12 between the secondaries AD 
and DR in Pig. 63. Then the mesh equations are 


U«>M 12 -z a ) i + [R 1 + jco(L 1 + 3f„)]w = -jcoM, u, 
(R* +j(oL i +z G )i + [2J. +j(o(L 2 -f M 12 )J w = u, 

and the balance determinant 


From this 


M x R x -f -jco(Z L + M 12 ) = 0. 

M 2 R 2 }oi{L 2 -f M X1 ) 


Mi = Rt ^ L x ± M lt 
Ro Z 2 4: M 12 


* being 0bserved that be either 

thin ^ “ t i h ' e pra ° tical example cited above, let M, = M, ■ 

then the above equations become independent of M,, and givj 
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MJM % = BJR 2 = Ll/Li = 1» as if M 11S were not present. Hence, in 
adjusting the mutual inductances of two secondaries to equal values 
with respect to a common primary, the mutual inductance between the 
secondaries does not affect the balance of the network. Mr. Camp- 
bell’s paper should be consulted for a discussion of several other practical 
applications of the principle of this method. 

30. Campbell’s Method for Comparison of Two Mutual 
Inductances. A further method for the comparison of two 
mutual inductances of any value has been introduced 
A. Campbell,* and is illustrated in Fig. 64. 

In this method the primary of the 
unknown mutual inductance and 
that of the standard are connected 
in the branches AC and AD. f The 
secondaries are arranged so that they 
can be connected at will in circuit 
with the detector. Let it be assumed 
that M x be greater than the largest 
value of the standard M 2 . 

With the two-way switches ar- 
ranged so that Cb and Dd are joined, 
let the self-inductances L lf L 2 of 
the primaries be compared by Max- 
well’s method (see p. 180). The 
branch AC should contain an auxili- 
ary adjustable self -inductance so 
that L x can be made greater than 
L 2 , and also a rheostat so that P is 
greater than R. Let a balance be 
obtained by adjustment of Q and S and the rheostats or 
auxiliary inductance in AC, then 

L X [L 2 = P/R = Q/8. ... (a) 

Now, without altering the branches ACBDA, connect Ca 
and Dc, so that the secondaries of the two mutual inductances 
are in series with the detector and act in opposition. Then 
let balance be restored by adjustment of M 2 . 

The condition for no current in the detector can easily be found 
from p. 52. Putting all mutual operators zero except m 15 ~ fcoM x 
and m 46 = a — ft — ~ ja{M i - M 2 ), y = — 

<5 = jcoiMx - Mi), since the secondaries are in opposition, liemembermg 

* A. Campbell, Proc. Phys. Soc., loc. cit., pp. 79-80. _ 

f The winding of the Campbell mutual inductometer which forms the 
branch AD should be the one which is not subdivided. 


C 



Fig. 64. — Campbell’s 
Method for Comparing 
Two Mutual Induc- 
tances 
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that the branch impedance operators are s 1 — P+ja>Li, — <2> 
r 3 = S, z 4 = R + the balance equation reduces to 

[SP- QR-cq 2 {L 1 M 2 - L 2 M 1 )'\ + j<x>[SL 1 ~-QL 2 + M 2 (P + Q ) 

+ 22)1 = 0 . 

Inserting the conditions given in Equation (a), the balance relations 
are, numerically, 

MJM 2 = RifR* = (R + Q)I(R + &)■ = Q/S> 

which gives M ± in terms of M 2 and resistances Q and- S, neither of 
which contains copper coils. 

Experimental Example. In illustration of this procedure the following 
experiment was carried out at 407-1 cycles per second, using the mutual 
inductance tested by previous methods. The branch AC contained 
the low inductance coil of the mutual, an Ayxton-Perry variable 
standard of self -inductance and an adjustable resistance. Branch AD 
contained the fixed winding of a Campbell 11 mH. mutual inductometer, 
together with a resistance box. Q and S were resistances in the ratio 
of 2 to 1. Balance was found by adjustment of P, R, and the variable 
self inductance. The second balance was secured by adjustment of M 2 . 


Q 

ohms. 

S 

ohms. 

P 

ohms. 

R 

ohms. 

L 

mH. 

m 2 

fXH.. 

henry. 

50 

25 

49-4 3 

24-7 x 

18-1 

492 3 

0-00984 s 

100 

50 

99-4 3 

49-7 2 

18-1 

492 4 

0*00984 8 

200 

100 

199-4 3 

99*7° 

18-1 

492 2 

0*00984 4 






Average 

0 00984c henry 


31. Mutual Inductance Measured as Self-inductance. When 
two coils are given with their terminals completely accessible, 
the mutual inductance, M, between them can be found by a 
simple expedient. Let the coils be. connected together in 
series or in parallel, the apparent self -inductance of the com- 
bination being measured by any suitable method. Then, 
re-arranging the connections so that the effect of mutual 
inductance is reversed, let a second observation of apparent 
self-inductance be taken. From these two measurements, M 
can now be found. 

The simplest and most obvious way of arranging the coils i s 
to join them in series, as shown in Fig. 65 . When connected 
as m the left-hand diagram the apparent self-inductance 
between the terminals A and C will be 

^1 = A ■f D i -(- 2 M ; 
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and when the connections are changed so that M is reversed 
the apparent inductance is 

X 2 = L 1 + L % — 2 M , 
whence M = - X 2 ). 

Experimental Example. The values of A x and X 2 were found at a 
frequency of 407*1 cycles per second for the 10*0 henry mutual tested 
by previous methods, the 

Heaviside- Campbell bridge of L, _ A _hi B 

page 251 being used. The 


pim^r 


Series . 


C D c I D 

L * Parallel . 2 

Fig. 65. — Connections foe the 
Measurement of Mutual 
Inductance as Self-inductance 


Heaviside- Campbell bridge of L, _ A _hi B 

page 251 being used. The n>~7() Q[P-y 

results were /L x = 0* 17005 G „M 1 

henry and X 2 = 0*13066 4 jKOOO^T 

henry, whence M = 0*00984 8 L 2 Series. ^ 

henry, in agreement with * 

values previously determined. A b a 

This method appears to 
have been known and used 

some time before it was c l* D p^uei ° 1-2 

described in the technical 

press. Dr. Alexander FigBS.-Connectionsfor the 

T > 11 * *^ iQQyf MEASUREMENT OF MUTUAL 

Russell, m 1894, drew Inductance as Self-inductance 
attention to it as a pos- 
sible ballistic method; A. 

Trowbridge, f in 1904, re-introduced it as a new method and 
pointed out a simple modification. Assuming that X x and X 2 
are to be found by Maxwell’s method, and that a suitable 
variable self-inductance standard is not available, Trowbridge 
suggests that X x and X 2 should be compared with a coil of 
inductance L , the value of which lies between X x and X 2 . Then, 
if XJL = p and X 2 /L = q , the value of M is easily seen to be 
M = l(p - q)L . 

Dr. Russell, in his paper, suggested that the coils might be arranged 
in parallel, measurements being taken as before, with M successively 
positive and negative. Though the resulting relationships from which 
to determine M are simple when a ballistic bridge is used, the equations 
become unwieldy when applied to alternating currents.. Fig. 65 shows 
the two arrangements, X z and A 4 being their apparent inductances ; it 
is easy to show thatj 

L x Rf+ L i R 1 *±2MR 1 R 2 + (L X L % -M*) (X x + 
h, = — — {Rl + rJ + ®*(£7 + L.& 2 Mf 

from which M is to be found. The method is inconvenient in practice. 
* A. Russell, “ Measuring coefficients of induction,” Elecn., Vol. 33, pp. 

5-6 (1894). . p „ . , , 

t A. Trowbridge, “ A method for the determination of coefficients ot 

mutual induction,” Phys. Rev., Vol. 18, pp. 184-186 (1904). 

+ See, for example, Alexander Russell, A Treatise on the Theory of 
Alternating Currents, Vol. 1, 1st edition, p. 170 (1904). 
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32. Maxwell’s Method for Comparison of Self and Mutual 
Mnctanc* Maxwell. has described a brid“ i„whi“ “ 
mutual inductance between two coils is compared with the 
? Tt ° f them a ^aUistic method. Wien t 

used ^th PU a b n S alt d bls , , ex P enments with the method when 
netlrT adopted g C ” mnt ’ 66 <“> «“> 



UAttuh; INDUCTANCES 

Making use of Heaviside’s theory of the generalized Wheat 
stone network, t on naa-e <52 ™t Jii Wheat- 

onerators enr.pl t7 P g 52, P ut aU mutual inductance 
peratom equal to zero except m ie =jcoM. Then a == 0, 

P ’ 7 °’ and tbe balancs equation becomes 

"(^ + 3<°L) ~ QR +j coM(Q + S) = 0 

* Treatise, 1st Edn., Vol. 2, See. 756, p. 356 (1873) 

Telephone ” Tnn. Bd. U^es^^l) dem ‘°P tisohe 

woLa oXtro^ isssttg 49 Th aLdtrt ha h s ’ been 

is referrred. anc * which the student 
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Separating components, the two balance conditions are 

SP = QR 

| L — — -f- -M"- • • • • ( a ) 

f From this it is seen that M must be arranged to be negative 

(since L is positive), and that balance is only possible if L > M. 

The vector diagram for the network is drawn in Fig. 66 (a). 
The vector e is the potential difference between A and B. 
Since Q , R , and S are pure resistances and the points C , D are 
at the same potential, the currents i G and i D must be in phase 
with e. The inductive drop jcoLi Q must then be exactly 
balanced by the induced electromotive force -jcoM( i 0 + i D ). 
From the geometry of the diagram, the balance conditions 
follow at once. 

Assuming L/M to be fixed, as, for example, in the case of the 
windings of a transformer, balance must be secured by the 
successive adjustment of Q/S and P/R until the balance 
equations are satisfied. These two adjustments obviously 
interfere with one another, so that the process of balancing 
becomes tedious. In order to avoid this trouble, Maxwell* 
has described a simple modification, adapted to alternating 
current by H. Rowland,! in 1898. Referring to Fig. 66 (a), let 
a resistance W be connected across the branch points AB ; 
it is then easy to prove that there will be no current in the 
detector when 

SP = QR, 

and L + 

Balance is now attained by fixing QjS and adjusting B and W 
successively. These adjustments do not interfere, so that 
balance is quickly found. As before, L must be greater than 
M, the latter being negative (see also page 292). 

Experimental Example. To illustrate these methods, the following 
experiment was performed. M was a 111 mH. Campbell mutual 
inductometer, L being the inductance of its fixed winding. Q and S were 
. equal ratio coils, B being an adjustable resistance. Balance was 

* Loc. cit., p. 357, 

f H. Rowland, “ Electrical measurement with alternating currents,” Phil. 
Mag., 5th series, Vol. 45, pp. 66-85 (1898) ; Amer. J. Sc., 4th series,, Vol. 4, 
pp. 429-448 (1897). 
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secured at 407*1 cycles per second by adjustment of R and using 
a Duddell vibration galvanometer. 


Q 

ohms. 

S 

ohms. 

R - P 
ohms. 

M 

fill. 

10 

10 

30- 1« 

r>«29„ 

100 

100 

39-l e 

r,<mi a 




Average. J 


<HU0aH (} 

<HOOA8 0 

0*10058, henry 


In a second trial M was fixed, balance being found by adju d menf of 
R and of the auxiliary resistance W. 


4o f ooo i 

50,000 WUHHUK 


Q 

8 

R * P 

W 

ohms. 

ohms. 

ohms. 

ohms. 

10 

10 

39* 2* 

<tr.-K„ 

10 

10 

30-2* 

30-3, 


Average 010057? Iienry 


In order to make use of Maxwell’s method when L In left* tlmti M 
M. Brillouin,* in 1882, and 0. If. Lee«,t in )01«, i»v« HUKKmtvit m«d|. 
“cations to the ballistic bridge. Unfortunately, these brldgeM can nnlv 
be balanced for aggregate -zero quantity in the galvanometer, him I Hu* 
modifications are not applicable to alternating current. In t | M . enm , «,f 
an alternating current bridge in which L is less than ill, l,« lm.ee can 
be attained by loading the branch AC with known aelf. induct nm-m 
until the total inductance of the branch exceeds the value of At 
Balance is then found in the usual way. 

Ha variable standard of mutual inductance in available, 
A. Campbell J has shown how Maxwell’s method can 1«> uml 
to measure self-inductances of a value greater than twice the 
highest reading of the standard. The fixed coils of t he .standard 

toTS m f thC p bran S A ° (Fig - 66 (b))in m ' rU ' H wiih th " 

to be tested, L x , P x . The ratio Q/S is fixed and the oil L, 

nol^STih p^-1u { m2r mCimU> 

inductance betweon°two ^oX^with^the"^/’^) f *T ‘•omparing fit" imitunl 
Proofs. Soc., Vol. 28, ^^fa^"*™*** ‘ ,f ” f 

(1908).' mpb ° U ’ “ Induetanoe measurements,” EUm., Vol. (SO, , m t& 
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short circuited, balance being secured by adjustment of M 
and the rheostat R. Let M 0 , R 0 be the readings, then from 
Equation (a), page 245, 

P' = §P 0 and L'=-(l+f)M 0 . 

Now unshort the coil and re-balance by adjustment of M 
and R to values M x and P l5 then 

P' + P^fPx and L'+L. = -(l 
Subtracting these two relations gives numerically 

P* = §(Pi~P 0 ), 

and L x = ^1 + -^ [M 1 -M 0 ). 

In practice, Q/S is made equal to 9, 99, etc., so that L x becomes 
10 {M x — M 0 ), 100 {M x — M 0 ), etc. The method is very con- 
venient but, for precise work, suffers from the usual disadvan- 
tages attending the use of unequal ratio branches. If Q be 
made equal to S, then numerically 
P a — Pi ~ Po 
L X = 2(M 1 -M 0 ) 

Experimental Example. M was a 111 mH. Campbell mutual inducto- 
meter, Q and 8 coils in a Paul ratio box (Pig. 27), R an adjustable 
resistance. The frequency was 407-1 cycles per second, the detector 
being a Duddell vibration galvanometer. The observed values were 
Q = 900 ohms, S = 100 ohms, M.„ = 1000,. /ill., j?„ = 4-3, ohms ; 
M 1 — 7064 s jmH., R x = 14-9 s ohms. lienee, P x = 9(14-9, - 4-3 6 )=95-l s 
ohms, and L x = 10(7004 6 - 1000 2 )10-« = 0-6058 s henry. 

33. Campbell’s Method for Measuring Self-inductance. In 

using Campbell’s modification of Maxwell’s method to measure 
self inductance (Eig. 66 ( b )), the result is given in terms of the 
difference of readings on the inductometer. The initial 
balance value M 0 accounts for the self inductance L’ of the 
inductometer winding in the branch AG, and may be fairly 
considerable in value. In order that the range of the bridge 
be not unduly restricted by M 0 being too large, and, further, 
to guard against inaccuracy in the difference M x - M 0 when M x 
is not very different from M 0 , Campbell* has introduced a 

* A. Campbell, “ On the use of variable mutual inductances,” Proc. Phya . 
Soc., Vol. 21, pp. 75-76 (1910). 
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“balancing coil ” into the branch AD (Fig. (>7). The object 
of this is to reduce the value of M 0 to be zero, or, at the worst, 
very small. 

On page 52 put m 16 = ja>M, so that a ~ 0, [l 0, y ■ j<»M, 



S{P +jaL 1 ) - Q(R +jcoL 2 ) -}■ jcoM (8 | Q) = {) : 

from which 

SP = QR, 


r v _ 
~^S~ 


1 +| )M. 


• (*) 

S^Wto* agram i8 draWn “ Kg ' 117 (“> *> 

measmfmeS rfT ‘ h ° *, rrang<aM ”‘ »« tho network for 
measurement of a large inductance. The coil to lie mmwimil 

brtncb d /(V 0nStant md 1 uctance rheostat r are included in fl„.' 

L\ In the Vrtneh^Z)* / fiX ° <J Tf* ° f the ™to«tornet ir, 

inductance equal to L'SfCh* R it bakl ? c f8 Co ' 1 having an 
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Let L x be short-circuited, balance being obtained by adjust- 
ment of M to a value M 0 and r to a value r 0 ; M 0 is now 
a very small quantity, accounting for the inductance of the 
leads to the coil L x and for any slight differences between the 
inductances of AC and AD. Then, from Equation (6), 

S(P' + r 0 ) = QR 

and l + L'~~ ■ ^L' =-(l+fjM 0 = l 

if l represents the inductance excess of AC over AD. 

Inserting the coil L x , the reading of r must be reduced to 
a value r x while M is increased to M x . Then 
S(P’ + P « + r x ) = QR 

and L x + l = 

Subtracting these relations from the former, gives numerically 

Px =r 0 -r 1 

L x =[\ +|) (Mi-M 0 ) . (c) 

In practice, the ratio QjS is made equal to 9, 99, etc., 
giving L x = 10 or 100 times the difference of readings of the 
inductometer. The balancing coil has a value L% = 1/9 or 
1/99 of L r . 

Experimental Example. ’Using the apparatus described on page 247, 
a balancing coil about 1/9 of 1 V was inserted in AD, together with a 
resistance box ; r was now an adjustable resistance. At 407*1 cycles 
per second the balancing values were Q = 900 ohms, S = 100 ohms, 
M q = — 5 fill., r 0 = 239*4 9 ohms ; M = 6058 0 fill., r = 144*2 0 ohms. 
Hence, P x = 239*4 0 - 144*2 0 = 95-2, ohms, and L x = 10 (6058 0 +5)10“ 6 
= 0*0058 5 henry. 

34. Residual Errors in Campbell’s Method. In using the 
bridge of Fig. 67, large errors in effective resistance measure- 
ments may arise on account of the small residual reactances 
of the unequal ratio branches Q, 8. The general nature of 
the effect is similar to that discussed by Giebe in connection 
with Maxwell’s method for comparison of two self-inductances 
(see p. 185), and the theory has been given by Campbell* in 
a similar manner. 

* A. Campbell, “ On the us© of mutual inductometers,” Proc . Phys. 8oc. t 
Vol. 22, pp. 207-219 (1910). 
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Following the method on p. 185, put Q \ jml for Q mid 8 I jm/i 
for S in the analysis on p. 218 preceding Equation (5)* Tin? 
balance equations are then 

SP -QR - co 2 r ( Xx - M)fi - ( X a • | M )X | . , (d) 

8L t - QL 2 = (Q + S)M - P/i *| PA 
when ill is taken as negative, as is necessary to secure balance* 

(i) If Q = S, then (P- P)« « erK /vi 3/)/* ( /, a | 3/)A ), 

and ( Zx - - 2 If )<J - PA - !»/< . 

If, in addition, A = /q (P - R)Q « w 2 A( X* - 

and -(P-22)A«Q(/^- X 4 ■ 23/), 

so that either Q 2 = — o> 2 A 2 , which is absurd, or 
X* - X, - 2M 
and P « P, 

which is in agreement with Equation (5), p. 218, when P* Thus, 
if the ratio branches have equal resistances and also equal residuals 
no error will be introduced into the bridge. This can be checked by 
balancing the bridge, and then interchanging the ration. They should 
be adjusted until the interchange does not upset the ha lance. 

(ii) If Q ^ S, consider the bridge shown in Kig. 07(3). Suppose the 
balancing coil L, to be adjusted so that with L x short .-circuited, biilitriee 
occurs when M = M 0 and r » r 01 M 0 being a very wimtl reading. 
Let M = M t and r = r x when X* is introduced and balance is ngiiln 
secured. Putting these conditions in Equation (//) and applying the 
method of differences gives 


( r i ~ r o + Bx)S * oP\L x jt - (M\ M 0 ) (X I //) | 

SL X » (Q+ SfWt-MJ (n i*. <|- 

Now A and are usually very small compared wit h ZL and 3/,, ,«* 
that, approximately, 




t £ eso e< ?" afcion «> £* and 1\ aro found hi forum of change'* of 
r and M and the residual* A, /<. The effect, of the, latte* 1 h »ni<li K ih|«, 

lift 
HI 


• ■ r x. i , ' T ‘ ....... »*» umi is 

m £*, but may be considerable in J\. Kor exam, In, sup, u 
ohms, 8=1 ohm, r t - - -- 4>n ‘ ** * • - 1 1 ~ 

microhenrys, fi 


20 ohms, Mi - 3T, 


1 millihenry, A 

' pel* MruTond, 


1 microhenry ; then at 1 ,000 
Pj,. == 20 -f* 8*0 as 22*0 ohms 
L x ~=z 0*1 — 3*0 x 10" 8 henry, 

^t C ti he eir ° r *r P J? due to no « kct of residual nfTccta is about Ik , (t . r 
mil n 6 /w.^ t h ° error wouW on *y to 3'0 in 100, (MK>. 1 

( ) 1 Q * S ’ but m addition, Qn *. BX ; i.e. if the residual* of 


Chap. IV] 


BRIDGE NETWORKS 


251 


Q and S are in the same ratio as their resistances, then the balance 
equations reduces to 

•*« = »•<»- n 

£ * = ( 1 + |) W'- M o) 

which is identical with Equation (e), p. 249. Hence, if the residuals of the 
ratio branches are in the same ratio as their resistances, errors due to 
residual effects are entirely eliminated. This result can be very nearly 
attained by the use of a ratio box made up of Duddell-Mather gauze,* 
in which capacitance is negligible, the resistance and residual inductance 
being each proportional to the length of gauze used. The same end 
can also be attained by the following artifice. Let a coil be constructed 
of carefully stranded wire, and its self capacitance be measured. Then, 
from the formulae given on page 90, calculate the effective inductance 
and resistance of the coil at a given frequency, making use of the 
measured value of self capacitance and of its inductance and resistance 
at low frequency. Now put the coil in the bridge and supply current at 
the frequency for which the calculations are made. Then, if the 
measured values do not agree with the calculated values, add inductance 
to Q or S until agreement is obtained. The residual effects are then 
eliminated and another coil will be measured correctly with the same 
Q/S and frequency. 

35. The Heaviside-Campbell Equal Ratio Bridge. 0. 

Heavisidef has given the general theory of a large number o£ 
induction balances, including, in particular, certain important 
bridges now to be described in which equal ratio branches are 
used. A. CampbellJ has shown that the adoption of the 
method of differences described above renders these bridges 
of great value for the measurement of small self-inductances. 

A convenient practical arrangement is shown in Mg. 68(a). 
The branch A O now contains the inductometer fixed coil L 
and the coil to be tested, L x . The branch AD contains a 
balancing coil equal to L' and a constant inductance rheostat r . 
By taking balances with L x in and out of the bridge, the 
balance conditions give numerically 
Px = 

L m = 2(M x -M 0 ), 

when the branches OB, DB are equal. 

The balancing coil in AD in the equal ratio bridge introduces 

* See p. 61. 

t 0. Heaviside, Electrical Papers, Vol. 2, pp. 33-38, pp. 106-115, pp. 
284-286 (1892). 

% A. Campbell, “ On the use of variable mutual inductances,” Proc. Phys. 
Soc ., Vol. 21, pp. 76-78 (1910). “ On the use of mutual inductometers ” 

Proc. Phys , Soc„ Vol. 22, pp. 207-219 (1910). 
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a loss of sensitivity and range ; a simple modification of the 
inductometer renders the use of a balancing coil unnecessary 
and permits of increased sensitivity. Let the primary of the 
inductometer be composed of two equal coils, (marked L" in 
Mg. 68 (6) ), one being put in the branch AG and the other 




■ 68 - Thb Heavisioe-oampbku, Kocai, Hatjo Dll 
for the Measurement of Hmall Induitanciw 


m Mutual induction then acts on each of these braucht 
^T, 1 fche ^dary coil, and them will also be mutu, 
inductance between the two halves of the primary winding. 

First suppose that X 1( Pare the constants of AO, Out v H Hut tit 

ft r Thon * 011 P- 52, put *, « P*A z { 

3 R + jaZ t , m u - jcoM u , m u /«,.!/,* 
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Mu- remaining mutual operators being zero. Thin results in a « 0, 

I ft a 0, y jo>( M i t — M i ^ * M | 6 ), d • 2j<oM \ 4 , and therefore, 

,S'(/' j j<»L t ) Q{ It \ jco jm(M , 4 - -Ml,- Mi ,) (Q -f ,V) 

I *1’ 2jmSMn 0. 

Separating components gives 

*S‘P 

0§- <*'» I I “,) I l), 

as shown by Campbell. 

If the bridge has equal ratio branches, as in Fig. 08(6), 
the above equation shows that the effect of M u is zero. Also 
Mu I M m is the total mutual inductance between primary 
and secondary, i.o. the reading of the standard. Then, applying 
the method of differences, and remembering that the "two 
primary coils are identical, 

P« - r i - r„ 

Lrn - 2(jf, - M„). 

The equal ratio method is subject to the following errors — - 

Remit nut Effect*, Tim effects of tho loads joining L x 1° fho bridge, 
of slight inequalities in the two primary roils, ami of the inductance of 
r f are eliminated hy the met hod of differences. Blight residuals in the 
branches Q* Q can he eliminated hy repeating observations with these 
branches reversed and faking tin* mean. Hi nee r is of constant induc- 
tance, residuals hi A Cam! A //are cancelled hy the pirns ‘dure deseri bed, 
| Impurity • Owing to the effects of self and inter-capacities and of 

eddy currents, the secondary electromotive force in the ind udometer 
will not he truly n/2 ahead of the primary current. ; the mut uni indue- 
t a rice operator hecomes ft ! jo*M, ft being called the impurity.” 
M, Butimvnrth* has shown how this enters into the ha.lane.t- of an 
equal ratio bridge. Consider Fig, 07 (h) and suppose Q ■ S ; wit h the 
f source connected to a and I* f removed halanee hy adjustment of r 

ami h T Introduce L#* connect the source to //, and re-balanec hy 
adjust merit of r and M. Then L 0 - 2M* and P tt 2tr -}- t 0 - r v 
Transference of the ratios removes their residuals ns <1 escribed above. 

Thus, impurity ha* no effect on the inductance measurement, but 
may considerably influence a measurement of effective resistance. 
For example, in a 10 millihenry standard at 2.000 cycles per second, 
it »s 0*1 ohm ; hence neglect' of t$ may lend to an error of 2 per cent in 
the mramircfnent of effective resistance of a 20 millihenry inductance 
* having a r**si*t ance of 01 ohms, 

Expartottttal Mt$mple§. The following experiment was made at 
407*1 cycles per second using a 111 mil, Campbell mutual inductee 
meter for M* With the arrangement of apparatus shown in Fig. 08(/i)» 

• 8. Butter worth, 4 * Capacity and eddy current effects in Induetometers,” 

Free, Phy $, thc, 9 Vol, 33* pp. 312*354 (1921), Hm also page 101 
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the equal ratios were 100 ohms each. The balancing coil was an 
Ayrton-Perry variable self-inductance. With M = 0, and £_ short 
circuited, the variable self-inductance and r were adjusted to give 
balance, r„ being then 0-4, ohm. With the self -inductance of the 
mutual mductometer fixed winding thus balanced, £ was unshorted 
balance being restored by adjustment of M to 2033 6 ;<H., and r to 5-6„’ 
~ 5‘66-0-4, = 5T 0 -ohmand L x — 2 X 2033 5 xl0~ 3 

= 40*67 0 mil. 

Removing the balancing coil and re-arranging the connections to 
he nrntnal mductometer, as shown in Fig. 68 (&), the test was repeated 
with the following results — 


Q 

ohms. 

M 0 

/J.K. 

r o 

ohms. 

M 

IxJL. 

r i 

ohms. 

L x 

mH. 

ohms. 

10 

5 

o-o 3 

203^ 

5*2 2 

40-67 o 

5*1„ 

90 

5 

0*0 3 

2034 0 

5*2 2 

40*67“ 

5* 1 Q 

100 

5 

0*0 3 

2034o 

0 Z 2 

40*67 4 

5*1 9 





Average 

40-67 2 mH. 

5T 0 ohms 


To show the applicability of the method for the measurement of 
small inductances, a 1*1 mH. Campbell mutual inductance was used to 

me f^ e / at 407 *L C ?ycles - per second a sma11 coil tested by Butterworth’s 
method^ (scc^p. 223). Using the arrangement of Fig. 68(6), Q — 10 ohms, 


0*0 


'o r x = 0-6 8 ohm, M x — 25 # 7 0 /^H., were 


found to give balance. Hence, P« = 0*6o-0*0 
L x = 2(25*7 0 — 0*0 o ) = 51*4 0 /HI. 


0*65 ohm, and 


36. Campbell’s Methods for the Measurement of the Self- 
mductance of Four Terminal Resistances. Closely related to 
the above methods are certain bridges suggested by Campbell for 
the measurement of the small inductance of a low resistance 
shunt. A shunt is a four-terminal resistance, i.e. it has two 
current terminals and two potential terminals, and cannot be 
directly measured in an inductance bridge owing to this fact. 
Various devices* have been suggested by different experi- 
menters to enable the inductance of a four-terminal resistance 
to be determined. One of the most generally applicable is 
that due to Campbell,! described on page 266 for another 
purpose. 


„ *3 G ; Barnett, Phys. Rev., Vol. 34, p. 74 (1912). C. H. Sharp and W W 
Crawford, Trans. Amer. I.E. E., Vol. 29, p. 1540 (1910). F. Wenner Bull' 
Bur. Side., Vol. 8, pp. 559-610 (1913). ’ 

wtjS Cam P beU ’ " ,? n r, th6 measurement of small inductances and on power 
losses in condensers, Proc. Phys. Soc., Vol. 29, pp. 347-349 (1917). ** 
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Referring to Fig. 71(h) on page 265, let the condenser C 
S and resistance p be- replaced by the shunt whose inductance l 

and resistance r are to be determined. The current terminals 
of the shunt are joined to the alternator side of the network, 
its potential terminals being connected to the detector branch. 
Mi and M 2 art*, adjustable mutual inductances whose value 
need not necessarily be known. The secondary of the former 
is joined to the primary of the latter to form a loop of induc- 
tance L and resistance R. The coils M v ,M 2 should be at some 
distance from each other and from the low reading inducto- 
rneter M, the only direct mutual inductance between the 
alternator and the detector circuits being via the latter. 
I Balance is obtained by adjustment of M and M , or M.>, 

f when 

(M l)/r LjR 

j and Hr - (M - 1 )L)<d-. 

i From these, 

' l M - (Lr/R) 

so that, if r is known, l is found without the need to know 
M j and M t . 

In carrying out the test, M must be greater than l and also 
JU t M, > ISrjR. 

j 37. Butterworth’s Method for Frequency Measurement . Buttcrworth* 

has suggested a modification of Maxwell's method which in useful for 
the measurement of frequency and also as a wave-filter. In Fig. (Ml (a) 
i on page 2-14 imagine the resistance N to have Inductance L 2i then the 

, conditions for balance become 

I w % t n {M h) Qit~ HP, 

and IN | l n P ^ MAH | Q), 

> In practice, it* in simpler to make L » L t and to fix I, P f Q t and 8» 

The second condition in then a constant and the first can be satisfied 
by adjustments of It alone • the range of frequency is infinite, and M 
should he greater than L» 

ExpertoiBtal Example. BufferworthV method was umd to calibrate 
at node valve oseillat or used fora.c, bridge measurements and Illustrated 
in Mg. 41, page Mil. The frequency could he varied by changing the 
anode condenser. In the bridge, M was an 11 mil, Oampbelt mutual 
indiidomef er whose fixed winding had an Inductance L of 958* /iH. 
With 12 ohms, q tt ohms, fit 10*« f ohms, /,* 955 « /*!!., 


* 8. Biitterwarthp Proc. F%«. $oc, 9 Veil 24, p. Si (1912). 
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balance was secured by adjustment of It and small changes of M , wit h 
the following results (a Duddell vibration galvanomct <•!' was used ) 


Anode Condenser 
juF. 

R 

ohms. 

M 

/iff. 

Kmjtwwy 
ryclt'H irnmnul* 

0-3 

29*4, 

1087, 

f»2!H 

0*4 

25*8, 

U 88 7 

45IM1 

0*5 

23*3, 

1O80 7 

407*3 


38. The Hughes Balance. This bridge is of considerable 
historical interest, since it was employed by Professor Hughes* 
in some of the earliest measurements of inductance effects in 
thin and thick wires of different materials. He, however, 
interpreted his results by a totally incorrect theory of the 
bridge, his astonishing conclusions leading the late laird 
Rayleigh, Oliver Heaviside, and others to investigate the 
problem and to deduce the correct balance conditions for the 
network, f 

In the original arrangement, interrupted current and a 
telephone were employed, H. Rowland,} in 1898, applying 
alternating current and an electrodynamometer to the met hod. 
A. Campbell, § in 1907, replaced the latter instrument by the 
superior vibration galvanometer. The network is shown in 
Pig. 69, from which it is seen that mutual inductance ttetween 
the detector and battery branches is compared with a self- 
inductance and resistances. To find the balance conditions, 
on page 52 put z x = P + jcoL, z t = Q, z a =, E, s i II, and 


V,pp. 6-26 (MM, natUr ° WUl ,WW of i,!1 oonduomo..* 

sate: iir ir'rr 

ductors ^ Phil Mart ^ induction a »d resistance of r 4 *t»»}mttn«l 

“ On the 8enaH ’ V 4 T 2 * w- **»"&*) mm). «>; 

489-491 n88fii f * Cg ,° 4 an potion \mhmm” EUrn t * Vol. Ill, up 

. y (looo) , Electrical Paper#* VoL 2 tm *vi auu*>% * 

Mi,: ^.xsvoi na - 
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i 


all mutual operator!-) equal to zero except m it ~ jm'M. Then, 
a *= -j<oM, f) 0, y jmM, 3 « (), ho that 

8(P + jmL) - QR-jo>M(P -f R +ja>L)-ja>M(Q + S) = 0 
Separation of the components gives 
o>HTL « QR-SP 

PL M(P -f Q + R -|- S) 

for balance. 

A. Campbell has shown that the method is useful as a means 
of measuring frequency,* For this purpose M is a variable 
mutual inductance ; the resistance 
B is a portion of a slide wire, B 
being the contact thereon. The 
resistance Q consists of the remain- 
der of the slide wire and a non-induc- 
tive resistance box ; by this means 
Q I* B can be kept constant although 
Q/S is varied. The resistance It is a 
fixed non-inductive resistance. The 
resistance of P will usually require 
a correction for temperature, since 
it is wholly or partly composed of 
a copper (*oil ; this correction is more 
important at low frequencies. Two 
different methods can bo adopted in 
practice ■ 

^ If P be mmUmi and known, then 

P h Q 1“ & T B *r- a is constant, since Q | • S • b is constant. 

Jf L bo fixed and balance is secured by varying M and the 
position of tin* slider JI, eliminate M from the above equations. 
Then 


c 



Km. CO. Tim Utroims 
Balanch 


Ufl ss- 


a rii(b~B) 

IJ S 



ho that the frequency can be found in terms of a single variable 
S. The slide wire can thus Ik* marked directly in frequency 
values. The range of the bridge can 1 h» extended to n times 
the frequency, either by reducing L to Lin, or by changing P 
and Q m that (/> j R)/(Q -{- S) \jn. 
if P he not exactly known, it will he necessary either to apply 


* C?, K. my h m film? rwitnirnMidiMi the method tar tlw nwmtwmwnb at 
itiducdmifv* and i*ffi s Nt , i ivi* rtmtnt oncti at t#»!ctt?hcmk*> loading mi\n : nm Journal 
p, o t Vi>i, a, |*. m {\m% n% 
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a correction, to tlie above formula to allow for tin* change <>f 
P -with temperature; or it may be simpler, if the standard 
inductometer M is accurately known, to eliminate P front 
the equations. The resulting equation for «>’- in then 
. (R + S)(Q + S) ^ 

®“”* ML M*' 

Campbell* gives the following values m suitable* for 11 range of 
frequency from 10 up to 120 cycles per second ; L 0*1 henry, 
p = 25 ohms ; R — 5 ohms ; Q *f 8 =» 4 ohms ; M from 1*7 to if*2K 
millihenry, and 8 from 0*0 to 0*1 ohm. 

Experimental Example. The Hughes balance was used in n frequency 
calibration of the valve oscillator tested previously by !l«tt«»rwnrt!i f » 
method (p. 255). The branch A C contained a coil for which L N» in 1 1 , 
and P — 25 ohms. Q -f- 8 was a slide wire of 4 -OH* ohm* nwist itncc# 
and R = 5 ohms. Using the first method , b *** 4 *08* « dims and a 114 *118* 
ohms. M was a 1*1 mil. Campbell inductometer, balance being found 
by adjustment of M and S. For the two highest frecfututriew the 
detector was a 150 ohm telephone ; for the remaining obwrvnl ion* a 
Duddell vibration galvanometer was employed. 


Anode Condenser 
juF. 

8 

ohms. 

M 

/ill 

Froquimny 
oyolMi ^mwcmci. 

0*1 

(H0 O 

40* f 

mm 

0*2 

O*20 & 

a 

Ml*® 

/ .. 0*3 

0*32 7 


m 0*4 

^ ' 0*4 

0-37, 

no** 


0*5 

0-41, 

i 2 1 - 7 

400*0 


NETWORKS CONTAINING RESISTANCE, SELF- 
INDUCTANCE, MUTUAL INDUCTANCE AND CAPACITANCE 

39. Modified Caxey Foster’s Method. This method is 
adapted from a ballistic bridge, introduced by O. Carey 
Foster,f * n 1887, for the comparison of a condenser with a 
mutual inductance. The ballistic bridge in its original form 
has a quantity or aggregate balance, but by a simple modifies 
tion, continuous balance is obtained and the bridge run he 
used with alternating current. This modification, originally 
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introduced by A. Heydweiller,* in 1894, consists in the inclusion 
of a resistance S in series with the condenser C, as shown 
in Fig. 70 (a). 


ft 



With nrmimum m lut of M-001 henr y y 
Mm / mum va/ue of 

Q R C Microftrids 


ISaMssi 


10 

too 

IO 

to 

POO 

5 

50 

wo 

2 

50 

POO 

t 

too 

POO 

0*5 

100 

1000 

0>t 

too 

moo 

0*01 


Fiti. 70 . — Modifikd Cauky Fomtrr'h Mktiiod for Compatuno 

CAPACITANCE WITir MtlTUAt, INDUCTANCE 

Assuming first that the resistance of the branch AC is not 
zero, substitute on page 02 the operators z x = P, z % = Q, 
j 

z 8 = S- , z t = R + jtoL, and m M ~ jwM. Then a == 0, 
/J = 0, y tssjmM, <5 = 0, so that 


• jctiL) -jcoM ( Q 


* A, H*yc!witt!!<tr, •* ifebr din Bustlmnumg von Jnda<3iiormcoofTici«nktn 
mifc d*nn Tstaphon,** Ann, der Phy$, f Bd» 53, pp. 409-504 (1894), Tha 
mmlifktfttimt hw also \mm indepfmdently srtirodmwl by H, Bowl and, 
“ Elaelrioid mmmxtmmml by nHmrtmUng cmrronts,” Phil Mag, f 5th mmm t 
Veil 45, p§>, 09 >8.5 (1898), using tin «1 eetrodynnmomokir ; A, CrnnpboU, u On 
ibo umnxurmmmt* of muiunl inciuofcsnoo by tho aid of it vibration galvano- 
meter,” Frm, Pkm, Vol. 20, pp. 020-038 (1007), and also “ Induotanoo 
nmmxmmrmntM,** Mkcn, f Vo!, 00, pp* 020-027 (1008), 


m-imm 


260 


A.C. BRIDGE METHODS 


Separating the components, gives 
M = G(SP - QR) 

L = ~m(i +Q S j-^QQ 

when balance is secured. By the simple expedient of making 
P = o, the balance can be made independent of frequency, an 
shown by Heydweiller. Putting P — 0 and noting that M 
must be negative to secure balance, numerically 

M — CQR, 


Fig. 70 (b) shows the vector diagram for the bridge. The 
vector AB is the applied potential difference across the points 
A and B ; and, since P = 0, AB must also equal the drop of 
potential Qi 0 in the branch CB. Since C anti D are at the 
same potential, the sum of the potential drops <S'i„ and i 
must balance Qi 0 . Since the drop of potential down the 
branch AG is zero, the total e.m.f. of mutual induction in AD, 
namely, jcoM{i a -f~ i D ), must exactly balance the impedance 
drop (R +jcoL)i D . From the geometry of the two similar 
triangles the above equations may bo verified at one®. 

In practical working, tho second balance condition implies 
that L be greater than M. Hence, if necessary, an auxiliary 
self-inductance should be included in the branch AD until 
L> M. The resistance Q, being connected across the source- - 
neglecting the impedance drop in the coil a— should lx* capable 
of carrying a fair current. It is preferably an oil cooled 
standard, (so that temperature changes can lx* allowed for), of 
low residual inductance. 


When the method is used to measure a mutual inductance 
in terms of a standard condenser, Q is fixed and D arranged 
to be equal to or greater than M. Balance is secured by 
successive adjustment of R or G and S. 

. A - Campbell has shown (be. cit.) that Cany Foster’* method 
is one of the best for the measurement of the capacitance ami 
equivalent senes resistance of a condenser, using a standard 
mutual mduetometer for M. Fig. 70 (c) shows a convenient 
arrangement of apparatus for this test. The resistance Q h 
set at a definite fixed value. The branch AD contain* the 
nxed winding of the mduetometer, a resistance box r and, if 
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necessary, an auxiliary inductance to ensure that the inductance 
L of the branch exceeds M. The value of r is chosen so that 
QR is a convenient multiplier, e.g. some power of 10, R being 
the total resistance of AD. A convenient set of values for Q 
and R are shown in the diagram. The branch DB contains 
the condenser whose capacitance C and series resistance p are 
to be found, together with an adjustable resistance box S'. 
Balance is secured by successive adjustment of S' and M ; 
then, since S = S' + p, the above balance condition gives 

C = M/QR and p = Q 

In accurate work, the capacitance of the leads to C should be 
allowed for by repeating the test with the leads disconnected 
from the terminals of the condenser, and deducting the resulting 
capacitance from the first balance. 

The values of Q and R should be measured after the test, 
and L should be accurately known. S' should not be too large, 
i.e. if L is much greater than M, a smaller value of Q should 
be chosen. A Campbell inductometer reading up to 10 milli- 
henrys is convenient for M, and gives a range from a small 
fraction of a microfarad up to 10 microfarads. 

Experimental Example. Carey Foster’s method was used to test a 
paper condenser at 407-1 cycles per second, the detector being a 
Duddell -vibration galvanometer. M was an 11 mE. Campbell inducto- 
meter, the following values being found at balance. Q — 100 ohms, 
R = 200 ohms, L = 1658 2 ptl., 8' = 100-4 4 ohms, M = 8008-„ pH. 
With the leads removed from C, M 0 = 0- 4 //II., and C = 8007-„/20,000 

= 0 -4003 s pF., and p = 100 (^^ 2 - l)~ 100-4 4 = 5-20 ohms. 

In a second experiment on a good mica condenser, Q = 100 ohms, 
R = 200 ohms, L = 1922 2 pH., S' = 186-0 S ohms, M = 6693-0 pH., 
and M 0 — IpH. Thus, C = 6692- 0 /20,000 = 0-3346,, pF and also 
/1922, \ 

p = 100 1 ) - 186-9 t = 0-2„ ohm. 

40. Experimental Troubles in the Modified Carey Foster 
Method. In practical work, especially in measurements of 
high precision on small condensers, or on condensers with low 
power-factors, certain important sources of error enter into 
the method. 

(i) Residual Errors and Impurity Effects. At high fre- 
quencies residual inductance* in Q and S', self capacitance in 

* See A-lCampbell, Proc. Boy. Soc., A, Vol. 87, pp. 402-406 (1912). 
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the windings of the mutual inductance and the effects of 
impurity become important. Indeed, when measuring small 
air condensers by this method, the measurements serve 
rather as a drastic test of the imperfections of the apparatus 
than as a means of testing the condenser. Butterworth* 
has shown how these various sources of error may be allowed 
for, and the reader is advised to consult the original paper 
for full details of the procedure. The corrections are par- 
ticularly important in power-factor measurements, especially 
at the upper audio frequencies. 

Since the effect of residual inductance in Q and S' may 
become important, even at frequencies of moderate value in 
tests on low power factors, it is useful to see how the balance 
conditions become altered by the residuals. In the analysis 
above, p. 259, put Q + ja>X for Q , and S -j- jcoju for S then 

1 QR r co 2 ( ) "1 

c = h\ 1 ~'qr\ xl ~ ( - x + i*) M \y 

and S’ + „ = «(£- 1)+£, 

are the balance conditions. The correction in the value of 
1/C? is, except at very high frequencies, usually small. Hence 

° = - + QR \ XL ~ 

and p = q(^— -lj-S' +^. 

In tests on large condensers the correction to be applied 
to G is usually negligible, except at the upper telephonic 
frequencies. The correction in the expression for p may become 
important in accurate tests of the power-factor of good con- 
densers. When small condensers are tested, it is generally 
necessary to apply corrections for residuals both to the capaci- 
tance and the loss resistance. In measurements at high 
frequencies made upon good condensers (e.g. a well-made mica 
standard or an air condenser), p calculated from the above 
formula is often an apparently negative quantity. This 
absurd result is the consequence of neglecting the effects of 
impurity in the mutual inductance; Butterworth has shown 
in the paper cited how this quantity can be corrected for in 
such cases. 

* S. Butterworth, Proc. Phys. Soc., Vol. 33, p. 313, pp. 334-337 (1921). 
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In the experiments on page 261, if the value of l he 0-5 all., the 
correction in the first case is 0-0 ls ohm, or 0-2 per cent, so that p = 5-2, 
ohms. In the second test the correction is 0-0„ ohm, so that p for the 
mica condenser is 0-3 05 ohm; this is an important correction, being 
about 5 per cent. 9 

(ii) Earth Capacities . With small condensers trouble is 
experienced due to earth capacities. It is sometimes a good 
plan to earth the terminal of the inductometer which is joined 
to the source. At the higher audio frequencies, when tele- 
phones are used to detect balance, it becomes very difficult to 
secure sharp balance, unless it can be ensured that the points 
C and D at balance are at the potential of the observer. 
To a first approximation this can be attained by earthing the 
point D instead of the source terminal of the inductometer. 
Both these devices only provide rough allowance for earth 
capacity effects. To remove such troubles entirely Mr. Dye 
has shown how to find a proper earth point which is free from 
this defect. His device is described on page 287 . 

41. Campbell s Method. A. Campbell* has given, a method which 
serves very conveniently to check a mutual inductance standard against 
a known condenser. The network is arranged as in Fig. 67 {a), a 
condenser of capacitance C being put in parallel with the resistance S. 

In the analysis on page 248, put S/(l jcoCS) in place of S ; then 
the balance e equation is 

$(jp -f* J icoJCi) / q \ 

' a+jtoCS)~ Q(R + icoii) + i*M (Q + (i + jwCS) ) = 0 ; 
from which 

( SP-QR } — <o*QSC(M - X 2 ), 
and £T(X a + M)-Q(L 2 ~ M) = QBSC. 

When the bridge is used with equal ratio branches, Q = S, and L,= X„ 
then 

P- R =a>-QC(M- L) 
and 2M = QRC. 

hrom this, M is found without the need for measurement of co, which 
must, however, be steady. 

^42. Haworth’s Method. Haworthf has given "a simple modification 
of the Heavisid e- Campbell bridge of Kg. 68, by means of which the 
effective capacitance and series resistance of an imperfect condenser 
may be measured. 

* 4' C £ m $ e11 ’ Proc - ph V*- R»c., Vol. 21, pp. 78-79 (1910). 

j H. F. Haworth, The measurement of electrolyte resistance using 
alternating currents,” Trans. Jj\ Soc ,, Vol. 16, pp. 365-391 Q921) The 
second balance condition is incorrectly quoted. ’ 
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In the bridge illustrated in Fig. 68 (&) on page 252, let the coil 
px> Px be replaced by an imperfect condenser C , p. Now the 
impedance operator for a condenser is -j/coC = -jo/oo^C, so that a 
condenser may be thought of as possessing a negative inductance of 
amount l/co 2 C. Hence, on page 253, write 1 /co 2 C for L x , giving for 
balance 

p = n - r oi 
C = 1/2(1/! - M 0 )co 2 , 

numerically, r l9 r 0 and M l9 M 0 being the readings of the rheostat and 
inductometer with the condenser in and out of the bridge. 

43. Hay’s Method. C. E. Hay* has suggested a modified form of 
the Hughes balance to measure the equivalent capacitance and shunt 
resistance of an imperfect condenser by means of a mutual inductometer. 
In Fig. 69, let the coil P -f jcoL be replaced by P/( 1 + jcoCP) ; then 
from page 257 the balance equation is 

SP ( p ) 

(1 + jcoCP) - QR ~ ja>M \Q+ K + S+ (T+ jo CP) } = °» 
from which 

o*M(Q + R + S)CP = QR- SP 

-QRCP =M(P + Q + R + S) 

are the balance conditions. 

From the second it should be noted that M must be negative, since C 
is essentially positive. Inserting this condition and solving for C and 
P gives the capacitance and shunt loss resistance, 

= jgg ± g) [Pl + g> 

Q*R* + co 2 M 2 (Q + R + S)* 

a nd Q 2 P 2 + + R + S)* 

~~ QRS-co 2 MHQ + R + S) 

44. Campbell’s Frequency Bridge. The circuit for this 
methodf is shown in Fig. 71 (a). Suppose the condenser to be 
perfect and let the self -inductance and resistance of the coil 
of the variable mutual inductance in the detector circuit be 
L 2 , i? 2 . Then the equation for i in terms of u is 

+ Z G + j(coL z - P) j i = - j(mM + P y, 

where z G = B G + jX G is the operator for the detector. Hence, 
i = 0 when co 2 = - IjMG. Since co 2 is essentially positive, it 

* C. E. Hay, “ Alternate current measurements, with special reference to 
cables, loading coils, and the construction of non-reactive resistances,’ * 
J ournal, P. O.E.JS., Vol. 5, pp. 451—454 (1913); also Professional Papers , 
No. 53, pp. 25-26 and 44-45. 

f A. Campbell, “ On the use of variable mutual inductances,” Proc. Phys. 
Soc. f Vol. 21, pp. 80-82 (1910). See also p. 53. 
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follows from this equation that the primary and secondary 
coils of the inductometer must he in opposition, so that M is 
negative. Assuming this adjustment to he made, the balance 
condition is 

eo 2 = 1/MO 

The method serves to measure at ordinary frequencies fairly 
large capacitances in terms of mutual inductance and frequency. 



Fia. 71 . — Campbell’s Frequency Bridge 


It isj, however, chiefly used in the inverse sense for the measure- 
ment of frequency in terms of M and C. The method is most 
suitable for the determination of high frequencies,* say 1,000 
cycles per second upwards, since MC is inconveniently great 
unless co is large. 

When used as a frequency bridge, it is only possible to obtain 
j sharp balance if certain important conditions are observed, as 

j follows. 

I * Fpr a n um ber of ways of adapting the method for low frequencies, see 

j g. Chiba, Journal I.E.B . Japan, No. 405, pp. 294-300 (1922). 
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The Frequency must be Constant and the Wave Form Pure. 
The need for constancy of frequency is obvious. The wave 
form must be pure when, as is usual at the higher audio 
frequencies, telephones are used to detect balance, since two 
or more coexistent frequencies cannot be balanced by the 
same value of MC, This property is sometimes employed 
when the bridge is used as a wave filter, see page 144. 

The Condenser must be as Perfect as Possible. In order to 
see the necessity for this condition, suppose the condenser to 
have losses represented by a resistance p in series with it. 
Then, for —j ja>C write p — ( j/a>C ) in the above analysis. 

Balance will occur when p -j (^coM = 0 ; i.e. p = 0, 

necessitating a perfect condenser, and- co 2 = IjMC. In 
practice, it will be found that a mica condenser is usually 
sufficiently good to allow of reasonably sharp balance. It is 
even possible to attain fair success with a good paper condenser, 
but, as a rule, a minimum indication is all that can be secured 
"with the average condenser. 

To obtain a sharp balance, it is necessary, therefore, to 
compensate for the imperfection of the condenser. Campbell* 
has suggested several devices which enable this to be carried 
out, one of the best being shown in Fig. 71 (b). In this, 
M is the inductometer ; C, p the imperfect condenser ; M l9 
M z are auxiliary mutual inductances, preferable variable, 
the secondary of one being linked to the primary of the 
other to form a loop, L , R. M , M l9 M 2 should be at a 
distance^ from one another so that they do not have any 
mutual influence. Balance is obtained when M and M t or 
M % are adjusted so that 

l[co 2 G = M + pL/Ry 

and P R = co + L (m ] . 

Solving for p and oPC gives, 

P = oPRMiMz/iR* + oPL*) 
and 1 Jco 2 C = M + oPLMjM^R 2 + oPIP). 

If co be known, p and C can be determined ; conversely, if 
the method is intended for frequency measurements, let L/R 

* ^ . Campbell, On the. measurement of small inductances and on power 
losses in condensers,” Proc. Phys. Soc., Vol. 29, pp. 350-353 (1917). For 
another use of the network, see p. 254. 
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l, then co 2 ‘== IjMG. The auxiliary circuit need not, 
be known, but by its aid sharp balance may be 
L. When using telephones, trouble due to harmonics 
Largely overcome if the primary of the inductometer 
rly high inductance. 1 

nental Examples. The simple Campbell bridge (Pig. 71(a) ) 
bo test the frequency calibration of a valve oscillator previously 
other methods ( see p. 255 and 258). In the first two observa- 
50 ohm telephone was used ; in the remainder the detector 
iddell vibration galvanometer. As paper condensers, having 
hie losses, were employed, only a minimum indication could 
d. M was a 111 rnH. Campbell mutual inductometer. 


Condenser 

P. 

C 

/xF. 

M 

fiH. 

Frequency 
cycles /second. 

>-l . 

1*016,. 

30,030 

911*1 

>-2 

1*016,. 

59,790 

645*7 

>-3 

1 * 010 ! 

89,650 

527*3 

>*4 

2*023 4 

59,690 

458*0 

h5 

2*023 4 

75,610 

406*9 


3 cond test, with the anode condenser set at 0*5 /*F C was 
«\ and M = 72720 ^ 11 . gave a minimum indication ; hence 
> 0 cycles per second as found above. The balance was then 
ri*p by the use of the arrangement shown in Fig. 71 (b). M 2 was 
Campbell mutual inductance, M x a fixed value mutual of 
L contained the fixed coil of M z and the low inductance coil 
balling 10,757 fill. A resistance box made R up to 193 ohms, 
adjusting M and M% successively, true balance was obtained 
= 7257 5 fx H. and M 2 = 2500 /jH. Inserting these values in 
xce equations and solving the resulting quadratic in co 2 gives 
> 4 cycles per second. Using the approximate formula gives 
p*eles per second, showing the smallness of the correction 
\d 1 and M 2 , these serving to give exact balance with little 
on the calculated value of frequency. It should also be noted 
simple Campbell arrangement, giving 406*9 0 , as against the 
0 4 , is only in error by about 3 parts in 10 , 000 . 

\dutual Inductometer should be Free from Impurity . At 
quencies, the electromotive force induced in the second- 
- mutual inductance is slightly out of quadrature with 
lary current [see p. 102), the mutual inductance being 
be impure. 

the Campbell frequency bridge is peculiarly adapted 
at high frequencies, the effects of impurity become of 
ace. Butterworth,* in an elaborate paper, has shown 
Ltterworth, loc. cit., p. 337 (1921). 
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how the Campbell bridge must be modified in order that 
impurity may be compensated, the reader interested in precise 
measurements at the higher acoustic frequencies being referred 
to this paper for a detailed discussion. 

Referring to Fig. 71(a), let the condenser have a series 
oss resistance p, and let the mutual have an impurity a. 
Then Butterworth’s modification of the Campbell bridge 
consists in connecting a small condenser of capacitance C f 
across the upper open ends of the mutual inductometer and 
also including a small adjustable resistance S in series with 
the condenser C (see also Fig. 76, p. 292). Balance can then 
be found by independent successive adjustments of S and M. 
When the condenser loss and the mutual impurity are thus 
compensated, if R l9 L x are the resistance and inductance of 
the inductometer winding joined to the alternator, Butterworth 
shows that very nearly, 

a>*MC = l-a>*CO'[R 1 R 2 --a>*(Li-M) (i 2 ~ M)\ 
and S + p + a = ^C'iR^L,- M)+R 2 (L 1 - M)l 
from the first of which co can be calculated (see p. 293). 

Experimental Example. In a test on a valve oscillator by the simple 
bridge of Eig. 71 (a), mica condensers were used for C, totalling 
1*451 3 pH. Minimum indication occurred when M = 10555 5 ^H., so 
that the frequency is approximately 406*6 3 . A small mica condenser 
of 0*0 110 6 ^F. was then connected across the open ends of the mutual 
inductance, and a small resistance S was joined in series with C. 
Adjusting M and S, true balance occurred when M — 10550 5 pH., and 
S = 0*02 ohm ; then since 2^ = 56*6 ohms, L x = 244,200 pH., 
= 39*4 ohms, X 2 = 100,570 pH., C' = 0*0110 6 pH., the above 
equation gives / = 406-Cq cycles per second. 

CampbelTs method is very quick in practice. Even when 
uncompensated for condenser losses and impurity the minimum 
point can be located within a few parts in 10,000 when using 
a good condenser. Compensated by Butterworth’s method to 
give a true balance, it forms an extremely sensitive means of 
detecting very slight changes of frequency. By connecting an 
adjustable air condenser in parallel with C , variations in / as 
small as a few parts in a million can be measured by the small 
adjustments of this condenser necessary to restore balance. 

45. Kennelly* and Velander’s Frequency Bridge. On 

* A. E. Kennelly and E. Velander, “A rectangular component two- 
dimensional alternating current potentiometer,” Journal, F Inst., Vol. 188, 
pp. 1-26 (1919). E. Velander, “ A frequency bridge,” Journal Amer. I.JS.E. , 
Vol. 40, pp. 835-839 (1921). 
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page 264 Campbell’s method of measuring frequency has been 
described, and it has been shown, moreover, that perfect 
balance is impossible unless the condenser be quite free from 
losses. Now, in practice, condensers with solid dielectrics are 
never free from imperfection, so that some device is necessary 
in order that the imperfection may 
be compensated. Campbell’s bridge, 
even when corrected for condenser 
losses by one of. the methods des- 
cribed above is unsuitable for low 
frequency measurements, below 250 
cycles per second for example, 
owing to the large values of M and 
C necessarily involved. To over- 
come both these difficulties, Ken- 
nelly and Velander have devised a 
wide-range frequency bridge shown 
in Fig. 72. 

The bridge contains the following 
elements : in the branch AG the Fig< 72 .— Kennelly 
condenser is connected in series with and Velander’s 

the fixed coils of the inductometer, Frequency Bridge 
the secondary winding of which is 

put into the detector circuit. A small variable self-inductance 
L 2 is included in the branch AD. Then, if B be the total 
resistance of the branches ADB (inclusive of the resistance of 
L % ), the branch DB consists of the nth part of B . 

To find when no current flows in the detector, put 

«i = P + ^ j , z 2 = 0 , z 3 = Rjn, z 4 = ( 1 “ R + 3<» L i> 

and m 15 = jcoM on page 52. Then a = 0, /J = jcoM , y = 0, 
<5 = jcoM, and the balance equation is 

l { .*+i.(W -5o)} +i° M -n +*>*{ (> ■ J n) S +^}- °- 
Separating components gives 

1 

VC^i+nJf) 

L <- 01tp ( 1 +m) 

for balance. 
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From this it is seen that the resistance P } which includes 
the equivalent series resistance of the condenser, does not 
enter into the expression for co } so that an imperfect condenser 
may be used. Moreover, the effect of the potential divider 
arrangement of the resistance R is to multiply the range of 
the inductometer n times. Hence, by a suitable choice of 
low frequencies can be measured by means of a condenser and 
an inductometer of reasonably small valuh 

The most convenient practical arrangement of the bridge is 
to use a fixed condenser G and to fix the multiplier n. The 
branch AG should contain a small rheostat, P', say. Then 
balance by varying M and P' or L 2 . Provided that the 
primary of the inductometer has alow resistance, very precise 
adjustment of L 2 will not be necessary. 

For sensitivity the balance detector should have a low 
impedance, about equal to that of the secondary of the inducto- 
meter together with RJn. A low impedance vibration galvano- 
meter or telephone is most suitable, though high impedance 
detectors can be used if connected to the bridge through a 
transformer (see p. 151). 

It is very convenient to make up the capacitance G from two 
equal condensers which can be connected in series or parallel as 
desired. Since their capacitance in series will be one-quarter of 
the value when in parallel, the range of the bridge can be 
doubled, without altering any other constituent of the bridge. 
Moreover, it is not necessary that the two condensers be very 
accurately adjusted. Velander has shown that a difference of 
2 per cent between the two condensers wall only produce an 
error of 5 in 100,000 in the doubling of the frequency range. 

Velander lias described a portable, self-contained frequency bridge 
having- a range from 400 to 3,200 cycles per second. The resistance 
RJn is fixed at 100 ohms, R being 500, 2,000, or 8,000 ohms. This 
gives n == 5, 20, and 80, corresponding roughly to frequencies in the 
ratio 4:2:1. The inductometer could be varied up to 10 millihenrys ; 

£ was made of two mica condensers of 0-4 microfarad each, so 
that the working capacitance is either 0-2 or 0-8 microfarad. The whole 
apparatus is fitted up in a box with terminals for attachment to the 
source and to the telephones. A system of dial switches provides for 
the selection of a suitable multiplier n, for the insertion of the necessary 
compensating inductance Z 2 , and for the adjustment of M. A four- 
point piug enables the condensers to be changed from the series to the 
parallel position. 

. frequencies below 500 a vibration galvanometer will 
give high sensitivity ; for acoustic frequencies a telephone is 
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The detector was a telephone for the two highest frequencies and a 
timed Duddell vibration galvanometer for the remainder. 
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convenient. Since, by suitable choice of n, small coils can be 
used and impurity effects reduced thereby, the method appears 
to be applicable at high frequencies above the telephonic range. 
A crystal detector and galvanometer is then suitable, and 
the point C may be earthed to avoid earth capacitance 
troubles (Fig. 72). 

Experimental Example. The valve oscillator tested by other methods 
(see pp. 255, 258 and 267) was calibrated by Kennelly and Velander’s 
bridge. M was an 1 1 mH. Campbell mutual inductometer , its fixed wind- 
ing forming L x . C was a mica condenser of 0-334 c /xB. P was about 
6 ohms. Rjn was a decade resistance box set at 100 ohms, the total 
value of R being given the values tabulated. L x was an Ayrton-Perry 
variable inductance. 


Anode Condenser 

R 

ohms. 

M 

JLlH. 

mTT- 

Frequency 
cycles /second. 

0*1 

1510*7 

53 2 8 

5*0 0 

918*3 

0*2 

3510*7 

488 2 

10*9 S 

647*0 

0*3 

8510*7 

306 0 

24* 1 0 

530*1 

0*4 

8510*7 

411 0 

24* 1 0 

459*3 

0*5 

8510*7 

524 0 

23*3 0 

407*1 
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Again, all these sources of current have rather impure 
wave forms. When telephones are used in the bridge, it 
becomes very desirable to choose methods which balance 
independently of frequency, so that silence occurs for all 
harmonics of the wave simultaneously. Otherwise the balance 
point will be obscured by the persistence of noise due to 
overtones. 

For the lowest frequencies, up to about 200 cycles/second, 
when a fair amount of power is required, the most convenient 
source is an ordinary motor-driven alternator of pure wave 
form. If means are provided for maintaining constant speed, 
it becomes possible to use low frequency vibration galvano- 
meters in the bridge. Though small alternators are still in 
use for work at higher frequencies up to the limit of the 
telephonic range, they are now being gradually superseded by 
other devices, notably by the valve oscillator. 

For all high-class work at frequencies above about 200 or 
300 cycles/second the valve oscillator is the source par excellence . 
It provides an adequate output at a perfectly steady frequency 
and with a nearly pure wave form. In combination with a 
vibration galvanometer, or, for the higher acoustic values, a 
good telephone, it is the source most suitable for precise tests. 
It is cheap, easy to set up and to maintain. For lower fre- 
quencies it possesses the same advantages, but the large coils 
and condensers and the larger valves which are necessary 
rather increase the expense. 

Whichever source be chosen, it is advisable always to 
connect it to the bridge via a small transformer. By providing 
an earthed screen between the two windings of the transformer, 
capacity effects between the bridge and the source are greatly 
minimized. By the choice of a suitable ratio of transformation 
the internal impedance of the source may be adapted to the 
impedance of the network and an increase in sensitiveness 
secured. It is well to arrange the source and its transformer 
at a distance from the bridge, so that any stray magnetic 
field therefrom may not upset the balance. 

2. The Detector. For low frequencies, below 150 cycles- 
second, the Campbell type of vibration galvanometer forms 
the most sensitive detector. For frequencies lying between 
about 200 and 900 cycles per second, a vibration galvanometer 
of the Duddell pattern is best. For the higher acoustic values 
from abov^ 800 cycles/second, the telephone is by far the best 
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'detector. The telephone should be chosen to suit the frequency 
of the test, the type which has a tunable diaphragm being 
preferable to the fixed pattern. 

With all detectors the impedance should be chosen to suit 
that of the bridge. An interbridge transformer is in t his ease, 
as with the source, a great advantage, since by adapting the 
effective impedance of the detector to the network, a marked 
increase of sensitivity can be secured. Again, when telephones 
are used, precautions should be taken to eliminate elect rostatic 
effects between the observer and the telephones by the use of 
one of the devices described on page 28(5. For practical 
details connected with the use of telephones and vibration 
galvanometers, see pages 151—152, 161. 

3. Standards. The choice of a method will bo largely 
guided by the standards which are available in the laboratory. 
A few remarks on standards in general will, however, assist 
the experimenter to determine which are the most suitable 
for a given purpose. 

The resistances used in the bridge network should, for work 
of the highest accuracy at high frequencies, be wound in some 
way which shall ensure that they are free from residual effects, 
i.e. they should be as nearly non-reactive as possible. Dial 
decade boxes reading down to 1 ohm are most convenient ; 
the contacts should be good and located by a click, a great 
advantage when working in a darkened room with a vibration 
galvanometer, loose plugs being, in such circumstances, a great 
nuisance. Below 1 ohm a mercury rheostat or some form of 
slide wire rheostat is useful for fine adjustments. In tins ease 
of the latter a little paraffin oil on the wire greatly improves 
the contact and the ease of setting. For rougher touts at low 
frequencies, ordinary resistance boxes with bifilar wound coils 
are frequently quite useful. 

Speaking in a general way, the choice of other standards lies 
between self-inductances, mutual inductance's, and condensers. 
Of these, undoubtedly the most convenient to use is a mutual 
inductometer. It is the most permanent, is easily and 
continuously adjusted from zero over a large range of positive 
or negative values, and is the one most free from corrections, 
except at high frequencies, when air condensers have the 
advantage in this respect. Self induetometers are of great 
service in certain methods, but do not possess the advantages 
of a good mutual inductometer. Fixed value self-inductance 
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standards are useful for comparison and substitution methods. 
Of condensers, a good mica standard is convenient in many 
cases, but, for accurate work, its frequency and temperature 
variation must be known and also its phase angle. For work 
at high frequencies and especially at high voltages, air con- 
densers, which can Ik* taken as loss-free, form the most suitable 
standard. Their capacitance is, however, usually small, which 
renders them inconvenient standards for low frequencies, 
owing to their high impedance. 

4. Self-inductance Measurements. Methods for the 
measurement, of self-inductance are chosen with reference not 
only to the value of tin; inductance but to the resistance which 
accompanies it. For example, an inductance of a few micro- 
henrys may 1 m* easily measured when the resistance is of 
moderate value, but quite special treatment is necessary if 
the resistance Ik* very large as in a standard resistance coil — 
or very small, as in a shunt. Accordingly, the time-constant, 
LjR, of tin* coil to 1 h- measured must be taken into account in 
deciding upon the bridge to Iks used. 

5. Measurement of Average Inductances. The number of 
ways of measuring the inductances of average value found in 
general laboratory testing is very large, but certain methods 
have outstanding features which recommend them for general 
use. 

Probably the most convenient inductance bridge is the 
Heaviside-Campbell arrangement, in which a standard mutual 
inductometer is used (p. 2I>1). The bridge is used preferably 
with equal ratios and the adjustments are very quickly and con- 
venient ly made. The method is particularly free from errors, 
and it is easy to allow for the leads connecting the test coil 
to the bridge by taking a preliminary balance with the coil 
removed. With a mutual inductometer reading up to 0*01 
henry, inductances lying Ixstweon a few microhen rys and 0-02 
henry can 1 k> measured with considerable precision. The 
method is particularly valuable, therefore, for tests on coils 
of low inductance. By the use of a larger inductometer the 
range can is* increased ; for example, to 0*2 henry, while 
keeping all the advantages of an equal ratio bridge. 

For larger inductances, the Campbell modifications on 
pages 247 and 248 can bo used. In these the ratios are not 
equal, hence the advantages of the Heaviside-Campbell 
■ arrangement —freedom from residual errors— are, in general, 

l» (S22S) 
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lost. These methods will give the value of inductance with 
fair accuracy, but measurements of effective resistance of the 
coil under test may be considerably in error. (See page ~4it ) 

When a suitable self inductometer is available, Maxwell s 
method, page 180, is often very useful. Here, again an equal 
ratio bridge should be arranged ; hence the coil to be tested 
should not exceed the value of the available self-inductance 
standard. With proper arrangement, the method can Iw made 
very sensitive and'is capable of precise settings. 

When the laboratory contains a suitable set of good con- 
densers, ranging, say, from 0'1 to 1 microfarad, AmltM nous 
method forms a very useful and accurate method of measuring 
inductances over a wide range of values (page 2115). Hosa 
and Grover have shown that measurements can be made with 
high precision, since the errors to which the method is liable 
are, with proper arrangement, very small and easily allowed 
for. Inductances from a few millihenrys to 1 or 2 henry* 
are easily measured. 

For very low inductances, Anderson’s method is not quite 
so convenient. For coils of a few microhenrys, Butte rworth’s 
modification, page 223, proves very useful and serves m a 
check on measurements made by the Heaviside-Camplwll 
bridge with a low range mutual inductometer. 

Another useful bridge in which standard condensers are 
used is that of Owen, (p. 223). This is particularly quick for 
routine laboratory tests over a large range of inductance. 
For exact work, however, the method requires some correction 
for residual effects and for imperfections in the condensers. 

6. Measurement of Large Inductances. It ih rather 
a difficult matter to measure a large inductance, say, of 
several henrys, especially if the time-constant is large and 
simultaneous measurement of the effective resistance of the 
coil is required. In most ordinary bridge methods, e.g, 
Campbell’s methods of pages 247 and 248, or Maxwells met hod 
of p. 180, it is necessary to use unequal ratios to obtain a 
suitable range of inductance with available standards of 
reasonable value. Enormous errors are thereby frequently 
occasioned in the value of the effective resistance, though 
the value of the inductance may he obtained with fair 
accuracy. 

In telephonic work, coils having a time-constant of ! /fO 
second or higher are much used, the inductances ranging from • 
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140 millihenry* upwards. The effective resistance is thus 
very small when compared with the large value of inductance, 
and special methods are necessary. If a good subdivided 
condenser can be procured, Hay’s method of p. 225 may bo 
used with accurate results. The resonance bridge of page 227 
is also available. In both these methods, the frequency must 
be constant and known. If tests are made at acoustic fre- 
quencies, with telephones to detect balance, a pure wave form 
is essential. It is important to screen the coil to make the 
electrostatic capacity effects definite in the bridge. 

7. Measurement of the Residual Inductance of Resistance 
Coils. The resistance coils used in a.c. bridge work are not 
entirely free from reactance, coils up to about 1,000 ohms 
having* a slight residual inductance which must be taken into 
account in accurate work. It is necessary, therefore, to be 
able to measure the very small residual inductance in coils 
whose time-constants are of the order of 10‘ 7 second or less. 

The principle of all methods of measuring such small induc- 
tances is the same. The coil to 1» tested is compared against 
a standard resistance of approximately equal value, the 
inductance of which can be calculated. Such standard resis- 
tances of calculable inductance usually consist of a pair of 
parallel wires, or, for the low resistance units, of a wire bent 
into circular form, as described on page 79. In all the 
methods, full allowance must be made for any small induc- 
tances in the network, and earth capacities must be corrected 
for. For this reason the bridges are usually worked on the 
“ dummy ” balance or substitution method. 

Prerauer* and Wienf used Maxwell’s bridge on page 180 
to measure an inductance of 500 x 10'® henry, comparing it 
with a 1 millihenry calculated standard by means of various 
auxiliary intermediate standards. The time-constant was 
10 % seconds and an accuracy of l per cent was secured. Gielm, 
by using a hi filar bridge network in which all residuals can he 
calculated, modified Maxwell’s method to measure an induc- 
tance of 500 X 10® henry with a time constant of 10 H second, 
as described on page 180. He showed that by introducing 
relatively large inductances into the ratio branches the cor- 
rections* due to residuals in the network can lte made very 
small and are capable of experimental determination. 

* (). Vmmwr, Ann. <Ur I’hy*., Bd. 85. pp, 772 -784 (ISM). 

f Mux Wioit, idem t pp. 92&-V47 
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Curtis and Grover, in an extensive investigation of the 
residuals of resistance coils, have measured inductances of 
very low time constant by a substitution method with a 
calculable standard, using the bridges of pages 186, 212, and 223. 
Other methods have been developed by Wagner and Wer- 
theimer* for the same purpose, based on the condenser bridges 
of pages 196, 201, and 203. 

8. Measurement of the Inductance of Shunts. A shunt 
to carry large alternating currents is a low resistance with a 
correspondingly small self-inductance, the measurement of 
which is, consequently, a matter of some difficulty. Moreover, 
such a shunt is a four-terminal resistance, having two current 
and two potential terminals. The inductance cannot, there- 
fore, be measured by the ordinary bridge methods, which are 
applicable only to two-terminal inductances. Special methods 
have been devised to enable the null principle to be applied 
to the measurement of four-terminal resistances. 

One of the best ways of measuring the resistance of a shunt 
to direct current is the well-known Kelvin double bridge. 
Sharp and Crawford, Harnett, and Wenner have adapted this 
principle to alternating current so that inductances of shunts 
can be measured by the double bridge method. Campbell has 
devised other methods, involving the use of a mutual inducto- 
meter, described on page 254. Other methods, not essentially 
on the null or bridge principle, have been introduced, the 
interested reader being referred to Dictionary of Applied 
Physics, Vol. 2, pp. 441—442, for further information. 

9. Special Case of Inductance Measurement. An important 
special application of self-inductance occurs in the determina- 
tion of the International ohm in absolute measure. The 
inductance of a carefully constructed and measured coil can 
be calculated in absolute units from its dimensions. The 
inductance of the coil in International units can be found by 
comparing it in a bridge with a standard resistance at a 
known frequency. The ratio of the C.G.S. calculated value 
of the coil to its measured International value is the same 
as the ratio of the C.G.S. ohm (10 9 cm. per second) to the 
International ohm. 

Wien s method on page 190 for the measurement of induc- 
tance in terms of frequency and resistance is not sufficiently 

* See Elekt. Zeits., 34 Jahrgang, pp. 613-616, 649-652, 1913 and 36 
Jahigang, pp. 606-609, 621-624 (1915). ’ 
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accurate for very precise measurement. Griineisen and Giebe,f 
who have determined the value of the ohm with high precision 
by the inductance method at the Physikalische Technische 
Reichsanstalt, first used the resonance bridge of page 227. 
They later used Maxwell’s method (p. 211) to compare the 
inductance with an air condenser and resistances, full allowance 
being made for residual errors. The condenser was then 
compared with resistance and frequency by the usual Maxwell 
interrupter bridge. Very precise determinations were secured. 

10. Effective Resistance Measurements. When an induc- 
tive coil is measured in a bridge network, the balance conditions 
involve simultaneously the effective self -inductance and resis- 
tance of the coil at the frequency of the test. Hence, if the 
effective inductance and resistance of all the other branches of 
the network be known that of the coil will be determined. 

In practice, the accurate determination of the inductance 
of a coil presents no serious complication, but it is often very 
difficult to get an exact measure of the effective resistance, 
especially at high frequencies, due to the presence of residual 
inductances and capacitances in the bridge network. For this 
reason, when effective resistance is to be measured, the utmost 
care must be taken to make allowance for residuals, since they 
have more effect on the resistance measurement than on the 
inductance. The network must be very carefully set up, the 
standards used having known or calculable residuals. This is 
very conveniently secured in practice by constructing the 
bridge on Giebe’s bifilar principle, as described on page 186. 

Alternatively, if a coil of known effective resistance is 
procurable, effective resistance measurements are easily made 
by measuring this standard coil in the bridge and adjusting 
the branch residuals until the measured and known values 
agree at a given frequency. Any other coil can then be 
accurately measured by the bridge at the same frequency. 
This principle is very useful in connection with the bridges in 
which a standard mutual inductometer is used, and has been 
discussed on page 251. 

For coils of about 0*1 henry the resonance bridge of p. 227 
or Hay’s method of p. 225 are very useful, the former in 
particular being capable of considerable sensitiveness. 

11. Mutual Inductance Measurements. Mutual inductances 

f Zeits. f. Inst,, 30 Jahrgang, p. 147 (1910) ; ibid., 34 Jahrgang, p. 160 
(1914) ; Ann. der Phys Bd. 63, p. 179 (1920). . 
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are most conveniently measured by comparison with a standard 
mutual inductometer. Provided that the unknown does not 
exceed the standard, the comparison may be made directly 
by Felici’s method (p. 235). The settings can be made with 
great precision, and the method is remarkably free from 
errors. 

If the unknown is greater than the maximum reading of the 
inductometer, Maxwell’s method on page 238 is applicable, 
but the double adjustment for balance is often rather trouble- 
some to effect in practice. Campbell’s bridge on page 241 
avoids this difficulty and is applicable to a wide range of 
measurement. 

Mutual inductance between two coils can always be measured 
as a self -inductance by measuring the self -inductance of the 
coils in series with the mutual effect assisting and then opposing, 
as on page 242. Any suitable method for the measurement of 
self inductance is then available. 

If a standard condenser is obtainable, mutual inductance 
can be determined with precision by the modified Carey-Foster 
bridge (p. 258). 

12. Capacitance and Condenser Power-factor Measurements. 

The choice of method for the measurement of capacitance is 
governed by the magnitude of the condenser to be tested. 
With capacitances exceeding about 0T pF, the measurements 
are easily to carry out without special precautions. In testing 
small condensers, especially at high frequencies, full allowance 
must be made (i) for the earth capacitances of the electrodes, 
using Orlich’s method of page 112 ; and (ii) for the influence 
of small earth capacities between the bridge and earth, using 
the Wagner device described on page 286. 

The determination of a power-factor of a condenser involves 
the measurement of its equivalent shunt or series resistance in 
addition to its capacitance. Since the power-factor is usually 
low, the measurement of the equivalent resistance is a matter 
of some difficulty, owing to the importance of the errors intro- 
duced by residuals in the bridge network. As in the measure- 
ment of the effective resistance of a coil, considerable care is 
necessary when setting up the network to ensure that all 
residuals can be allowed for. If this is not done, the power 
factor may be widely in error, although the capacitance may 
be found with considerable precision. 

Probably the best way to test the capacitance and equivalent 
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series resistance of a condenser is by the modified Carey Foster 
method on page 258, in which a standard mutual inductometer 
is used. This method is adopted at the National Physical 
Laboratory for condenser tests, and can be used over a wide 
range of measurements from a few micro-microfarads upwards. 
On small condensers and at high frequencies, allowance must 
be made for residual effects, as shown on page 261, and it may 
become important to correct for earth capacity effects, as 
discussed on page 263. 

In most other methods of testing condensers, the unknown 
is compared with a standard condenser whose capacitance and 
equivalent resistance have been accurately determined by 
comparison with an air condenser and resistances. Curtis and 
Grover have made an extensive research on the properties of 
paper and mica condensers by the methods on pages 196 and 
20i, the reader being referred to these pages for a summary 
of their work. When the condenser to be tested has a small 
capacitance, less than 0-01 microfarad, Grover’s series 
inductance method on page 231 has important advantages. 

Apart from the investigation of standard condensers, an 
important practical application of capacitance and power-factor 
measurement is found in the testing of samples of high voltage 
cables, porcelain insulators, samples of dielectrics, and similar 
work. In such tests, the capacitances are not very large and 
have to be measured at low frequencies, e.g. 50 cycles per 
second, .and at high voltages. The losses in such technical 
condensers may be considerable, and should be measured at 
the working voltage. For such work, Wien’s bridge on page 
203 is widely used, and has been applied up to several thousand 
volts by Monasch and others. Owing to the difficulty of pro- 
ducing non-reactive high resistances required in a bridge with 
small capacitances at low frequency, the Wien bridge is best 
set up on the four-condenser plan recommended by Fleming 
and Dyke (p. 208). Alternatively, the high voltage bridge 
due to Semm (p. 207) may be used. In all high tension bridge 
tests the utmost care must be taken to correct for earth 
capacity errors. 

13. Measurement of the Residual Capacitance of Resistance 
Coils. Resistance coils over 1,000 ohms have usually a very 
small residual self capacitance, which must be known in 
accurate work. Since the self capacitance of a .coil can h e 
represented by a condenser in parallel with the &OiI, ; a^hrklge 
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which is suitable for the measurement of a small condenser in 
parallel with a relatively high resistance will serve also to 
measure the self capacitance of a resistance coil. 

The procedure is the same as for the measurement of residual 
inductance of low resistance coils ; the coil is compared by a 
method of substitution with a parallel wire standard whose 
residual can be calculated. Allowance must be made for 
earth capacities, especially between the parallel wire standard 
and earth, the reader being referred to the papers of Wagner 
and Wertheimer, and of Curtis and Grover, for further details. 
{See p. 186 and 200.) Hay has also suggested a modification 
of Anderson’s method, in which the coil is compared with a 
condenser {see p. 206). 

14. Measurement of Electrolyte Resistance. The resistance 
of an electrolytic cell is conveniently measured by an alternating 
current method. In the earliest experiments of Kohlrausch 
and others, the cell is treated as a resistance and is measured 
in a simple slide-wire bridge, using an induction coil to minimize 
polarization effects and a telephone to detect balance {see 
p. 3, for example). 

_ Now an electrolytic cell is not a simple ohmic resistance, 
since it conducts by electrolytic dissociation. Moreover, the 
electrodes have an appreciable capacitance. Hence, it is im- 
possible to balance an electrolytic cell against resistances alone. 
The cell behaves as if it were a resistance in series with a small 
capacitance, and should be measured as such. By connecting 
it in a suitable a.c. bridge network and making the proper 
adjustments, it is possible to secure exact balance of the cell 
against standard resistances in combination with inductances 
or condensers. 

Taylor has used a series condenser method for electrolyte 
tests (p. 228). Haworth has made an extensive research on 
the properties of electrolytic cells by means of the resonance 
bridge (p. 227) and a modified Heavisid e-Campbell bridge 
(p. 263). 6 

15. Frequency Measurements. In theory, any alternating 
current bridge which depends for balance upon the frequency 
of the source, may be used for the measurement of frequency. 
In practice, it is found that some of these bridges are more 
useful than others, owing to the greater ease with which they 
can be set up and balanced, and also to the range of frequency 
which can be measured. 
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Probably the most used frequency bridge is that of Campbell 
(p. 264), in which a mutual inductometer M and a standard 
condenser C are arranged so that co 2 — 1 jMC. The method 
is best suited to the measurement of high frequencies, since for 
the lower values the product MC becomes inordinately large, 
necessitating the use of a large inductometer and condensers. 
The principal defect of the bridge is, however, the fact that 
sharp balance is not possible unless the condenser and the 
mutual inductance are perfectly free from losses. The main 
advantage of the method is its extreme simplicity and the 
ease with which readings may be taken. 

By the use of two auxiliary mutual inductances, or by means 
of an additional condenser, the imperfections of Campbell’s 
method can be compensated, as described on pages 266 and 268. 
The same end can be advantageously attained with simpler 
apparatus by the Kennelly-Velander bridge of page 268. This 
method can be arranged to measure any frequency, low or 
high, in terms of a mutual inductance of reasonable value and 
an ordinary laboratory condenser, and for most work is 
probably the simplest and best method to employ. 

Other wide-range frequency bridges make use of a mutual 
inductometer and a standard self inductance. Of this type 
are the Hughes balance (p. 256) and Butterworth’s method 
(p. 255), both of which are easy to adjust, of wide range, and 
can very simply be made direct-reading. 

Por the measurement* of high frequencies, a two condenser 
bridge is often convenient. The condensers should be air 
condensers, and one, at least, should be adjustable. Let a 
series resistance bridge be set up, as on page 197, and balanced ; 
then P/R = Q/S = C 2 IC X . Now, without alteration of the 
rest of the bridge, let the resistance P be put in parallel with C x 
as on page 204. Re-balancing by alteration of these to values 
P' and 0\ gives (C\/C 2 ) = (8 IQ) - (R/P') and OjO % = l/co 2 P'P. 
Prom these and the results of the former balance is found 
co 2 = 1 fCyCi PP'. In practice, some trouble can be avoided 
if one sets P = 1 l<oC x approximately ; then P' = 2 P and 
C\ = \C X . Hence, if balance be obtained for the series 
arrangement with this value of P, it will be possible to obtain 
balance in the parallel arrangement on the same adjustable 
condenser £7 X . 

* For other frequency bridges, see footnote on p. 265, and also Schering 
and Engelhardt, Zeits. j. Inst., 40 Jahrgang, p. 123 (1920). 
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When a frequency bridge is balanced, no current of the 
frequency under test can flow in the detector circuit. Hence, 
if the wave-form of the source be impure, a harmonic of the 
chosen frequency is totally suppressed from the detector 
current. A frequency bridge acts, therefore, as a wave form 
sifter, suppressing any desired frequency ; such a use of a 
frequency bridge is often of service in dealing with one 
troublesome harmonic in the wave form of a source (see 
p. 144). 


PRECAUTIONS 

Assuming that a suitable method of measurement has been 
chosen and that the source and detector are given, there are 
several practical precautions which must be observed in 
obtaining accurate results. The general principle is to reduce 
the possibility of experimental error to a minimum, and, in 
cases where this is not possible, to make allowance for errors 
unavoidably introduced. 

General. Before connecting up the network, the necessary 
apparatus should be collected together and a diagram made to 
show the various instruments in their correct relative positions. 

y this means an orderly arrangement of the connecting wire 
can be made, and it is only by some such systematic procedure 
that residual errors can be reduced. 

Leads . The leads should be carefully laid out in such a way 
that no loops or long lengths enclosing magnetic flux are 
produced, with consequent stray inductance errors. Twisted 
leads, such as bifilar flex, is often useful for bridge connections. 
In measuring small condensers, it may be necessary to remove 
capacity effects of the leads connected to the bridge by 
enclosing them in earthed metal tubes. 

In measuring an inductance, the leads connecting it to the 
bridge should be a metre or more in length so that the coil 
is well removed from the bridge. With a small inductance the 
leads should be close together so that their inductance is very 
small. With a large inductance the self capacitance of the 
leads is more important than their inductance, so they should 
be spaced apart. 

. apparatus should also be arranged so that direct induc- 
trve action between the source and the bridge or the source 
and detector is reduced to the minimum. The apparatus, 
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especially in. high impedance bridges, should be well insulated 
on blocks of paraffin wax. 

Procedure. Having satisfactorily connected up the bridge 
network so that the leads are properly disposed, all contacts 
are good, and mutual action between the separate branches 
is eliminated, the following systematic procedure may be 
advantageously adopted — 

(i) When possible, choose an equal ratio bridge. Residual 
errors are thereby rendered very much less important and can 
be allowed for with ease by taking two balances, the second 
with the ratios interchanged in the network. The average is 
the corrected value. 

(ii ) Make the two balancing adjustments successively, altering 
first one and then the other until balance is secured. Read all 
scales and observe temperatures and frequency. 

(iii) Reverse connections to the source to detect and, if 
necessary, to allow for capacity effects and direct inductive 
action between the source and the bridge. Re-balance as in (ii) . 

(iv) Repeat the balances with the ratio branches reversed in 
the case when they are equal. 

(v) When measuring an inductance balancing should be 
repeated when the coil is turned through 180° so that inductive 
action of stray magnetic fields can be eliminated. 

(vi) Make allowance for the leads connecting the apparatus 
to be measured into the bridge. In the case of inductance 
measurements, the leads should be short-circuited at the 
terminals of the coil and their inductance measured. When 
measuring a condenser the leads should be disconnected from 
the condenser terminals, taking care to disturb their position 
as little as possible, and a measurement of their capacitance 
obtained. In condenser tests the leads are preferably of 
fine wire to reduce their capacitance. 

(vii) Most bridge errors can be eliminated by the process 
of substitution or dummy balance. The bridge is first balanced 
in the usual way. The apparatus under test is then removed, 
and is replaced by a standard as nearly equal to it as possible, 
so that balance can be restored by slight adjustments of one 
branch of the network. 

16. Earth Capacities. In all the above discussion it is 
assumed that the adjustments which can* be made in the 
branches of the network are adequate to produce balance in 
the detector. In practice, ©specially in tests on small 
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condensers, this is often not the case, since the network consists 
not only of the visible branches which have been allowed for in 
the balance conditions but also of invisible branches formed by 
the intercapacities between the branches and by their capacities 
to earth. As a result, even though the branch balance con- 
dition be satisfied, current may still flow in the detector via 
the capacity paths {see also page 188). 

To render definite the intercapacities of the branches, the 
effects of which are important at high frequencies, Campbell* 
has proposed a system of electrostatic screening. Each branch 
is surrounded by a metallic screen, the potential of which 'is 
determined by connection to one or other of the branch points. 
The detector is screened from the bridge, and the source is 
connected via a transformer with an earthed screen between 
its windings. 

The effects of earth capacity are usually taken to be ade- 
quately represented by condensers joining the four branch 
points to earth. Their action can be easily eliminated in 
bridges of the Wheatstone type by an ingenious device due to 
Wagnerf (Fig. 73). The principle to be aimed at in removing 
the effect of any earth capacitance is to bring both its terminals 
to zero potential. In the diagram, if z x z 3 = z 2 z 4 be satisfied this 
merely implies that the branch points CD are instantaneously 
at the same potential and not necessarily at zero potential. 
If the detector be a telephone on the head of an earthed 
observer, it follows that current will still flow in the instrument, 
even when the balance condition is fulfilled, via the earth 
capacities from C and D to the observer’s head. To eliminate 
the effect, two auxiliary branches, z L> Zg, imitating in charac- 
teristics the impedances z x , z 2 , are joined across the alternator 
and earthed at their common point E. The earth capacities 
from A and B to E merely shunt z A , z B . To eliminate the 
capacities between C , D, and E, let the bridge be balanced as 
nearly as possible so that minimum sound occurs in the 
telephone when joined between C and D. Now transfer the 
telephone into the auxiliary network between C and E 
balancing by means of z A , - Then C and E are nearly at the 


“ The shielded balance,” Elec. World, Vol. 43, pp. 647-049 
( 1904 ). For simple screened bridges, see pp. 189 and 211. ^ 

■L K ' 3:. “ Z ? T . Messung dielektrischer Verluste mit der Wech- 

selst rombrucke, EleH. Zeits, 32 Jahrgan^ rm 1001-1002 ncm\ di„ 

idem, 33 Jahrgang, pp. 635-637 (1912). ° PP ' °° 2 (19U) ' Als0 8ee 
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same potential, the latter being earthed. Reverting to the 
original bridge, balance can now be more nearly secured, and 
repetition of the process finally results in exact balance. Then 
C, D, E are at the same potential, namely, zero, and the “ head 
effect ” to the earthed observer is eliminated. 



farfb Connection on the Czm v Foster Brid ge 

Fig. 73. — Earth Connections for the Elimination of 
Earth Capacitance Effects at the Detector Branch 
Points in Alternating Current Bridges 

An instance in which the head effect is of great importance is 
the Carey Foster bridge (see p. 258). Mr. Dye* has shown 
how the Wagner earth may be adapted to this case, as in 
Fig. 73. The main bridge is first approximately balanced, 
with the auxiliary telephone switch open, by successive adjust- 
ments of M and 8 . The main telephone is then disconnected 
from the branch point C, while the second telephone is joined 
to E. Balance in the auxiliary bridge is then obtained approxi- 
mately by adjustments of L' (which is about equal to the 
inductance of a), R', and, if necessary, of Q' also. The 
telephone connection in the main bridge is then replaced on 
the point C, the auxiliary being removed from E, and the 

* D. W. Dye, “ The ‘ Wagner ’ earth connection,” Elecn,, Vol. 87, pp. 
55-50 (1921); also G. E. Moore, Elecn., Vol. 86, pp. 744-745 (1921). 
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main bridge balance is corrected finally to zero by adjustments 
of M and S. Thus the points C } D , and E are brought to 
zero potential. (Alternatively, a single telephone and change- 
over switch can be used, as in the Wagner earth connection.) 

Tor a full discussion of earth capacities, and an additional 
method of allowing for them, the reader is referred to a paper 
by Mr. S. Butterworth.* The procedure with regard to capacity 
troubles is, in general : (i) to render the effects definite by 
careful arrangement of the apparatus or by suitable screening ; 
(ii) to remove the “ head effect ” by means of the Wagner 
earth ; and (iii) to allow for capacitance errors in the branch 
under test by use of a substitution method. 

* S. Butter worth, <c Notes on earth capacity effects in alternating current 
bridges,” Proc . Phys. Soc., Vol. 34, pp. 8-16 (1922). 
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ON THE APPLICATION OE STAR-MESH TRANSFORMATIONS 
IN THE THEORY OF A.C. BRIDGE METHODS 

The methods given in Chapter II for dealing with problems 
connected with a.c. bridge networks are usually sufficient for 
most purposes. In certain cases, particularly when a large 
number of meshes become in- 
volved, the algebraical work can c I 

be much reduced by transforma- A 

tion of the network into one of a / \ ^ 

simpler type. For this purpose the 
well-known star-mesh transforma- z br^ 

tions introduced by Kennelly* 
are frequently of service and will / 

be briefly dealt with here in their / a a a a \ g 

application to bridge networks. ^ Zc 

In the first instance, consider 
three terminals in a network, j 

A, B,C, joined by a simple mesh C 6 

of impedances whose operators are (b) 

z a9 z b9 z C9 as in Fig. 74(a). It is 
required to replace this mesh by 
a simple star-connected system of 

three impedances, z A9 z B , z C9 which z b 

shall be equivalent, with respect i/l 

to the external circuit joined to jcr o® 

A } B, C, to the original mesh {see ^ 

Fig. 74(6) ). Let it be supposed Fig. 74.—Equivalent Star 
that_ measurements are made of AND 
the impedance existing between 

successive pairs of terminals both for the star and for the mesh 
arrangements. Then, since the two are to be equivalent, 

, n , Z b (*a + z c) 

across A and C, z A + z G = , , — , 

z a "T ~T 

„ , „ , 2 0 (Z 6 + Z c ) 

across G and B, z a + z B == ■ , 

"(l T“ 'T 

„ , . , Z &a + Zb) . 

across B and A, z B + z A = - . - - . 

i *b i ~ 

* A. E. Kennelly, “ The equivalence of triangles and three-pointed stars 
in conducting networks,” Elec, World , Vol. 34, pp. 413-414 (1899). 
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Fig. 74. — Equivalent Star 
and Mesh Connections 
of Impedances 


across A and G , 


across G and B, 


across B and A, 
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Solving for the impedance operators of the star in terms of 

those of the mesh, 

___ z b z c 

A z a + z b z c ’ 


z a J T z b J r z c i 


. (a) 


° z a + z l 4“ z g J 

Conversely, suppose that it is desired to replace & star-coxinect edL 
system of impedances by an equivalent mesh. Let admittance opera- 
tors be j/ A , j/ B , y c , y at y b , y e , corresponding to 1 Jz Ai l/z B , l/e Q9 l/z a , l/z h , 
and 1 Jz e respectively. Then by a process similar to the above it is 
easy to show that the mesh equivalent to the star is given by 

v = ¥*!<> 

a 2 /a + v* +■ y 0 5 

b 2/a + Vb + Vo 9 * " ’ ^ * 

y c = UH* 

C 2/a -f 3 /b + Vo ' 

Three examples will now be considered to show the utility 
of the mesh to star transformation in finding the balance 
conditions for certain bridge networks. Other applications of 
this transformation and of the converse represented by 
Equations ( b ) will occur to the student. 

Anderson’s Network. Consider the Anderson network of 

' 15 > P a g e 46 > which is re-drawn in Eg. 75(a) . This network 
differs from a simple four-branch or Wheatstone network by 
the additional mesh formed by the impedances ** z 6 , L 
joining the points A, B, 0 as shown in the diagram. Transform 
tbs mesh into its equivalent star by means of Equation (a). 


Z 3 + Z 6 + z 7 ’ 
. Z 6 Z 7 

z 3 ~\- z e + ' 


_ 2 a + h+Zj' 

Referring to the transformed network shown in Eg. 75(b), 
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z B lies in the detector circuit and does not, therefore, enter 
into the balance equation. The remaining impedances form 
a four-branch network z v z 2 , z 0 , z 4 + z A , so that, for balance, 
z i z c = z 2 (z 4 + z A ) ; 

that is z x z s z 7 = z 2 [z 4 (z 3 + z e + z 7 ) + z 3 z 6 ], 
on substituting the values of z A and z 0 . Ee-arranging terms, 

ZjCZjZs — Z a Z 4 ) = Z 2 { 2 6( z 3 + z t) 4" z S z i\ 



( a ) (b) 



(c) 

Fig. 75 (a) and (6). — Mesh-star Transformation of 
the Anderson Network, (c) Mesh-star Transformation 
of Maxwell’s Bridge (see Fig. 06 ( a ) ) 

20— (5225) 1 2pp. 



292 A. 0. BRIDGE METHODS 

is the balance condition, in agreement with the result proved 

on page 46. 

Maxwell’s Bridge for Comparison of Self with Mutual 

Inductance. Examine next the case of Maxwell’s bridge 
shown in Fig. 66(a) on page 244, assuming the resistance W 
to be used to adjust for balance. Convert the mesh formed 
of R, S } and W into a star connected set of impedances z A) 2 B , z D 
joined to the points A, B, D. The transformed network is 
shown in Eig. 75(c), which is seen to be of the four branch type. 



JPig. 76. Transformation - of Butterworth’s Modification 

OF THE CAMPBELE FREQUENCY BRIDGE 


m wMcli Sj _ P + jojL, z ? = Q,z s = Zi = z A) and m 16 =jcoM. 
inserting these -values in the equations given on page 52 
« = 0. P = 0, y = -jcoM, (3 = 0, so that for balance 
Zb(P + jcoL) - z k Q -f jcoM(Q + z B ) = 0. 

Applying Equations (a), 

_ RW sw 

S /S -f P+ Jp and ' 2 B — g _|_ jf’ 

hence, 

SW ( P +jcoL)-RWQ+jvM[SW + Q[S + P 4- lf)l=o- 
whence, by equating components, ’ 

SP = QR 
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Butterworth’s Modification of the Campbell Frequency 
Bridge. The details of this bridge have been discussed on 
page 268, the network being shown in Fig. 76(a). This 
example is rendered more complex by the fact that the mesh 
joining the points U,$ V, W contains an impure mutual induc- 
tance. Reduction of the network to a simpler type can be 
made in two stages, as follows — 

(i) By means of the transformation given on page 51, 
substitute a star system of impedances z v , z Y , z w for the two 
coils of the mutual inductance, the mutual operator for which 
is m = —(o' + jooM), since the mutual inductance is impure 
a,nd must be negative for balance (see p. 265) ; then, 

Zjy = (o' -j~ jcoM), 

z v = R 1 - a ja)(L x - M), 

Z\y = 7^2 ~ & -f" §(o(L 2 ~~ 

a>s in Fig. 76(6). 

(ii) Now by means of Equation (a), replace the mesh of 
impedances z V9 z w , l/jcoC' by their equivalent star z a9 z b9 z c , 
a,s in Fig. 76(c). Since z a and z b lie in circuit with the source 
amd detector respectively, for balance the impedance of the 
common branch XY must 'be zero, that is, 


Z Q + Z U + P + S + j 0) Q ~ b. 


Substituting for z 0 ■ 


Z W Zy 


z w z v 


and for z U9 


z ’+ z ’+j^' 


Z Vf ~\ Zy 


J 

' mC 


4 - <r 4- p 4- S 4- j(o>M - : 


Since a and p are small and at balance a)M - ^ is nearly 

r ( o)G J 

zero, the bracketed expression is small compared with z w and 

2 V, so that to the first order of small quantities 


jojC'zy.Zy 4- a + p 4- S + j (a>M - 


0, 
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since 1/jmC is large. Inserting the values for z? and z w 
separating the two components, and neglecting the product 
oC' gives 

oWC = 1 - co 2 CC' [R& - co 2 (L 1 - M)(L 2 - M) ], 
and <7 + p + S = o>*C' [R.IL, - M) + R t {L l - M) ], 
as quoted on page 268. 
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